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A new kind of quantum mechanics using inner products, matrix elements, and coefficients assuming values
that are quaternionic (and thus noncommutative) instead of complex is developed. This is the most general
kind of quantum mechanics possessing the same kind of calculus of assertions as conventional quantum
mechanics. The role played by the new imaginaries is studied. The principal conceptual difficulty concerns
the theory of composite systems where the ordinary tensor product fails due to noncommutativity. It is
shown that the natural resolution of this difficulty introduces new degrees of freedom similar to isospin and
hypercharge. The problem of the Schrédinger equation, “which 7 should appear?” is studied and a general-
ization of Stone’s theorem is used to resolve this problem.

1. WHY QUATERNION QUANTUM MECHANICS?

N conventional quantum mechanics propositions (the
result of measurements) are represented as sub-
spaces in an infinite-dimensional Hilbert space 3C. In
particular the pure states are the one-dimensional
subspaces (rays) of 3C. The relation between measure-
ments of different kinds are expressed in the lattice
structure of these subspaces. One of the most important
features in this structure is the absence of the distribu-
tive law which characterizes the propositional calculus
of classical systems. One might say, therefore, that the
lattice structure of subspaces incorporates an essential
ingredient of quantum systems, viz., that measure-
ments of different kinds may interfere leading to the
well-known uncertainty relations and complementary
properties.
The representation of the propositional calculus of
atomic systems as a lattice structure was given as long
ago as 1936 by Birkhoff and von Neumann.! There it is

! G. Birkhoff and J. von Neumann, Ann. Math. 37, 823
(1936). The first suggestion of quaternion quantum mechanics

shown that a propositional calculus exists that we can
call general quantum mechanics (as distinguished from
complex quantum mechanics) in as much as no number
system or vector space at all is assumed in its formula-~
tion.? The relevance for the present work is found in

appears in a footnote of this paper. C. N. Yang has also pointed
out the interest of this possibility [ Proceedings of the Seventh
Rochester Conference on High-Energy Nuclear Physics 1957 (Inter-
science Publishers, Inc., New York, 1957), p. IX-26].

* We can present the propositional calculus of general quantum
mechanics as follows, if we consider finite-dimensional Hilbert
spaces only, thus excluding systems with continuous variables
except as limiting cases. The elements 4, B, C, --- (which may
indifferently be regarded as representative ensembles, propositions
about a physical system, or ‘“‘operational” rules for testing the
truth of statements) are subject to the basic operation of negation
4 — ~4 and the basic relation of smplication AC B. In addition,
unlike the classical propositional calculus, the propositions make
up (are the points of) a topelogical space. The axioms are: 1.
The axioms for a complemented lattice. Implication is reflexive,
transitive, and antisymmetric (reversible only for equals). Any
A, B, possess both a gl.b. ANB (4 and B) and a Lub. AUB
(4 or B) with respect to implication. There exists an over-all
g.1.b. O and Lu.b. 1. Negation is an involutory3 anti-automorphism
of the lattice. 2. Axioms of cardinality. To each proposition 4 may
be associated a non-negative integer |4 | such that if ACB then
|4]<|Bl; if ACB and §A1=%§3{ then 4=B; |0|=0; and
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the following remarkable result:

It is always possible to represent the pure states of a
system of “general quantum mechanics” by rays in a
vector space in a one-to-one manner, and for this it is
necessary and sufficient to employ orthogonal vector
spaces (Hilbert spaces) over the following numl er
systems:

®, the real numbers,
€, the complex numbers, and
9, the quaternions.?

|~A|=1I|—]|A|. We assume, without loss of generality, that
the least of the positive values assumed by this integer is normal-
ized to be 1; otherwise any positive integral multiple of 4 would
also satisfy these requirements. 3. Axtom of superposition. If
|4|=|B| =1 then there exists a C with |C| =1 such that AUB
=BUC=CUA. 4. Axiom of continuity. |A| is a continuous
function of 4.

Evidently Axioms 1 and 2 are valid for the propositional
calculus of a classical system with a finite number of states.
Axiom 3 is the very essence of quantum logic; the C whose
existence it asserts is a superposition of 4 and B in the quantum
sense. Were the classical distributive law of logic AN(BUC)
=(ANB)J(ANC) adjoined to Axiom 1, Axiom 3 would be
inconsistent. Even without continuity (Axiom 4) it would follow
from Axioms 1-3 that! the propositions correspond one-to-one to
substances of some vector space over a skew field. Since every
subspace of the vector space is utilized in this one-to-one realiza-
tion, there is no room for superselection principles in what we
have called general quantum mechanics; but if Axiom 3 is simply
dropped we find a “‘supersum” (direct sum with superselection
rules between addends) of systems for each of which Axiom 3
is satisfied, Thus it is not necessary to go beyond the quaternions
until Axioms 1, 2, or 4 are weakened.

We have consigned this matter to inferior print and omitted
much mathematical beauty; it concerns mostly how one arrives
at 9 quantum mechanics, and in the final analysis it is more
important to know where a theoretical path leads than how one
fell upon it.

3 We give here the algebra of quaternions. Every quaternion
can be written in the form

g=qo+qri1+qotst+qsts,

where the four coefficients ¢ are real. The multiplication of
quaternions is associative, distributive, and obeys

ir=—1 k=123;
ilizia = = 1.

In the last equation, the anticyclic order of factors might have
been taken. Every quaternion ¢ possesses an inverse gL

In Hamilton’s notation a quaternion is regarded as the sum of
a ‘““scalar’’ (real) part and a “‘vector”’ (¢imaginary) part: g=qo+q-i.
The quaternions that commute with all other quaternions are
just the reals. The quaternions that commute with a given nonreal
quaternion form a subset isomorphic to the complex numbers.
There exists an operation g —~ ¢9 on the quaternions that is
involutory (¢99=g), Hermitian definite ( ‘78 is real, and vanishes
only when ¢=0), and anii-automor phic gﬁ g9= (gp)o), and it is
called the guaternion conjugate (Q conjugate): ¢,¢= —s;. On the
other hand, the automorphisms of the quaternions are all of the
form g — aga™!. (The quaternion a associated with a particular
automorphism is not uniquely defined by this equation; by
requiring that the norm of a, meaning a9a, be unity, the ambiguity
is reduced to an extremely important matter of sign.)

It is sometimes convenient to represent quaternions by pairs
of complex numbers (¢%¢!) according to

g=c"+iscl,

where ¢?, ¢! commute with 7;, and are therefore essentially complex
numbers. Treating these pairs as vectors in a two-dimensional
complex vector space C?, we find that every linear transformation
of 9 is represented by a linear transformation of C?, that is by a
2X2 complex matrix. In particular the left multiplication ¢ —ag,
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Moreover it is always possible to represent these pure
states by rays in a vector space over 9 (not every ray
may be needed for this), but not so over ® or C.

This result suggests two things. First, inasmuch as
the propositional calculus reflects empirical information,
some of this information appears in the number system
which is used for the construction of the Hilbert space.
Secondly, it is not necessary to go beyond the three
possibilities ®, €, and 2 for the representation of general
quantum mechanics.

We can thus formulate the following precise problem:
Which of the three possibilities for the representation
of general quantum mechanics is the one most suitable
for the description of the actual physical world?

A preliminary analysis of this problem might start
with the question: Why has conventional quantum
mechanics been developed with complex numbers
instead of reals? The relation between complex and
real quantum mechanics has been extensively inves-
tigated by Stueckelberg and collaborators and is now
completely understood. Briefly stated the situation is
as follows: Complex quantum mechanics is completely
equivalent to real quantum mechanics plus a super-
selection rule: All observables in real quantum mechan-
ics must commute with a fixed linear operator J, which
is antisymmetrical (JT=—J) and satisfies J?=—1.
The operator J is intimately related to the symmetry
of time reversal. Indeed, the time-reversal transforma-
tions are precisely those symmetry transformations
which anticommute with J. This result shows that
there exists a connection between supersymmetries and
the choice of the number field.

While thus the difference between complex and real
quantum mechanics is relatively simple, quaternion
quantum mechanics has many new features which
make it a much richer theory. It is perhaps surprising
that such a promising possibility has not yet been
more fully developed. There appear to be reasons for
this. For example, the problem of how to write a
Schrodinger equation is not a trivial one in @ quantum
mechanics because of the appearance of a square root
of minus one in the ordinary Schrédinger equation;and
the description of interacting systems by a direct pro-
duct is made difficult by the noncommutativity of 9-
valued wave functions.

In this paper we shall present the general features of
a quaternion quantum mechanics. In a subsequent
paper we shall show how these features can be utilized

by a fixed quaternion g, is represented by a matrix a;;, the sym-
plectic representation of a. The symplectic representations of left
multiplication by 7y, s, 45 are just the Pauli spin operators (times
). But the symplectic representation of right multiplications by
quaternions are sums of linear and antilinear operators.

Computation yields that g9=c"*—4,c! where Q denotes the
quaternion, and the star the ordinary complex, conjugate. The
“scalar product” of two %uaternions 2.9, ($,9)=p%%, then-
becomes (with p=0%-4-£,01)p g = (b9*c0-}b1*c1) 42, (B0c! — bic®). We
separated the quaternion with respect to 7; and identified 3 with
the complex 7. But, of course, we could have used any pair of anti-
commuting units as well.
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for the description of the multiplicities of the strongly
interacting particles, for a fundamental theory of
electromagnetism, and for a possible unification of the
theory of electromagnetic and Fermi interactions.

2. GENERAL QUANTUM MECHANICS

By a suitable choice of development it is possible to
present three kinds of quantum mechanics to be called
®, C, and 9 all at once. Therefore let § be one of these
number systems (fields) in which there are defined the
notions of continuity, addition, multiplication, inverse,
and conjugate (*). We term the ensuing schema &
quantum mechanics. We need the concept of a Hilbert
space over §F, JC(F) and may define it by taking as
fundamental the algebraic operations of vector addition,
multiplication by § numbers, and conjugate (). The
vector addition requires no discussion. Because &
may be noncommutative, multiplication of a vector ¥
or |+) by a number ¢ must be set up carefully.! We
write Wa, or | -)a, and require the associative law

(¥a)b=¥ (ab) (1)

and the distributive law. The conjugate ¥ or (- | of
a vector ¥ or |-) is in the dual Hilbert space 3¢t (%),
which means that it is a linear function on 3C(5):

¥1(®e)= (¥iP)a, ¥1(2+¥)=Vi{d+¥i".

The conjugate operation is to be Hermitian, ¥{®
= (®1¥)*; antilinear, (¥Ya)t=a*¥t, (¥+&)F=¥{+>};
and definite,

¥i¥=0 if and only if ¥=0.

Thus ¥t® has the properties of a scalar product.t We
use the distance |¥—&®| =[ (¥ —®)}(¥—®)]? to define
the topology of 3¢(5).

A linear manifold of 3C(F) is a set of vectors closed
under vector addition and multiplication by § numbers.
A subspace is a closed linear manifold. The subspaces
play a fundamental role in the interpretation. We
assume that they are in one-to-one correspondence
with the propositions about the physical system? in
the way that subsets of classical phase space are in
one-to-one correspondence with propositions about the
classical physical system. Momentarily we are excluding
the important cases of quantum mechanics with super-
selection principles by this assumption. The notion of
quantum mechanics defined in this manner, using such
“unobservable” concepts as the Hilbert space vectors
and their scalar products, coincides in the finite-
dimensional case with the general quantum mechanics

¢ Usually it is the scalar product that is taken as fundamental,
but except with the Dirac notation this leads to a doubling of
symbols, and to an ambiguity about which factor is the linear one,
which the antilinear. We shall find the Dirac notation extremely
convenient for § quantum mechanics, since it manages automat-
ically certain rules of order that are not important in € quantum
mechanics. Equivalent definitions of 3C(Q) are given by von Neu-
mann and Birkhoff, (reference 3); E. H. Moore, General Analysis
(American Philosophical Society, Philadelphia, Pennsylvania,
1935); and O. Teichmuller, Z. Math. 174, 73 (1935).
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defined in terms of ‘‘observable” non-numerical concepts
such as implication and negation.!?

3. THE SCHRODINGER EQUATION

How do we link this structure to reality? Basic
physical quantities such as energy and momentum are
recognized by their relation to such symmetry proper-
ties of the physical system as time- and space-transla-
tional symmetry. We therefore consider groups of
transformations acting on the system.®

For this end define a mapping T on 3C(5F) into itself
that has the property

T (Ya+®b)= (TV)d'+ (TP’ ¢))

to be colinear. Here a’ is to be obtained from a, and ¥
from b, by an automorphism of § associated with T,
independent of ¥ and &, and called the automorphism
belonging to T'; for §=9,

a'=gaq,

¥'=gbq",
g independent of ®, ¥. The name colinear is suggested
by the name used for the closely related concept of a
collineation in projective geometry. Evidently colinear
transformations (and indeed only such mappings of
vectors) carry subspaces into subspaces. A colinear
transformation for which the associated automorphism
of & is the identity is termined linear.

The elements of groups of transformations in FQM
are going to be co-unitary transformations, which are
defined to be colinear transformations U on 3C(F)
enjoying the additional property

(UR)H(U¥)= (21¥)'=q(2T¥)g ", )

where the prime indicates that the automorphism of
& belonging to the colinear transformation U is applied
to the ¥ number ®t, V. If linear, a co-unitary transfor-
mation is called unitary.

Let us now consider the passage of time. We shall
suppose it is represented by a one-parameter group of
unitary transformations U, on 3¢(F). Requiring U, to be
unitary, amounts to nothing more or less than requiring
the logical relations between propositions concerning
the system to be independent of the time origin.® For

5 Again two approaches present themselves, the ‘“synthetic’”
and the “analytic”; just as the definition of “general quantum
mechanics” in footnote 2 is the ‘‘synthetic’”’ version of the
‘“analytic’’ one given in the text of this section for FQM. Again
we relegate the “synthetic’’ formulation to a footnote: An auto-
motphism U on the propositional calculus of FQM is a mapping
of propositions to propositions, U:A — A’=AU, that possesses an
inverse and preserves the operation of negation and the relation
of implication. It is then a theorem? that every such mapping is
effected by a mapping of vectors of the kind to be called co-unitary
above. Likewise any mapping that preserves implication is
represented by a colinear vector transformation.

¢ Why unitary and not simply co-unitary? Since after all the
essential requirements from the point of view of the propositional
calculus are that implication ango negation of propositions (linear
dependence and orthogonality of vectors) be preserved by the
passage of time, and this is a property of the co-unitary operators.
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example, suppose ¥ is a vector representing the state
prepared by some definite process performed on the
system by an external apparatus. For the process to be
a definite one, we mean in particular that the times of
operation of the parts of the apparatus are specified.
Then U,¥ represents the state that would be produced
by the same apparatus operating at times retarded by
the amount .

We now wish to make the passage to a Schrédinger
equation. In € quantum mechanics Stone’s theorem
is the bridge from the unitary group U, to the Schro-
dinger equation for ¥(£)=U_,¥(0),

AV /di= —iH¥. 3)

For ® and 9 quantum mechanics, this equation makes
no sense; quite obviously so for ® quantum mechanics
where there is no symbol 7 at all, but equally so for 9
quantum mechanics as well, since the various 4’s that
appear there are not linear operators at all and their
appearance on the left of a ¥ is undefined. Therefore we
require the following modification of Stone’s theorem:

Theorem: Every one-parameter unitary group U; on
3C(F) is generated by an equation of the form

d¥/di=—yHV, (4)

where H is Hermitian non-negative, g is anti-Hermitian
unitary, and both commute strongly with U, H is
unique, and 7 is unique except on the null space of H
within which it acts as an arbitrary anti-Hermitian
unitary operator.

Proof: See Appendix C.

Since this decomposition results in a non-negative
generator H, it is an appropriate one for the time
translation but not for the other one-parameter groups,
where reflection may be a physically possible process.

The reason the unitary operators are sufficient varies slightly for
the three cagses F=@®, €, 2:

For F=@, the only automorphism of ¥ is the identity ¢ — ¢; all
colinear operators are linear, and all co-unitary operators are
unitary.

For $=e, the automorphisms of & are the identity 7 and the
complex conjugate C:a — a*; all colinear operators are either
linear, or if not, are called antilinear, the two classes being dis-
connected. Since a one-parameter group U: is connected and
Uo=1 is linear, all U, are necessarily linear.

For §=9, the automorphisms of § are the conjugations
a— a%=gag!; any colinear operator 7 can be expressed in
terms of an associated (nonunique) linear operator L and a
quaternion ¢ according to

T¥=L¥q. *

Now we see that the linear operators (g real) are continuously
connected to the other colinear operators (g not real). Thus the
continuity argument does not work here. On the other hand the
colinear T and the associated linear operator L of (*) define the
same correspondence of propositions to propositions (subspaces
to subspaces). Therefore, for @ quantum mechanics every such
correspondence, being representable by a colinear operator, is
representable by a linear operator. By choosing the ¢ in (*) to be
of unit norm, it is readily seen, L is determined up to sign and is
unitary if 7 is co-unitary. We thus obtain a unitary function of
time U obeying
UUp==4U .

By continuity, it is always possible to redefine U, so that the upper
sign is chosen.
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This theorem gives us a way to construct the energy
from the time translation group. How shall we construct
the momentum from the space translations, etc.? Let
us write 4 for the infinitesimal anti-Hermitian generator
of time translation, so that

d¥/di=AV.

Then the absolute value of 4 gives the non-negative
energy operator of the theory and the phase of A gives
a unitary square root of —1:

H=|A|=(4t4)},
n=|A4]47

For ordinary quantum mechanics §=C€ and n=i1.
The theorem shows exactly in what directions this
case can be generalized. For instance we can assume
that all the observables commute with the operator ».
If we do this, we obtain the following possibilities:

F=@®: This case has been studied by Stueckelberg
and it was shown by him that it is equivalent to
F=C, n=1.

= C:If n=1 we obtain ordinary quantum mechanics
without superselection rules. If »#14, we obtain a more
general case with superselection rules.

§=9: This is the case we are especially concerned
with in this paper. If we drop the assumption that all
the observables commute with # we obtain more general
cases about which little is known.

Only the case F=@®, which is equivalent to F=¢€
and antilinear observables, has been investigated in
some detail by Stueckelberg, Guenin, and Piron
(unpublished).

At some points in the paper we shall thus make the
following assumption: The operator » associated with
the time-translation operator U, by the above theorem
is a superselection operator: All the observables
commute with n. But it should be pointed out that in
that case we are not very far from complex quantum
mechanics. We state without proof the following
reduction theorem.

Theorem : The propositions of § quantum mechanics
that commute with a fixed anti-Hermitian unitary
operator are isomorphic (with respect to the logical
operations of intersection, span, and orthocomplement)
to the propositions of € quantum mechanics.

Of course there is more to quantum mechanics than
its propositional calculus. Even if the 5 superselection
principle is imposed, eliminating the new kinds of
complementarity peculiar to @ quantum mechanics,
there will still remain new dynamical variables and
symmetries.

It will be observed that the points at which the
operator 5 appears in the formulation of each particular
quantum theory and the points at which Planck’s
constant enters are the same. The operator  can best
be thought of as taking the place of the combination
i/ in ordinary quantum mechanics. Therefore the
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introduction of operators that fail to commute with 7,
as when % is a quaternion, can be regarded as taking
Planck’s “constant” to be a dynamical variable of the
theory. It will be interesting in particular to examine
the consequences of quantum fluctuations in the
quantum of action. The superselection principle on the
other hand makes n a more classical variable by
excluding interference between its different values. In
principle this makes it consistent to ‘“freeze” the value
of 7 and therefore to suppress these new possibilities.

4. COMPOSITE SYSTEMS

The other extension of the Birkhoff-von Neumann
9 quantum mechanics that is needed concerns the
description of composite systems. In € quantum
mechanics we are accustomed to multiplying the wave
functions of subsystems to get wave functions of
composite systems. This multiplication is called the
tensor product. Even in the quantum theory of fields,
where other techniques are used to describe a system of
several particles of the same kind, this process of
multiplying wave functions is needed to set up a
theory for the interaction of particles of different kinds
(quanta of different fields).

This multiplication procedure is acceptable in €
quantum mechanics but not in @ quantum mechanics.
Suppose |1) and |2) are vectors describing states of
distinct systems 1 and 2. Introducing bases in the
corresponding Hilbert spaces 3C; and 3Cs, we are led to
wave functions:

Y(x)=(x|1), ¥(x2)=(x2|2), (1)

where x,, x2 enumerate the basis vectors for 3¢; and 3C,,
respectively. In order to describe the state of the
composite system 1X2, we introduce a tensor product
space 31X 3C; by giving it a symbolic basis {|x1,22)}.
Then the composite state is supposed to be represented
by the wave function

¥ (@1,20) =y (x0)¥ (x2).

In order for this coordinate-dependent method to be
acceptable, it must be shown to be essentially coordinate
independent. The intrinsic relations (intersection, span,
orthogonality) between statements (subspaces) of the
product space must depend only upon the intrinsic
relations between the factors of which they are made.

This coordinate independence is proven when one
shows that a change of basis in either of the factor
spaces (i.e., a co-unitary transformation in 3C; or 3Cz)
results merely in a change of basis in the product
space (i.e., a co-unitary transformation in 3C,X3Cy).
The important formulas for this are the following:

¥ (y1,%2) = (1| 12| 2) = (y1| o) (w1 | 12| 2))
=(y1] 2P (21,22),

¥ (1,y2) = (21| 1)(¥2] 2)=(y2| we) (1] 1)(x2] 2))
=(y2| 22} (%1,%2).

)
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The symbol {x:1]y:) represents the matrix elements
between two bases { | #1)} and {|y1)} of 3;. A summation
convention is used. Obviously these formulas are valid
for ® and @ Hilbert spaces, where the matrix elements,
being ® or € numbers, commute with one another.
Obviously the second formula is not valid in @ quantum
mechanics, where the matrix elements are quaternions
and do not commute.

Indeed there seems to be no satisfactory definition of
the tensor product of vectors in 9 Hilbert spaces as an
operation that is unique, commutative, and invariant
under the entire unitary groups of the spaces being
multiplied.

As a result, the gap between 9 quantum mechanics
and classical physics is greater than the gap between €
quantum mechanics and classical physics. In classical
physics there are no phase relations to be considered
when systems are imbedded as subsystems in a larger
system, either by adding or multiplying their phase
spaces. In € quantum mechanics there are phase
relations between states that are important when sums
are formed but not when products are formed. In 9
quantum mechanics the phase relations are important
when states are either added or multiplied.

This novel feature of @ quantum mechanics is
expressed in another way in terms of complementarity.
In classical physics there are no complementarity
relations. In ® and @ quantum mechanics comple-
mentarity relations exist between physical properties
of one physical system, but not between properties of
different systems ; the momentum of an electron and the
position of a neutron, for example. In @ quantum
mechanics, there exists a complementarity between
some properties of any two systems. There is no
reasonable way of forming a composite system such
that all the observables associated with one of the
systems commute with all the observables associated
with the other.

What are we to make of this peculiar unitary nature
of 9 quantum mechanics, that prevents one at the very
start from speaking of absolutely independent systems?
One point of view is that in nature, after all, there are
no truly independent systems. In a unitary field theory
of all the elementary particles, the problem of describing
composite systems is to be solved without ever introduc-
ing such an artificial concept as a tensor product. This
possibility exists in @ quantum mechanics as well as in
€ quantum mechanics. Yet we know that on occasion
systems can be treated as if they were very nearly
independent. Therefore we must approximate such
independence in 9 quantum mechanics.

5. NEW DEGREES OF FREEDOM

In order to express composite systems in & quantum
mechanics (in particular in 9QM it is) necessary to
understand the new degrees of freedom, that fail to



212 FINKELSTEIN, JAUCH,
commute even when they refer to distinct and independ-
ent systems. Their physical meaning we will study later.
Now we express them as follows.

There exist continuous transformations acting on the
F numbers that leave invariant the intrinsic relations
+, X, *. These are the automorphisms of . For F=@,
€, 9 they are enumerated in footnote 6. Covariance of
a law under these automorphisms is intended to mean
that the form of the law does not depend on the choice
of a realization of the number system &. In the case of
CQM, it expresses equivalence of ¢+ with- —i. In the
case of 9QM it expresses the equivalence of 4y, 15, %3
with any other like-handed set of anticommuting units.
We shall make an assumption that simultaneously
introduces new degrees of freedom associated with
these automorphisms of the number system and
guarantees a conservation law associated with these
new degrees of freedom.

For every automorphism A: a — a* of the number field
¥, there is given a co-unitary transformation ¥ — ¥4 of
the Hilbert space such that

(Wa)4=T4q4, 1)

All the laws of the system are covariant under this trans-
formation. This is the principle of covariance under
automorphism of F, or of § covariance for short. It
permits the automorphisms of ¥ to act on 3z and
requires covariance under them. Let us develop this
somewhat elliptic expression before proceeding to
deduce its consequences.

There is a subset of the number system & that is
invariant under all the automorphisms A4, namely the
reals. In parallel, let us call a state vector real if it is
invariant under all the automorphisms 4. It is readily
shown there exist complete sets of real vectors. It is
now customary to define the action of 4 on any operator
X by decreeing that the two relations

XA4y4=94 and X¥=%

are to be equivalent, and we can speak of any operator
X as real for which X4=X. These real operators are
just those that are invariant under the automorphisms
of &.

Now it not to be inferred from the principle of &
covariance that all physical quantities are invariant
under all automorphisms, i.e., real. We remarked in
the introduction that the most interesting new features
of 90M involve nonreal Hamiltonians, for example.
Rather, it is the form of the laws relating them that is
to be real. We suppose there is given a fundamental
list of operators Q in terms of which all observable
physical statements (projections) can be expressed.
By the laws of the system we mean a collection of
algebraic relations F(Q2)=0 among the operators Q
from which the intrinsic relations among the observable
physical properties are to be deduced. Then & covariance
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of the physical laws is the requirement that the relations
F({@)=0 and F(Q4)=0

are equivalent.

Let us examine the consequences for the three cases
F=@®, C, 9.

The principle of ® covariance is null; there are no
automorphisms of ® other than the identity I. As an
example of ®RQM, take the following formulation of the
linear harmonic oscillator, in which position, momen-
tum, and energy are taken as fundamental and 7 is
the superselection operator discussed in Sec. 3:

px—xp=—n
(Pt =H 2
p=--1,

It is obvious that this theory is real in name only as
long as 7 is taken to be a superselection operator. That
is, its observables are isomorphic to the observables of
the conventional theory of the oscillator. (Were
operators that failed to commute with n accepted as
observables, this would correspond to accepting anti-
linear operators into the usual theory as observables
and would be a significant change. We shall not consider
this possibility.) A representation of the relations (2)
is given by the usual differential operators for x and H,
a 2X 2 matrix for »,

01
n= <_‘ 1 0) @)
and a matric-differential operator for 2,
= —n(3/8x). 4)

The principle of € covariance is not null. It requires
the existence of an antilinear operation Y — ¢ corre-
sponding to the automorphism a— a®=da* of the
complex numbers. It further requires invariance of
the dynamical relations under C. Thus, consider a set
of relations defining a harmonic oscillator. Taking
position, momentum, and energy as basic, they are

usually
3P+ =4,
pr—xp=—i, )
n=t.

Evidently, these are not real relations; they are not
satisfied by the complex conjugate quantities. They
contain the symbol 7 explicitly. We may construct a €
covariant harmonic oscillator by adjoining a real anti-
Hermitian 9 commuting with the other operators of
the theory and taking (2) instead of (5) for the basic
relations. Now 4 no longer appears explicitly ; but not
is not a complete set of commuting observables by
itself. There is the additional Hermitian operator

€=1n

that commutes with x and has the eigenvalues 1.
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This operator is a superselection operator since 5 is
one.

To put it differently, the relations (2) establish a
correlation between the sign of < and the sense of time,
while € covariance implies that the sign of 7 has no
physical correlate. If what we have called the RQM
theory of the oscillator coincides with the conventional
theory (because of the superselection rule), what we
have called the CGQM theory of the oscillator corre-
sponds to one with an internal charge degree of freedom
(because of the @ covariance rule). This new degree of
freedom is not made effective in the free oscillator,
the levels with e=+1 being degenerate with the levels
with e=—1, but will be effective when the oscillator
is coupled to other systems with forces that depend on e.

Now let us examine the consequences of 9 covariance.
The colinear transformation ¥ —¥4isnotas convenient
to work with as a linear transformation, especially for
defining observables. However if 4 is the automorphism
»— qpgt, ¥4q depends linearly on ¥ since by (1)

(Wa)4g="T404g=T4(gag™)g= (¥*g)a.
Let us designate this combination by g\It:
q¥=V4g or Vi=q¥gl=Vve

Thus, § covariance permits us to identify the quater-
nions with linear operators en 3¢(2). Henceforth they
may act on vectors from the left, a license that is taken
for granted for complex numbers. In particular the
units 2y, 43, 43 are now defined linear operators when
they are written on the left of a state vector.” A quater-
nion acting in this capacity will be called a quaternion
operator. 1t is easy to prove the existence of a basis for
3¢(2) in which the quaternion operator ¢ is represented
by a diagonal matrix whose diagonal elements are g.
This is the same thing as proving the existence of a real
basis. By using a real basis it is easy to prove that
every operator X can be uniquely expressed in terms of
the operators 7, in the form

X=3¢X

where the coefficients X, are real linear operators.

In complex quantum mechanics we are familiar
with the decomposition of a general operator X into
Hermitian and anti-Hermitian parts H, 4:

X=H+4

H=}(X+X1)

4=3(X-X1). }
Of course the same decomposition exists in QM. We
wish to mention here that the structure we have

introduced in QM alsoc makes possible a decomposition
of the most general operator into 8 parts.

aia;

7 Many of the properties of a system of three anticommuting,
anti-Hermitian unitary operators on 3C(Q) like 1, £3, 43 have been
discussed by Teichmiiller, reference 4.
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The general X can be expanded, we have pointed
out, in the form
X =30 Xota,

where the coefficients X, commute with the quaternions
ia (i.e., are real). It is natural to define the gquaternion
conjugate of an operator X by changing the sign of
its imaginary terms:

X0=3"¢ X9

Further we introduce the transpose as an intrinsic
operation according to

=X}9=X0%.

Then any X is the sum of symmetric and skew-sym-
metric operators .S, K according to

X=S+K
S=}(X+X7)=S5T
=3(X—XT)=—KT.

Finally the symmetric and skew-symmetric operators
can be decomposed into four parts relative to the
quaternion basis 2:

X= 203 Saia'*'zoa Ka'ian

If we merely seek a theory of the linear harmonic
oscillator in 9QM, it is sufficient to replace the symbol
7 in the complex theory (5) by 73, say. If we seek a 9
covariant theory, this is insufficient. However the
relations (2) are 9 covariant.

To define the theory we must somehow spec1fy the
nature of the operator 7.

6. TENSOR PRODUCTS

The additional structure given the quaternion
Hilbert space by the principle of 9 covariance also
makes possible a unique definition of tensor product.
The group of the geometry, which is now to leave the
quaternion operators fixed as well as the other Hilbert
space concepts, is thereby reduced to a real unitary
group. The problem of invariance is naturally easier
when the group of the geometry is reduced.

We choose real bases x1, x, in the two spaces 3¢y, 3C2
to be multiplied. We take as a formal basis of 3¢;X3Cs
the syntbolic products |x1)|x2)=|x2)[21)=| 21, x2). We
define the tensor products of two vectors (1), |2} in
either order by their matrix elements in the |, x2)

basis:
{21, 22| 1)] 2)= (1] 1){2x| 2)
(21, 22| 2)| 1) = (2| 2)(1 | 1).

Briefly, we multiply vectors by multiplying their
matrix elements in real bases. Likewise we will form the
tensor products of operators by multiplying their
matrix elements in real bases:

(%1, 22| A1 X Ao |21, 22"y = (01| A1 | 21/ W2 | A 2| 22,
(xl, leAgXAl_l xl', xg’)=(x2(Aglxz’)(xllAllxl’).
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Since the matrix elements do not commute, the tensor
product does not commute in general. The projection
in 31X3; corresponding to P; in 3C; is taken to be
P1X 1, where 1, is the identity in 3C,. Likewise

Py— PyX1,.

As the result of the noncommutativity we have the
unusual circumstance that the projection in 3¢, X¥C,
representing the logical conjunction of two propositions
P, and P; may vanish when P; and P, do not. This
conjunction is to be found as the intersection of the
subspaces on which P1X1, and PyX 1 project, and it
is easy to construct examples [¥1(x1)=-exp(ix1),
¥a(xe) =exp(iex) ] in which this intersection is zero
although P, and P, are both one-dimensional projec-
tions. This anomaly does not occur for real projections.

In ordinary quantum mechanics there are three
different ways in which corresponding operators on
different systems combine when the systems are
composed. Unitary transformations are examples of
operators that compose muliiplicatively: U=U,XU,.
Infinitesimal generators therefore compose additively,
as do many physical quantities. But the underlying
field elements, which are also operators, are composed
by ideniification; for example, the imaginary unit ¢
has the property i(|1)[2))=(:]1))|2)=|1)(:]2)). We
kave come as close as possible to this situation in our
formulation of the tensor product in quaternion
guantum mechanics. (Namely, the effect of multiplying
a tensor product by a quaternion (from either side)
may be computed by letting the quaternion multiply
the factor in the tensor product it abuts.) This raises
a certain conceptual problem of some importance.
What can it mean physically to perform such an
identification?

The elements of the number field represent logical
relations between possible states of the physical system
under consideration. (Indeed they may be represented
by ordered triples of pure states.) It is evidently
possible to say when two such relations are the “same”
even for states of distinct physical systems without
going beyond the concepts of pure logic. However this
only defines the numbers up to automorphisms,
evidently. For real quantum mechanics, this is s®fficient
to define them completely. In complex quantum
mechanics an ambiguity remains: the ¢ of one physical
system may be identified either with 7 or —1 of another
by this method. (It is possible to multiply the states
of one system by the time-reversed states of the
other and obtain a tensor product which meets all
requirements of mere logic.) In quaternion quantum
mechanics the corresponding ambiguity is infinitely
greater. Yet it must be resolved in order to discuss
composite systems. This requires us to introduce
further elements of structure into the theory.

The operator 9 also presents a problem in this regard.
The anti-Hermitian infinitesimal generator of time is
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A= —nyH and is composed additively for noninteracting
systems because of its meaning. The Hamiltonian H
should also be composed additively for noninteracting
systems. These two requirements are enough to require
that the operator n be composed by identification, as is
multiplication by 4 in complex quantum mechanics.
Moreover it then follows that the relation between 9
and the quaternion operators must be a universal one,
not involving specific dynamical features of the system
under consideration. We shall pursue the hypothesis

that the operator o actually corresponds to a member of

the underlying number field as in ordinary quantum
mechanics. This reduces the problem to the one
previously stated.

This appears to destroy the & covariance of the theory
by singling out one imaginary. To preserve @ covariance
we will have to formulate a dynamical theory of the
operator 7 so that its value is determined by an initial
condition. This will be considered in a subsequent
paper. In the mean time we will speak of @ covariance
“modulo %”: agreeing to transform n as a quaternion
when examining a theory for covariance.

In general, we see that the quantum theories will
possess less symmetry than their classical limits. The
very process of quantizaiion singles out an axis in the
imaginary space.

7. QUANTUM OSCILLATORS IN 9Q0M

Any linear field may be regarded as an aggregate of
harmonic oscillators. In the previous section we
sketched the ®, €, and 9 quantum mechanics of a
one-dimensional oscillator. This is the kind of oscillator
a real scalar field gives. In the decomposition of the
field in terms of some appropriate complete set of real
orthogonal functions, or modes, real expansion coefhi-
cients appear as amplitudes and become the dynamical
variables. Each of these amplitudes can be thought of
as the displacement or coordinate of an oscillator. The
principle quantum number # of one oscillator then
counts the number of quanta in one mode, and is
called an occupation number. Such oscillators we will
call quantum oscillators. According to the statistics we
have boson or fermion oscillators.

Sometimes it is convenient to express the field as an
aggregate of two- or three-dimensional oscillators
instead of a one-dimensional oscillator. If a complex
field is expanded in terms of real orthogonal functions
the amplitudes are complex numbers. Each amplitude
can be regarded as the coordinate of an oscillator in
the complex plane instead of as the coordinates of two
real oscillators. This is useful when there is symmetry
with respect to rotations in the complex plane. Instead
of two separate occupation numbers 71, n; the energy
levels of the complex oscillator are most aptly described
by a principal quantum number » and an angular
momentum m about the origin of the complex plane.
The number # is the number of quanta of that type and
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the angular momentum  is the total charge that they
carry :
n=n+n_,

m=n;—n_,

where 7, and #_ count positive and negative quanta.

In decomposing an isovector field in terms of a real
family of (isoscalar) functions, we get oscillator
amplitudes which are themselves triples (isovectors) of
real numbers. Then it is convenient to work with three-
dimensional oscillators. They possess a principal quan-
tum number %, an orbital angular momentum /, and a
magnetic quantum number z. The number # is again
the number of quanta present of that type. The angular
momentum />0 measures the charge multiplicity of
the level, which is 2/4+1. The number m according to
isospin theory gives the total charge of that member of
the charge multiplet:

n=np+notn_,

m=n,—n_,

where ., no, 7 count positive, neutral, and negative
quanta.

Boson Oscillators

In this section we will study the oscillators that will
make up a field that is quaternionic instead of real
or complex. We shall call the system we are describing
the quaternionic oscillator (& oscillator), having already
touched on ® and € oscillators. (It is quite possible to
consider an oscillator in the general field &, developing
all three cases in parallel. We shall not.)

The quaternionic oscillators move in the four-
dimensional space 2. The invariance their Hamiltonians
possess is called @ covariance in Sec. 5. If we call the
coordinate of the oscillator g,

q=203 Qalay T0=1 8))
" this means invariance under

¢— ¢*=aga”
or under
go—>qo

Qn_’)Zn Y mngn (m, n=1, 2, 3). (2)

Here we are taking note that the automorphism ¢ — ¢*
leaves the real part of ¢ invariant and subjects the
imaginary part of ¢ to a Euclidean rotation represented
by a matrix 7., The range of the variable ¢ must be
invariant under (2). There are just three non-null
linear subspaces of & that are invariant under these
automorphisms. The real axis is invariant: the three-
dimensional space of pure imaginaries is invariant; and
of course the entire space @ is also. There are therefore
three kinds of @-covariant linear oscillators in the space
9; a real oscillator, an imaginary one, and a four-
dimensional system we will call the full @ oscillator.
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The real oscillator has already been treated in Sec. §
and we will study the imaginary quaternionic oscillator
now. (For a € oscillator the automorphism invariance,
which is there @ covariance, leads again to three kinds
of oscillators, but the real axis and the imaginary axis
are both one dimensional, and are not essentially
different.)

As a guide for the development we write the classical
Lagrangian in the form

L=(¢*4—wq*q)/2 (2)

and take as classical coordinates the three real coeth-
cients ¢ of the expansion

Q'—‘Z im‘]m; m=1> 2) 3 (4)

This leads to a classical Hamiltonian and Poisson
brackets
H= (pupmto®qngm)/2

[gmgnlp=[pmpalp=0 (5)
Epm;gn]l’: Omn

where pm=¢m We replace these Poisson brackets by
n times the quantum commutator. Since ¢ is actually a
particular quaternion in disguise this temporarily
destroys the @ covariance of the theory as a whole, as
already mentioned. From the commutation relations

[gmgn]=LPmPn]=0
[ﬁman]= — N0 mn, (6)

it follows by use of Jacobi’s identity that n commutes
with ¢.» and p .. The operators p.,, ¢. are not completely
defined yet. Their commutation relations with the
quaternion units perpendicular to n are undetermined.
For example we can suppose that the ¢,, are represented
by real symmetric operators. In that case the order of
factors in the expansion (4) is irrelevant. The p,, are
then represented by imaginary operators.

It is readily seen that the operators H and Q= qXp
are constants of the motion. The first is the energy or
total occupation number of the three oscillators, the
second the ‘“angular momentum.” Moreover the
operators H, Q% Q; form a complete commuting set of
observables, in spite of the “extra degrees of freedom”
associated with quaternions {, n{ that anticommute
with 7. ¢ may be used to couple the oscillator to another
system, but not to construct any Hermitian operator
commuting with the three enumerated.

The ground state is unique (nondegenerate) and is
given by the usual real wave function of the three-
dimensional isotropic oscillator in the ¢ representation.
The possibility exists of multiplying this state by the
quaternionic phase expi- 8, where 0 is composed of three
arbitrary real numbers, without changing the energy,
but this does not change the ray in Hilbert space 3C(9).

We notice that the group of the theory associated
with its @ covariance contains the transformation
7 — —q usually called time reversal.
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Now consider the full @ oscillator. It is obvious that
it is a composite of a real and an imaginary g oscillator,
so that in principle no new behavior is to be expected.
Nevertheless it possesses an additional symmetry (if
all the frequencies are the same) that deserves special
note:

There is a definite sense in which neither the real nor
imaginary @ oscillators are linear. To illustrate this
sense, consider the Lagrangian and equation of motion
of the complex oscillator, a classical mechanical system :

L=} (3ti—uPatz)a= s,

The equations of motion are invariant under the
substitution
g— 2¢

where ¢ is any complex constant. It is the 9 analog of
this linear transformation of the dynamical variables
(not of the quantum state vector) that we now have in
mind when we say that the real and imaginary oscillator
are nonlinear : they will submit to the transformation

q— gk,

not for any constant quaternion k, but only for real k.
The full @ oscillator can be a genuinely linear system
in the sense of quaternions. It is therefore interesting;
but not therefore fundamental. (The basic requirement
we impose on all our mechanical systems is @ covariance,
not 9 linearity. All actual systems are at least a little
nonlinear.)

With this forward we present the @ linear oscillator.
‘The classical Lagrangian is

L=3(¢tg—wqtq), q=20" qate. M
The quantum Hamiltonian and commutators are then
H=} T (pai+a2g.?) ®)
[Paxgs]=—ndas
[Pm? 3]=0
(9e,95]1=0.

7 is again one of the unit imaginary quaternions. For
simplicity we suppose here that the g, are symmetric
operators, as well as Hermitian. Let us be more explicit
about the general definition of the generator designated
in a special case by Q. The automorphism ¢—aga™,
p—apa? (eE9Q) acting on the quaternion units
induces a transformation of the real components g¢,,
po that leaves invariant their commutation relations
(8). Accordingly defining ¢,»' by

3
0ge =T qn'im )
me=0

and defining jb,,.’ similarly, we demand Q(a) such that

gn"=Q(a)gnQ(a),
pn'=Q(a)pnQ(a),
7' =Q(a)10(a)=n.

(10)
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The infinitesimal form of this relation deals with the
three infinitesimal iy, 45, 75 instead of the finite @, and
seeks corresponding Hermitian operators (i, Q2 (s.
The infinitesimal 4,, rotation a=1+417,00/2 generates
variations

Sng=0ga=[img00/2=1 Sugsin  (11)

and analogously for émp and émpn. We require Qn to
be a Hermitian operator satisfying

Ban“—"'l[Qm,Qn] (12)
and analogously for d.p,. We also require
[Qm)"’] =0.
From this follows
Q=aqXp. (13)

For the 9 linear oscillator, infinitesimal left multipli-
cation by a unit quaternion is also an invariant trans-
formation. We shall call its generator T, requiring that
for infinitesimal left multiplications

5quim50q/ZEZa 6m9a1:a
we have
dmGa=n[T mgat00. (14)

This leads to an essentially unique real T which like
Q can be expressed in terms of g and p:

T=3 tapgaps,
T= (Tm) s
t= ().

Substituting (15) into (14) yields the following unique
forms for the coefficient matrices ¢:

(15)

—_ p |
fol=—1%,
1231= -~ %.

The coefficients t are unchanged by cyclic permutations
of (123) and are skew symmietric in the lower index
pair. The coefficients whose values do not thereby
follow from (15’) are zero. The three real 4)X4 matrices
t.s generate certain orthogonal transformations in the
space of the q.

Infinitesimal right multiplication is also an invariant
transformation of this oscillator. We call its real
generator Y, requiring that for 8mg=qind8/2=3 Smata

6MQ¢!= D’m’qa]‘w
0= [ymm]'

This leads to an essentially unique real Y, which can be
expressed in the form

(15"

(16)

Y= Yasgats. mn

Substituting (17) into (16) yields the following unique
forms for the coefficient matrices y:

y011= - %:
3’231=%- (18)
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The coefficients y are unchanged by cyclic permutations
of (123) and are skew symmetric in the lower index
pair. The coefficients whose values do not thereby
follow from (18) are zero. The three real 4X4 matrices
Yma® generate certain orthogonal transformations in
the space of the g,. Obviously

0=T+Y. (19)

We will call T the isospin and Y the kypercharge vectors
of this quantum oscillator. However they do not have
the universal significance of the charge vector Q, which
always exists. T and Y are strictly definable as con-
served quantities only for 9 linear systems. The decom-
position (19) is closely related to the well-known
decomposition of the orthogonal group O. (of which
Q generates a subgroup) into two groups O It is
easy to verify the following commutation relations
from the definitions (13), (14), and (16), without

computations:
[Q’mQ"]z Nemns(p
[TwTol=n€mnsT»
[Ym, Y,Jﬁ NemnpY p
[TwVa]=0.

For example the last relation holds because T generates
a left multiplication and Y generates a right multiplica-
tion. Left and right multiplications always commute:

a(gb)= (ag)b.

The vector operators T and Y both have the algebraic
properties of an angular momentum and commute with
each other. Therefore it is possible to form commutative
scalars Q, 7, and ¥ in the familiar manner.

@=0(Q+1),
T*=T(T+1),
Y=V (Y+1).
It is convenient to introduce the operators
Qo= (Pa+7lw9a)/ (2"") };
a.f= (Pa“ﬂwqa)/ (2‘*’)})
[0a)05]=0, [aat,as]=0as.

Except for a zero-point energy we have

H=3 wa.fa..

Because of the relation

(20)

(1)

(22)
obeying

(23)

(24)

the operators ¢, reduce the number of quanta, and the
operators a,f increase the number of quanta. All the
one-quantum states are of the form

¥,= Za aaT ¢V, (25)

where the ¢, are @ constants and ¥, is the real ground
state. -

Hay—a H=—wa,,
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There exists a frame that makes the a,, a.l real
instead of the g.. This reflects the arbitrariness men-
tioned in connection with the commutation relations (6).

Fermion Oscillators

For the fermion oscillator we again start from the
classical Poisson brackets (5), but now we replace them
with anticommutators instead of commutators. We
may just as well write the relations defining the full
(linear) @ oscillator, since the real or imaginary oscil-
lator can be extracted easily. They have been given
essentially the following form by Gursey®:

{pﬂligﬂ} =0ap= 17 27 3
{pa,p8} =0
{daygs} =0
{Payis]=0
[gais]=0
H=%10 3o [Pargal:

The & covariance of this system is clear, modulo », and
in addition it possesses T and Y invariance, which are
defined as in (14,16) in terms of left and right multipli-
cation by quaternions. Where the boson oscillator
possessed an infinity of distinct energy eigenvalues the
fermion oscillator has but five in the linear case (two
In the real case; four in the imaginary). These corre-
spond to N=0, 1, 2, 3, 4.

There is an essential difference between the fermion
and boson symmetry properties. For the boson the
Hamiltonian is @ covariant but the anti-Hermitian time
generator involves 7. For the fermion the anti-Hermitian
time generator is 9 covariant but the Hamiltonian
involves 1.
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APPENDIX A. 9 HILBERT SPACE

Most of the statements in the theory of a complex
Hilbert space can be taken over for a @ Hilbert space.
We will develop the elementary theory in a way that
makes the analogy between the two obvious. The
principle results of this Appendix are the Spectral
theorem and our modification of Stone’s theorem.

A Hilbert space X over the field of the quaternions
is a set of vectors ¢, ¥, -+ which have the following

property.
1. H is a linear space:
- If ¢, ¢&3C then o+yEI3C.

If o3 then pgcH, ¢ 9.
(p+¥)g= ogtiqg
e(p+9)=ept+eq

(ep)g= o(pg).

2. In 3C a duality and therefore a scalar product are
defined: To any vector ¢ is associated a dual vector
¢T in the dual space, such that the scalar product
o1y is Hermitian symmetric, linear in the second factor,
and antilinear in the first factor:

oty=(Yte)?
et Wrtye) = olrt ofy:

ot ) = (et¥)g.
We remark that

(e t=[¥1(09) 1°=LW10)g]?=q°Wt¢)¢=¢%et¥).
Finally, ¢y is definite:
Yty20, and ¢i¥=0

This is consistent because gfg>0.
3. 3C is complete.

implies ¥=0.

Schwarz’s Inequality

Since in the theory of Hilbert space nearly every
theorem depends on Schwarz’s inequality, we will
derive this relation as an example exhibiting the minor
departure from complex Hilbert space. In fact, a careful
handling of the scalars is all one needs.

Consider

0< (ep~v¥q)t(ep—¥q)
=%t ) p— (W) —q° W) p+°WiY)g.

Putting p= W1¥), ¢= (¥1¢), we have:
0y (W) (oT o) — (1) (1Y)}
or since (Y1yY) 20, (efo)WiY) > (o) (Wte). In the

usual way one then derives the triangle inequality, and
the statements about continuity, continuous sequences,
and convergence.
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Operators

A linear operator L is a mapping of JC into itself
with the following properties '

L(o+y)=Lo+Ly;
L(pg)=(Le)g.

(This definition is adequate for operators in finite-
dimensional spaces or for bounded operators. For
unbounded operators a more precise specification of
the domain of definition is necessary.) According to
this definition of a linear operator, muitiplication of a
vector by a quaternion (from the right) is not a linear
operator, for if we compute the effect of the transforma-
tion defined by ¥ — ¢’ =yq upon a linear combination

V=111 o209,

@ ¥, Lo, LYyEX

we find
Y=V =¢q= o1p:1g+ 029207 011t @2’ pa.

Instead ¢'= ¢,/ (¢71919)+ 02" (¢ p2q). We therefore de-
fine a colinear operator A as a correspondence of H into
H such that

Alot+¥)=Ap+AY,
Apg) =My,

where ¢’ is a quaternion associated with ¢ and A. This
just expresses the fact that A carries subspaces into
subspaces. It may be shown that ¢’ is a quaternion of
the same class as ¢, and it will be written gA.

Hermitian, anti-Hermitian, unitary, and normal oper-
tors are defined, respectively, through the equations

etHY=(Ho)ty, otdy=—(do)t¥
(Ut (UP)=otY, (No)T(NY)=(Nto)T(NT¥)

for every ¢, yEIL, or

H=Ht, A=—Af, U*=Ut, NNt=NiN.

We note at this point an important difference in the
relation between Hermitian and anti-Hermitian opera-
tors in the complex and the quaternionic case. In the
former the imaginary unit ¢ provides a unique transition
from' the Hermitian to the anti-Hermitian and vice
versa: H=44, A=—iH. (Moreover, in that case,

1—iH
1+iH

That an analogous relation in a @ space cannot hold is
easily seen from the fact that in an #-dimensional space
H has 2n*~—n, but A has 2n*+n,independent @ elements.
However,
U=(1-4)/(1+4)

still holds. (In this case the numerator and the denom-
inator commute.)
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As in a complex space, a unitary operator does not
provide us with the most general norm-preserving
transformation (isometry).

This is given through a colinear operator ¥ with

Yot (Y9) = (etd)”

{¢1¥)¥ being a quaternion of the same class as (¢ly).
Such an operator ¥ is termed co-unitary.

Symplectic Representation

Finally we mention (following Chevalley) a special
representation of a 9 operator in a n-dimensional
9 space 30(2) through a € operator in a 2r-dimensional
€ space 3¢(@). This is nothing but a straightforward
generalization of the decomposition of a quaternion in
an ordered pair of complex numbers.

We introduce in both spaces an orthornormal system,
and associate to every vector ¢ with components
(¥1--¢¥») the vector ¢, with components (c;-- cq,
41+ d,), where Y =_Cmtisdm, and [cm,3 |=[dm,22]=0.
For each operator L on 3¢(2) we define L, on 3(@) by
L= (ILy),. One can easily show that the correspond-
ence Y« is bi-unique, and that to every operator L
in 3€(9) corresponds one and only one L, in 3¢(€), the
symplectic representative of L. In particular, to an
isometry in JC(9) corresponds an isometry in the 3C(@).
We designate the isometry ¥ — i, by K and its
symplectic representative by K.. K, is anti-unitary.

Let the operator J be defined so that Jy has compo-
nents (i1, 22, * * +, ta¥a). The condition that an
operator on JC(9) be unitary, Uf=U"!, is expressed
for the corresponding operator on 3C(€) through the
two equations U, f=U,"* and U,"JU,=J, where
U,T means the transposed operator and J,7=—J,,
J&=—1. This shows that the group of unitary trans-
formations in a 9 space is isomorphic to the so-called
unitary-restricted symplectic group Sp (#) and therefore
is simple. (The group of unitary transformations in a
C space, as is well known, is not.)

In order than an operator L' on3C(@) be thesymplectic
representative of some L on3(9), L' = L, it is necessary
and sufficient that L’ commute with the operator K,:

L'K.=K,L' 1)

APPENDIX B. THE EIGENVALUE PROBLEM

Defining an eigenvalue as a root of the secular
determinant is not very convenient here, even in the
finite dimensional case, because of noncommutativity.
We will treat the diagonalization problems in the
finite-dimensional case with the same means as the
infinite dimensional, that is to say with spectral
resolution techniques. The goal of this and the next
chapter will be the theorem that every normal operator
admits a spectral resolution.

We give here only a short survey, concentrating on
those points where the statements or the methods
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differ essentially from what one is used to in the complex
case and referring the reader for the rest to the litera-
ture. We state the spectral theorems for bounded
Hermitian, anti-Hermitian, and, finally, normal op-
erators. These theorems then will easily be extended to
unbounded operators.

We begin with some general theorems.

We state without proof: The eigenvalues of a Hermi-
tian, anti-Hermitian, or unitary operator are real, pure
imaginary, or have norm 1, respectively. Whereas
in a @ space, eigenvectors belonging to different eigen-
values are orthogonal, here we can assert only the
following theorem : eigenvectors of normal operators be-
longing to different eigenclasses are orthogonal.

Proof: If No=¢on and N¢'= ¢n’(n, n’ quaternions)
and N is normal then Nto= on* and Nto’' = o'n*. Thus

w*ot(o'n')=(em)T(¢'n')= ot NiN ¢’ = ot NNT¢'
=neto'n'.

Thus #*qn’=ngn* where ¢= ¢t¢’. It follows that if
¢#0, then » and »’ (which can only vanish together
then) belong to the same class. And on the other hand,
from
Lo=¢a (L any linear operator)
follows:
Log= paq= (¢q)q g

Together with ¢, ¢r (where 7 is a real number) is an
eigenvector belonging to the eigenvalue a; but ¢g
belongs to the eigenvalue g~'ag. In contrast to the
complex case in general ¢ags%a, but belongs to the
same class. One expects, therefore, that only the class
(i.e., the norm and the real part) of an eigenvalue might
have an invariant meaning. We term the class of an
eigenvalue an eigenclass. Every number in an eigenclass
is an eigenvalue.

If the eigenvectors belonging to the eigenclass {a}
span a subspace M of dimension 7z, we call » the
degeneracy of the eigenclass. It is always possible to
span 9 with an orthogonal system of eigenvectors
belonging to the same eigenvalue. This can be done with
a construction analogous to the Schmidt orthogonaliza-
tion process. The choice of the orthogonal eigenvectors
can even be made in such a way that their common
eigenvalue involves only one arbitrarily selected
imaginary quaternion, say s:

Ler= o,
(@rf @a) =81,

ar and b, real. b, can even be made >0.
We now areable tostate the needed spectral theorems,
and to prove them where new features might appear.

o= ar+bri3

Hermitian Operators

Theorem: 1f H is a bounded Hermitian operator,
[that is, otHY=(Ho)l¥, ||HY||<M|[|¢[|] then
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there exists a unique spectral family E, such that

+o0
H = NiE)‘

—0

This theorem is generalized to the quaternion case
without any change in wording whatsoever. Even the
proof can be literally transferred to the quaternion case.
The numbers A occurring in the spectral resolution are

‘real and they commute with all quaternions. The
essential noncommutative property of the quaternions
has therefore no chance to make itself felt in this case.
This is why the analogy to the case of complex spaces
is complete.

Anti-Hermitian Operators

An anti-Hermitian operator A=—A4%1 admits a
unique spectral resolution:

o0

0

where E, is a (unique) spectral family over the interval
0L, and J a unique operator with the properties:

Jt=—J, J'=—E, [J,E]=[J,4A]=0.

In contrast to the complex case, the operator J,
which is the appropriate generalization of 7, appears
and the integral is extended only from 0 to 4 .

Unitary Operators

Every unitary transformation U in the quaternion
space admits a unique spectral resolution

U= / e’’dE(6)
0

where J is a uniquely determined linear operator on
E(@[1—E(+0)]V with the properties Ji=—J,

SCHIMINOVICH, AND SPEISER

[J,E(®1=0, and J?=—1 on its domain, and E(f) is
a spectral family over the interval 0 <0< 7.

APPENDIX C. STONE’'S THEOREM IN A
9 HILBERT SPACE

A one-parameter group of unitary 9 operators U(f)
can be written in the form:

U(t)=e4t where A= lim [U(t)—E]/t=—A"
¢

Furthermore (and here it is possible to go a step further
than in a € Hilbert space):

A=9H where [9,H]=0, n*=—1, nf=—9,
Hi=H, H >0.

This theorem can be proved with help of the symplectic
representation. To every U(f) we can associate a
symplectic representative U,(#) acting on 3¢(€), such
that all group-relations are preserved. Stone’s theorem
(proved for © Hilbert spaces) then asserts the existence
of
d,=lm [U,@)—E]/i=—A4,
t-»0

such that
U,(f)=e2s.
But from
[U,(t), K,:[=0
follows
[4.,K,]=0.

Therefore by (1) of Appendix A, there is an 4 of which
4, is the symplectic representative, and

A= lgg [U@®—E]/!t.
Now:
AE/ n)\dE)‘=11/‘)\dExEnH, H>0.
0

(Of course it is desirable to have a direct proof avoiding
the complex.)
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The problem of finding the maximal domain of analyticity of the momentum-space vertex function
implied solely by Lorentz covariance, local commutativity, and mass spectrum with thresholds not all
zero, is restated as a holomorphy envelope problem. If only one of the threshold masses is nonzero, the
problem can be divided into two simpler problems. The triangle diagram suggests the holomorphy envelope
of one, but only gives an upper bound on the holomorphy envelope of the other. It is shown that the boundary
of the latter most probably consists of the three cuts and a single quasi-analytic hypersurface with certain
specified properties. If two of the threshold masses are equal and the third vanishes, an appealing conjecture
suggested by the triangle diagram is shown to contradict a generalization of Jost’s example. In the general
case some upper and lower bounds are obtained. The Killén-Toll representation and conjecture are briefly
discussed. The relation of the first three terms in the representation of the position-space vertex function
to the Mercedes diagram in perturbation theory is displayed, and it is shown that there is no analogous
relation for the fourth term. In the single threshold case this fourth term must account for the singularities
of the momentum-space vertex function on the quasi-analytic hypersurface which bounds the holomorphy
envelope. The motivation for studying the analyticity properties of vertex diagrams is discussed, and the
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simplest totally symmetric ones are investigated.

INTRODUCTION

HIS paper is a summary of the results of an earlier
unpublished report, which we shall refer to as I.!

The problem under investigation is to find the enlarge-
ment of the analyticity domain of the momentum-space
vertex function which is implied by the imposition of
mass spectral conditions. The maximal domain which
is implied solely by Lorentz covariance, local commuta-
tivity, and positiveness of energy was first found by
Killén and Wightman? in a paper which we shall refer
to as KW. A simplified proof (due to Ruelle)? of their
result is given in L.

This paper is divided into four major sections as
follows : Section 1 is devoted to general theory including
a precise formulation of the problem to be investigated.
In Sec. 2 an upper bound on the enlarged domain, which
can be deduced with the aid of the triangle diagram, is
presented. The single-threshold problem is discussed in
Sec. 3. It can be divided into two simpler problems, one
of which is completely solved. For the other, the qualita-
tive form of the solution and several upper and lower
bounds are given. Section 4 consists of five subsections
on “Other Topics” ; namely, the Killén-Toll representa-

* This work was supported in part by the National Science
Foundation and in part by the U. S. Air Force, Air Office of
Scientific Research.

t Based on a dissertation submitted to Princeton University
in partial fulfillment of the requirements for the degree of Doctor
of Philosophy.

I Present address: Bell Telephone Laboratories, Murray Hill,
New Jersey.

!'W. S. Brown, “On the Analytic Properties of the Vertex
Function with Mass Spectral Conditions,” Princeton University
Report (1961). (This report contains a chapter on perturbation
theory examples written in collaboration with Dr. D. B. Fairlie.)
Copies may be obtained, while the supply lasts, from the secretary
of the Physics Department, Princeton University, Princeton,
New Jersey. :

2 G. Killén and A. Wightman, Mat. fys. Skrifter Danske
Videnskab. Selsk. 1, No. 6 (1958).

3D. Ruelle, Thesis (Bruxelles, 1959).

tion, some perturbation theory examples, a generaliza-
tion of Jost’s example, the double-threshold problem,
and the outlook for further progress. The subsection on
perturbation theory examples was written in collabora-
tion with Dr. D. B. Fairlie.

1. GENERAL THEORY

In order to establish our notation, we shall begin by
defining the position-space and momentum-space vertex
functions corresponding to a set of three local scalar
fields 4:(x), 2=1, 2, 3. Let (jk) denote any permutation
of the indices (123). The threefold vacuum expectation
values are defined by

W i (21, %0,%5) = (0] A(:) A5 () A (x) [ 0).  (1.1)

By translational invariance, the Fourier transform in-
volves a & function, which we factor off for convenience:

(2m)25(p1+ po-t p5) Wis(pr,po,pa) = / dx1dxods

Xexpli(pixrtpaxat paa) W iju(®1,%2,%3).  (1.2)

If we substitute (1.1) into the right side and insert a sum
over intermediate states, we find the support property

Wik (p1,02,$2)=0; unless p,EV,i and pEV_*¢ (1.3)
where the V' are defined by

Vii={p: 2 M2, pe2},
with mass thresholds M, defined by

(1.4)

M 2=min(p?) such that
(0] 4:0) [ pX(p| 4;(9)4:(0)|0)0  (1.5)

for some momentum eigenstate |p) and some four-
vector £ It follows that Wi (x1,%2,%;) is the boundary
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value of the analytic function

Wiin($1n,820,83) = / dprdpsdpsd (prt potps)
X Wisk(p1,pa,ps) expl—i(prf1+patotpsts)] (1.6)

from the tube

i_yje V_

yi—neV-,

where ¢;=x;+1y; and V.. is the open cone p2>0, po20.
By complex Lorentz invariance, W can be continued
throughout the extended tube Ty, which is defined as
the set of all ¢ such that A{ is in 7 for some complex
Lorentz transformation A. It now follows from local
commutativity that all six of the analytic functions
Wik(Y) are the same and continue each other. Thus
there is a single position-space analytic function
W ({1,¢2,¢3) analytic in the union of the extended tubes
T'. However, the six vacuum expectation values
Wiix(x) are not the same, since they are boundary
values of W({) from different tubes. Because of its
complex Lorentz invariance W ({) depends only on the
scalar products?

z:= (5~
so we define
W(§‘17§27§‘3) = W(Zl,Zg,Za). (1'9)

Clearly W(2) is analytic in the domain U in z space
which is obtained from the union of the extended tubes
T in ¢ space by the mapping (1.9). This domain is
not a holomorphy domain.® Its holomorphy envelope
was first found by Killén and Wightman in KW, so we
shall call it the KW domain or simply Dxw.

Before investigating Dxw in more detail we want to
prove that it is also relevant for the momentum-space
vertex function H(z). We begin by introducing the
retarded functions®

i=1,2,3, (1.8)

r.(21,202,%3) = 0(x;— x;)0 (26, — xx)
X{O|[[4:(x:),4(x) ], A x(x:)]] 0)
+0(x,~—xk)0(xk—x,~)

X (0| [[Ai(x:),4r(x)],4;(x)]]0), (1.10)

¢ This follows from the Hall-Wightman theorem. See D. Hall
and A. Wightman, Kgl. Danske Videnskab. Selsk. Mat.-fys. Medd
31, No. 5 (1957).

& In other words every function analytic in it can be continued
into a larger domain called the holomorphy envelope. For an
introduction to the theory of functions of several complex variables
see any of the following: A. S. Wightman, in Relations des disper-
sions et particules élémentaires, edited by C. De Witt and R.
Oehme (Hermann & Cie, Paris, France, 1960). S. Bochner and
W. T. Martin, Several Complex Variables (Princeton University
Press, Princeton, New Jersey, 1948). H. Behnke and P. Thullen,
Théorie der Funktionen Mehrerer Komplexer Verinderlichen
(Chelsea Publishing Company, New York, 1934). For a “physicists
summary’’ see I (Chapter 2) or KW (pages 23-25).

~ %We use the notation of Burgoyne. See N. Burgoyne, Thesis
(Princeton, 1961) and H. Araki and N. Burgoyne, Nuovo cimento
18, 342 (1960). This is related to the more familiar notation of
Lehmann, Symanzik, and Zimmermann by the formula

ri(my, c o0, ) =" (05 2, 200, Fic, Figy, 000, Ta)e
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where 0(x) is the step function

1; 20>0
0(x)=

(1.11)
0;

29<0.

It is easily shown that r;(x) is invariant under the in-
homogeneous Lorentz group and has the support
property

r:i(%1,22,23) =0, unless x;—x,&V;

and x,(—xxEV,. (1.12)

Its Fourier transform is defined by

(2x) %8 (prtpotp3)Fi(pr,p2,03) = / dxidxedxs

X exp[z (p1x1+p2x2+p3x3)]r,- (xl,xg,xa) . (1 13)

By translation invariance 7;(x) depends only on the
difference vectors

(1.14)

Therefore (1.13) can be rewritten

(2m)57:(p1,p2,3) = / d¢idéy

Xexp[ —i(p;&i+prtr) Jri(wn,w,x;5). (1.15)

Using - (1.12) we see that this is the boundary value of
the analytic function

(21r)3Hi+(51,52,33)=/dfjdfk

Xexp[—i(s;&i+seér) Jri(x1,20,23)  (1.16)
from the tube
<V

i { (1.17)
le V——a

where s;= p;-+ig; and of course s;+52+53=0. Similarly,
we introduce the advanced functions
@i (%1, %,%3) = 0_ (20:— x;) 0 (2t;— wi)
X (0] [[A:(x:),4(x) ], Ar(x)]
+0_(oi— x) 0 (X —1x;)
X (O] [[As(x:),Ax(x)],45(x;)]]0)  (1.18)
where 6_(x)=0(—x). By the same reasoning we find

that @;(p1,p2,ps) is the boundary value of an analytic
function H;_(s1,52,53) from the tube

GEV,
eV

(1.19)

P
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It follows directly from the definitions that
7:(201,%0,%35) — a;(21,%,%3) = 0 (i — ) K ;2. (%1,20,%3), (1.20)
where K;:(x) is the double commutator

Kijk (xl,xZ,xS)
= (Ol [[Ai(xi);Aj(xf)],Ak(xk)]‘ 0)

= Wijk(x)—Wjik(x)—Wkﬁ(x)—}—Wkﬁ(x). (121)

By (1.3), its Fourier transform has the support property
Kiji(prpo,ps)=0; unless pEV *
and [P,E Vi or PJE V:;:j]. (122)

Taking the Fourier transform of (1.20) (with =1 and
j=2), we find

71(p)—a(p) Runprth
* , pa—k,
= (27|'L.)"l lin})/ dku - Pl P2 Pa)

—0 ko— 'ié

(1.23)

where k= (ky;0,0,0), and using (1.22) we conclude that
Fi(p)—ad;(p)=0; unless p22>M;2 (1.24)

By complex Lorentz invariance, each of the functions
H., can be continued throughout its extended tube
Ty, and (1.24) implies that all six are the same and
continue each other. Thus there is a single momentum-
space analytic function H (s1,52,53) analytic in the union
of the extended tubes T';.". However, the Fourier trans-
formed retarded and advanced functions are not the
same, since they are boundary values of H(s) from
different tubes. Because of its complex Lorentz in-
variance, H(s) depends only on the scalar products

zi=s2; 1=1,2,3 (1.25)
so we define

H(51)32753>EH(21;Z2)Z3)' (126}

Clearly H(z) is analytic in U and hence also in Dxw.

Manifolds and Hypersurfaces in C»

Next let us introduce a few definitions which are
helpful for the description of domains in C», the space
of n complex variables.

An analytic variety in a domain D in C" is a relatively
closed set in D which is locally definable by the zeros
of a finite number % of analytic functions. A peint P in
an analytic variety V is a regular point if the Jacobian
of these functions with respect to some subset of & of the
#’s1s nonzero at P. The complex dimension of an analytic
variety V in the neighborhood of a regular point P is
n—=k. An analytic manifold in D is an analytic variety
in D, every point of which is a regular point.

A hypersurface in a domain D in C" is a relatively
closed set H in D, such that for each point P in H there
is a neighborhood N in which a coordinate system can
be defined so that HMN is a (2n—1)-real-dimensional
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coordinate plane. An analytic hypersurface of type ¢
(analytic type) in D is a hypersurface H in D which is
locally definable in the form

H={z: f(z0)=0 for some real p}, (1.27)
where fis analytic in 2, and #-times continuously differ-
entiable (analytic) in p, and 8 f/ 8z; is nonzero for some ¢.
A quasi-analytic hypersurface of rank r and type ¢
(analytic type) in D, is a hypersurface H in D which is
locally definable in the form
I (Z,p) =0,

H={z: i=1 - n—r,

for some pE&RE1-2r} (1.28)
where f; is analytic in 2, and { times continuously
differentiable in p, and where the Jacobian of the f’s
with respect to some subset of #—r of the z’s is nonzero.

The KW Domain

We are now prepared to describe the KW domain, in
which both W (z) and H (z) are analytic. It is bounded by
pieces of the following seven analytic hypersurfaces:

Ci: zi=p; 1=1,2,3
ij/: p2+p(Zi—Zj—Zk)+ZjZk=0; lzl, 2, 3
F: pP—p(z1+22+33)+ (2122 2135+2025) =0
p>0. (1.29)
Let 2; be chosen anywhere in its cut plane. Then divide
the 2, plane into three sectors as shown in Fig. 1. If
23 Is chosen in Sector III, then Dkw is the entire cut 23
plane. For z; in Sector I or II, Dxw is illustrated in
Fig. 2 and Fig. 3, respectively. Clearly, the exterior of
Dxw is the union of the three cuts C; and a six-real-
dimensional region, bounded by pieces of the 7,/ and &,
which we shall call the singularity solid. It will be con-
venient to subdivide the singularity solid into regions

Z2~PLANE
|
P e S
- ™~
7 \\
4 \\
7 21\\
\J
T s .
) A
I3
/
/
N /
N 1’

Fi1c. 1. Three sectors in the z;-plane for fixed 2. If 2, is chosen
in Sector ITI, then Dxw is the entire cut z; plane. For z; in Sector
T or I1, Dxw is illustrated in Figs. 2 and 3, respectively.
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Z5- PLANE

Fi1G. 2. This figure illustrates the KW domain (exterior shaded)
for z: in Sector I of Fig. 1. (The wiggly line is to be understood
as shading.)

in the following way:

Region (1): »9;<0, yy:<0

Region (4): y192>0, 135>0
zi=x¢+‘iyi
i=1,2,3. (1.30)

The relevant portions of Fj;' and F are exactly those
portions in Region (4) and Region (4), respectively.

Spectral Conditions

If the threshold masses [see (1.5)] are all zero, then
the only restrictions’ on W (2) and H (2) are analyticity
in the KW domain and certain boundedness require-
ments?® of polynomial type. If one or more of the thresh-
old masses is nonzero, then W (3) is further restricted
by (1.3), which implies that H (z) is restricted by (1.24).%

23~ PLANE

Fic. 3. This figure illustrates the KW domain (exterior
shaded) for z; in Sector II of Fig. 1.

7 The unitarity of the § matrix and the positive definiteness of
the metric in Hilbert space both imply restrictions which mix the
vacuum expectation values of different orders. It is conceivable
that they imply some restriction on the three point functions
alone, but this does not seem likely.

8 These are equivalent to the temperateness of the distribution
boundary values. See L. Schwartz, Transformations de Laplace des
distributions, Seminar Math. Lund. (Sweden), 196 (1952), and
J. McKenna, Thesis (Princeton, 1960).

? It is easily shown that (1.3) is equivalent to the four-term
‘identity
Fi-+a3;—7;—8;=0; unless &V, * and [pEVE* or ;,SV+].
If the triangle inequalities, M; < M;+ M, i=1, 2, 3, are satisfied,
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Using the edge-of-the-wedge theorem! and the strong
continuity theorem,! it can be shown that (1.24) holds
if and only if H(3) is analytic at all points satisfying!?-14

21 not positive real,
22 not positive real,
0Lz, <M;2 (real),
(21,22,53)€DKW-

This result is illustrated in Fig. 4. H(2) is analytic not
only in Dgw but also at the points indicated by the
dashed lines.

Our problem is to find the holomorphy envelope of the
enlarged domain which is obtained by adding the points
(1.31), for k=1, 2, 3, to Dgw. The exterior of this
domain is the union of the cuts C; (now defined as
z;> M ?) and the singularity solid. Unfortunately there
is no known practicable procedure for finding holo-
morphy envelopes, but once found or guessed their
verification is relatively straightforward (see KWand I).

(1.31)

2. IMPLICATIONS OF THE TRIANGLE DIAGRAM

In this section we shall deduce an upper bound!’ on
the holomorphy envelope by studying the analytic
function which is associated with the momentum-space
triangle diagram'® (see Fig. 5). This function, which
depends on the squared internal masses a; (=1, 2, 3),
is given by

s |

where the integration variables a; are the usual one-
dimensional Feynman parameters. By the general
theory, H is represented by this formula in the domain
U, and has an analytic continuation throughout Dgw.
Actually it is easily shown that H, considered as a
function of six complex variables, is analytic everywhere

3
1 daydasdasd(1— X o)

i=1

3
Z [Zzﬂ,’a’k it a.ai:l
i=1

»  (2.1)

this is equivalent to (1.24). Otherwise this contains additional
information which does not imply any further enlargement of the
domain of analyticity of H(z).

10 For a simple proof and references to earlier work see F. J.
Dyson, Phys. Rev. 110, 580 (1958). i

1 This theorem is a generalization to # variables (see I) of a
theorem of Bremermann which is proved in Math. Ann. 127,
406 (1954).

12 ) means the closure of D.

13 This result was first stated by R. Jost, Helv. Phys. Acta 31,
263 (1958). A rigorous proof is given in I.

41t is shown by Killén and Toll, Helv. Phys. Acta 33, 753
(1960), that (1.3) does not imply any enlargement of the domain
of analyticity of W (z). .

18 Qur upper bound E’ will be schlicht, but it is conceivable
that the holomorphy envelope E may not be. If E is schlicht, it is
a subdomain of E’. Otherwise E lies over a subdomain of E’, The
meaning of this is explained in the review by A. S. Wightman
cited in reference 5.

18 Tt is worth noting that H can also be obtained as the exact
momentum-space vertex function corresponding to the three local
scalar fields, 4;= p;¢r, where ¢; is a free field of squared mass a;.
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except possibly on the manifolds

zi=[(ap)x(ar)]?; i=1,2,3
®(a,5)=0 (2.2)
@=0; i=1,2,3,
where
3
®(a,2)=Y [als:+a;an(s:—2i—3x)
=]
+a;z;(z;—zj—zk)]+zlz223. (23)

If the o integrations were carried out explicitly, they
would lead to Spence functions, which have singularities
of logarithmic type. Therefore we must introduce branch
cuts if we want H to be single valued. These must be
located in such a way that H is represented!” by (2.1)
throughout the domain U. If 2 is in Region (4) [see
(1.30) ], then the denominator of (2.1) never vanishes,
so the integral itself continues H from U to all points
of Region (4). If 2; is real while z; and z; are both in the
same half-plane, then the denominator can only vanish
if ¢;=0 and

8.2 [(a)+ (a)¥ 2. (2.4)

We conclude that the singularity z;=[ (g;)}+ (ax) JPisa
branch point whose branch cut must be given by (2.4)

Zk- PLANE Zk - PLANE
Zi Zi 2
-~ M
2 - K
Mic
ZJ ZJ
2y~ PLANE Zy - PLANE

2, - PLANE
zZ

Zy . .
Zj 2 2
M M
5 k ! k k

Zj

Fi16. 4. In this figure the dashed lines indicate the points (1.31)
to which H(z) can be continued when M ;0.

¥ From now on we consider H as a function of three complex
variables z; with fixed positive real g;.
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] Pe
Z4 Z2

F16. 5. The triangle diagram.

if it is to be independent of z; and z; and outside of
Dxw. It can be interpreted as the “threshold” for the
creation of a pair of particles with masses (g;)¥ and
(@)}, respectively. We also conclude that the singularity
%:=[(a;)*— (ax)¥]? does not appear on the physical
sheet.

Let us now turn our attention to the manifold,
®(a,2)=0, which we shall call the & manifold. Solving
for z; we find

(®=0): z;=aj+ar—(1/2a,)
X[ (z5i—ai—ar) (z3x—ai—a)+= (R)HR)], (2.5)
where
R;=)\(Zi,dj,ak), (2'6)
with
A(a,b,c) = a*+ b2+ c2—2ab—2ac—2be. (2.7)

On the physical sheet the & manifold is never relevant
in Region (4), and it is relevant in Region (¢) if and
only if (2.5) holds with the (+4) sign and with each of
the square roots in the upper half-plane.

In summary, H(a,z) is analytic in the product of the
cut planes, with cuts given by (2.4), except for a
logarithmic singularity on the portion of the ® manifold
which we have just described.!® Furthermore, it satisfies
the spectral conditions for thresholds

M= (ai)’+ (ak)’; i=1,2,3,

as is apparent from Fig. 4.1
For a given set of threshold masses, it follows that
the function

Alo(a)5]= [ Pag(a)H(az)

(2.8)

(2.9)

is analytic in the KW domain and satisfies the spectral
conditions provided ¢ is chosen so that

¢(a1,82,a3) =0; unless (a;)(ar)}> M, i=1, 2, 3 (2.10)

-18 The branch cut which connects this portion of the ® manifold
to infinity may be located wherever is most convenient provided
it does not pass into Dxw or Region (4)

1 The relevant portion of the & manifold is contained in the
singularity solid.
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Fi1G. 6. The support of ¢(g) in the single-threshold case, M;50.

and so that the integral is sufficiently convergent.
Clearly this is not a representation of the most general
function analytic in the KW domain and satisfying the
spectral conditions, since it has no singularities in
Region (4) even in the case of zero threshold masses. In
this case, however, H can have singularities anywhere
outside of the KW domain except in Region (4), and
it is this fact which enabled Kiilén and Wightman to
guess (and then verify) that' Fj;’ is the boundary of
Dxw in Region (7).

In the general case, (2.10) restricts the region of
possible singularities and provides an upper bound on
the holomorphy envelopes. In the single-threshold case
M 0, M ;= M =0, this upper bound coincides with the
holomorphy envelope in Regions (7) and (%), but not in
Region (7). In all cases with two or more nonzero
threshold masses there is no coincidence.

The Single-Threshold Case

Let us consider the single-threshold case, M;=M >0,
M =M ;=0. Then the support region of ¢(a) is given by

23~PLANE

FiG. 7. The shading indicates the possible singularities of &
in Region (3) in the single-threshold case, M;>0.
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23- PLANE

s

2, , 2, —PLANE
Fia
R M Cs
2, Faa

F1c. 8. The shading indicates the possible singularities of /7
in Regions (1) and (2) in the single threshold case, #;50, for
three different values of M3;=M. It is shown in Sec. 3 that the
holomorphy envelope of Ds, _ coincides with the unshaded region.

¢;20; i=1,2,3
(@) (@)= M
and is illustrated in Fig. 6.

First let us determine the possible singularities of A
in Region (3). Let 2, and 2, he fixed in the upper half-
plane. Then (2.5) [with 7=3 and with the (4) sign]
defines a many-one mapping from @ space into the

z3 plane. If the image point, corresponding to a given
point (@1,a2,a3) in the support region of ¢, is in the

Vas

7
Fi2

(2.11)

La
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Vo

F16. 9. The support of ¢(e) in the double-threshold
case My=M.5=0.
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lower half-plane, then it is in Region (3) and is a possible
singularity of H. If it is in the upper half-plane, then
itis in Region (4) and is irrelevant. We want to find the
image of the support region [Eq. (2.11)]. In the limit
as M approaches zero, the plane (e )+ (az)i=M ap-
proaches the a3 axis whose image is F1,'. For M >0 the
boundary of the image region is an envelope Es, which
is the image of some curve in the plane (a:)}+ (a2)t= M,
whose equation depends on z; and z,. It can be shown
that Ej3 crosses the real axis above threshold as illus-
trated in Fig. 7, or else lies entirely in the upper hali-
plane. It is fairly easy to display Ej; as a quasi-analytic
hypersurface of rank one and of analytic type. Further-
more, it can be shown that the rank is no more than one;
i.e., that E; is not an analytic hypersurface.

To find the possible singularities of A in Regions (1)
and (2) we carry out similar procedures in the 2, plane
and in the 2, plane. The portion of Fo;' in Region (1)
with 0<p<M? and the portion of Fi3’ in Region (2)
with 0<p < M?are replaced by the analytic hypersurface
Ly as illustrated in Fig. 8. The pre-image of L’ is indi-
cated in Fig. 6. Thus Ly is given by

®(a,z)=0
a=m?
<L3I . as= (M—m)2
(1320
0<m<M.

(2.12)

Zy-PLANE

La .
A}
~=(2-M?)(22-M?)

~=ZyZp

F16. 10. The shading indicates the possible singularities of 4 in
Region (3) in the double-threshold case, M= ;0.

23~ PLANE

F1c. 11. The shading indicates the possible singularities of & in
Regions (1) and (2) in the double-threshold case, M= M,50.
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F16. 12. The support of ¢(a) in the triple-threshold
case, M\i=M,=M,.

Z3 -PLANE

Fic. 13. The shading indicates the possible singularities of & in
Region (3) in the triple-threshold case, M1=M,=M3.

As we shall see in the next section, this is the boundary
of the holomorphy envelope in Regions (1) and (2),
but E; is not the boundary in Region (3).

Other Cases

In the “double-threshold case” M\=M,=M>0,
M3=0, the support region of ¢ is illustrated in Fig. 9,
and the region of possible singularities is illustrated in
Figs. 10 and 11.

In the “triple-threshold case” My=M,=M;=M>0,
the support region of ¢ is illustrated in Fig. 12 and the
region of possible singularities is illustrated in
Figs. 13 and 14.

In every case the most complicated parts of the
boundary of the singular region are the envelopes. Now
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F16. 14. The shading indicates the possible singularities of & in
Regions (1) and (2) in the triple threshold case, Mi=M,=M,.

E; appears already in the single-threshold case, and it
depends on M; alone. We therefore conjecture that
whatever hypersurface replaces Fj;’ in the single-
threshold case M ;0 will be involved in the boundary
of the holomorphy envelope in the general case, except
that a portion of it near p=0 will be irrelevant.

Nambu’s Theorem

For real 2z, and 2, with 0<z, <M and 0<2,< M,
the function H (a,2) is analytic in the cut 2; plane. The
cut may begin at the normal threshold, z;=M3 or at
an ‘“‘anomalous threshold” 0<z;<M?2, depending on 2
and 2.. This can be seen by studying the limiting form
of Fig. 10 (or its analog with M= M>,) as 2, and 2,
approach the real axis. Nambu has shown® that the
momentum-space vertex function has this analyticity
property to all orders in perturbation theory, but Jost’s

example (see Sec. 4) shows that it does not have it in

general. The failure may be due to the special inter-
actions which are assumed in perturbation theory, or
perhaps to nonconvergence of the perturbation series.

3. THE SINGLE-THRESHOLD PROBLEM (M;#0)

In this section we shall discuss the single-threshold
problem, M;=M>0, M,=M,=0. The problem is to
find the holomorphy envelope of the domain D; whose
exterior is the union of the singularity solid and the
three cuts

C1: 2120
Cz: 2220 (31)
Cs: z3> M2

Consider the subdomains
D3y =Dy (y:>0)N (y2>0)
Dy =Dy (3:>0)N (y2<0),

where 2;=x;+7;. It is shown in I that the holomorphy
envelope of Dj; is the union? of the holomorphy en-

3.2)

2Y. Nambu, Nuovo cimento 6, 1064 (1957); see also K.
Symanzik, Progr. Theoret. Phys. (Kyoto) 20, 690 (1958).

2 In the event that one or more of the latter holomorphy
envelopes is nonschlicht, the definition of this union requires some
discussion, which is given in detail in I.
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velopes of Ds,.; and D3y and their conjugate domains
D, _ and D, 4, together with the negative extensions
of C; and C..2 It is sufficient to find the holomorphy
envelopes of D3, and D;y4.2 For reasons which will
become apparent we shall refer to these as the P;
problem and the Py’ problem, respectively.

The P; Problem

First let us consider the P; problem. The domain
D3, _ is bounded by the analytic hypersurfaces

512 y1=0
62: y2=0
C3: 232 M2
) (3.3)
Fi p*+p (32— 21— 23)+215:=0
Fyy: pP4p(21—22—33)+202:=0

p2=0,

and is illustrated in Fig. 15. It is locally a holomorphy
domain at every boundary point except along the por-
tion of the edge P; which lies below threshold.? By the
Kantensatz?® a completion? through this ‘“indented
edge” is possible. In fact by an almost trivial application
of the completion technique used in KW and in I, the
“bulb” in the 2; plane can be “removed” whenever the
point P; (which depends on z; and 2;) lies below
threshold as in Fig. 15(b). This partial completion yields
an enlarged domain whose boundary involves a new
analytic hypersurface B; given by

Bs:  (M?—p)zitpza=p(M?—p); p>0,

the indented portion of the edge P; has now been re-
placed by two new indented edges, Fi;'(\B; and
Fy3'(M Bs, through which further completion is possible.

In the preceding section we found an upper bound on
the holomorphy envelope involving a new analytic
hypersurface Ly’ [see Eq. (2.12) and Fig. 8], and we
conjectured that this upper bound would in fact coincide
with the holomorphy envelope. An appropriate change
of variables and a further application of the completion
technique?” verifies this conjecture. We find that the

(3.4)

2 By the negative extension of a cut, >0, we mean the hyper-
surface 2 <0.

23 The holomorphy envelopes of D;_, and D;__ are the complex
conjugates of the holomorphy envelopes of D;,_ and Ds,; re-
spectively. This follows from the remark that for every function
J (zl)) f,nalytic in a given domain D the function f(z*)* is analytic
in D*.

% See Fig. 15(b). By definition P; is the four-real-dimensional
intersection Fys'MFg'. The intersection of Ps with the z; plane
for fixed z; and 2 is always a single point on the real axis.

26 This theorem was first proved by H. Kneser in Math. Ann.
106, 656 (1932). An exposition of it is given in the review by A. S.
Wightman cited in reference 5.

26 We use the terminology of Bochner and Martin (see reference
5). Analytic continuation refers to functions and analytic com-
pletion to domains.

7 'The method is elementary, purely geometrical, and com-
pletely rigorous. The proof in this case (see Chapter 9 of I) reflects
the complexity of the geometry.
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(a)
(b)
© 2, Z3-PLANE
M2 Cs
% )

Fi16. 15. This figure illustrates the domain Ds,. (exterior shaded)
in the 23 plane for several choices of 2z; and z2.

holomorphy envelope of Dj,_ is the domain bounded
by the analytic hypersurfaces

61: y1=0
621 y2=0
Cs: =
? 23 P‘ (3‘5)
Fy': p2+p(22—z1"‘23)+2123=0
F23’1 p2+p(21-22—23)+2223=0
p2>M?
and
®(a,2)=0
a1=m‘-’
La’ .. a= (M—m)2 (36)
da=0
0<m<M,

and illustrated in Fig. 8.

Clearly the holomorphy envelope of D; in Regions (1)
and (2) is also bounded by the hypersurfaces (3.5) and
(3.6) and illustrated in Fig. 8. This follows from the
theorem stated below (3.2). Alternatively, since Dy, _ is
contained in Ds, its holomorphy envelope gives a lower
bound on the holomorphy envelope of D;, which coin-
cides [in Regions (1) and (2)] with the upper bound
obtained in Sec. 2.
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The formula for L;’ can be solved for z; with the result

[mPa,— (M —m)%zy [ mP— (M —m)?4-21—2,]
23=— ;

[m?—z, ) (M —m)*—2,]
0<m<M.

L:;’ :

3.7)

The following theorems provide some insight into the
geometry of Fig. 8.

Theorem 3.1. The manifolds m=0 of Ls’ and p= M?
of Fi3' are identical. ,

Theorem 3.2. The manifolds m=M of Ly’ and p= M?
of Fa3 are identical.

Theorem 3.3. In the z; plane, Ly is tangent to F13’ at
the point p=M? of F5'.

Theorem 3.4. In the z; plane, Ly is tangent to Fas' at
the point p= M?2 of Fay'.

Theorem 3.5. In the 2; plane, if P;is above threshold,
Ly passes through it twice. If P is below threshold,
L3’ does not intersect it.

Theorem 3.6. Ls' does not intersect Fi3' in the closure
of Region (2) or Fss' in the closure of Region (1) except
at the points cited in the preceding theorems.

Theorem 3.7. Ls' never intersects C; outside of the
interval 0 <z; <M? except at Pj.

Theorem 3.8. Let

z21=21}17e;

22=1X2— 1€ (3.8)

23= 2300,
where 1, %2, €1, €2 are positive and 2;@® is in the cut
plane (with cut 23> M2). If (x1)4 (x2)}<M, then the
point (21,25,23) is in the holomorphy envelope for all
sufficiently small €; and €. If (1) (x2)4> M, then the
point (21,22,35) is outside of the holomorphy envelope
for all sufficiently small ¢; and e..

The Intersection C1{YCo\Ls'

It is clear from Theorem 3.8 that the intersection
CiNCNLY is given by

220
22220
(a)H ()= M,
which can be rewritten in the form
z21= (M —m)?
Zo=m?
0<m<M.

(3.9)

(3'.10)

By d-finition this intersection belongs to the distin-
guished boundary of the holomorphy envelope of D;, but
only its “boundary points” [z, real and A(z1,22,25) > 0]
belong to the boundary of D;. This is somewhat sur-
prising, since ordinarily the distinguished boundary of a
domain is the same as the distinguished boundary of its
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holomorphy envelope.”® However, it is the Silov
boundary that is always conserved, and since the inter-
section C1(C2( L3 is a one-parameter family of one-
complex-dimensional analytic manifolds on which the
maximum principle holds, its ““interior points’ cannot
be in the Silov boundary of the holomorphy envelope
even though they are in its distinguished boundary.?

The P;' Problem

Next let us consider the P3’ problem. This problem
has not been solved, but several interesting results have
been obtained. The problem is to find the holomorphy
envelope of the domain Dj;,, which is bounded by the
analytic hypersurfaces

Ci: y=0
Co: =0
Cs: > M2
e (3.11)
Fi': p4p(z3—31—22)+2122=0

F: pP—p(z21tzet25)+ (212221251 2025) =0
p2>0

and is illustrated in Fig. 16. It is locally a holomorphy
domain at every boundary point except along the por-

Z3-PLANE
(a)
(b)
z
{c) ' z,-PLANE
Z;
MZ

Fi1c. 16. This figure illustrates the domain Ds, . (exterior shaded)
in the z; plane for several choices of z; and 2.

28 The author is indebted to Dr. H. Rossi for several helpful
discussions on this and related topics.
® For further discussion and references see I.
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tion of the edge P;’ which lies below threshold.® By the
Kantensatz a completion through this “indented edge”
is possible. By the strong continuity theorem (see
footnote 11) it can be shown that every point of Fy;’ in
Region (3) and every point of § in Region (4), as well
as every point of this indented edge, is in the holo-
morphy envelope of Dj, ;.

We have already found an upper bound on the holo-
morphy envelope in Region (3); namely, the quasi-
analytic hypersurface E; (see Figs. 6 and 7). A number
of comparable upper bounds can be obtained by purely
geometrical arguments. The simplest of these in Region
(3) is the analytic hypersurface Fiy’ (M?) defined by

Fro (M?): p*+p (25— M2—21—25)+212:=0, p>0, (3.12)

which is obtained by translating F)’ to the right
through the distance M2 in the z; plane. This is illus-
strated in Fig. 17. In the special case z,=2,=3, E; can be
obtained from Fyy' (M?) by the substitution z — z2—1 M2
Therefore E; is a weaker upper bound than Fy5'(M?) in
this case® (see Fig. 18). This means that Ej is not the
boundary of the holomorphy envelope in Region (3).
In the limit as 2, and 2, approach the real axis in Fig. 17
the entire lower half-plane is outside of the upper
bound Fy' (M?). It follows with the aid of a rather com-
plicated Silov boundary argument that the entire upper
half-plane is also outside of the holomorphy envelope in
this limit. In other words every point of Ci[\Cs, except
for the “physical real points” (see footnote 46) has a
full complex neighborhood in the exterior of the holo-
morphy envelope of Dy, ..

There is a simple partial completion which can be
performed with the aid of Ruelle’s lemma.? This leads
to two new analytic hypersurfaces, G, and G5, given by

P LM M2 (3, — 20— 35)+ 2025

Gy: R —pa[2M2+ (21— 22— 323) |+2.2=0 (3.13)
10<p<1

F;7

Fic. 18. This figure illustrates the upper bounds Fio'(M?)
and E; in the special case z1=2:=3.

% See Fig. 16(a). By definition Py’ is the four-real-dimensional
intersection F1,’N\F. The intersection of Py’ with the z; plane for
fixed z; and z; is always a single point on the real axis.

3 Tn some other special cases the opposite is true.
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and
p2[M4+M2(22—21—Z3)+2123]
Go: < —pz[ 2M2 - (33—21—23) J+2°=0 (3.14)
OSPSI:

respectively. The reader will note that both of these
hypersurfaces end (when p=1) on the manifold p= M?
of §. Clearly they provide a lower bound on the holo-
morphy envelope, but it is a very weak one.

The hypersurfaces (3.11) which bound D;,  intersect
in the following edges, among others:

P1=ClnF12'
Py=C,NFyy
P/=C\NF
P,)/=CNF
Py/=CNF/NG.

We have already seen that the portion of P3’ which lies
below threshold is in the holomorphy envelope. Using
an upper bound constructed especially for the purpose
it can be shown that the portion of P;’ which lies above
threshold is an edge in the boundary of the holomorphy
envelopes. In fact, when 2; and z; are in the same half-
plane, every point in the singularity solid and sufficiently
close to C; above threshold is in the exterior of the
holomorphy envelope. This result is illustrated in
Figs. 19 and 20. Similarly it can be shown that certain
portions of the edges, Py, Py, P\, Py, are also edges
in the boundary of the holomorphy envelope.

The hypersurface (hypersurfaces) which replaces
(replace) Fi' and § is (are) severely restricted by the
requirement that it (they) contain the required portions
of these edges. If it is assumed that the holomorphy
envelope is bounded piecewise by analytic hypersurfaces
of analytic type,® then at least three are needed to
replace Fi’ and at least three more to replace F. The
idea of such a complicated boundary is extremely un-

(3.13)

Z3~ PLANE

Fig. 17. This figure illustrates the upper bound Fi’(M?),
which is obtained by translating Fio’ to the right through the
distance M2

2 The hypotheses of Theorem 12.5 in I are slightly stronger
than this clause would require but the differences do not appear
to be significant.
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Zy~ PLANE

Fic. 19. When Py’ is above threshold, the boundary, H;, of
the holomorphy envelope of Dy, must pass through it as illu-
strated in this figure. The shaded strip indicates known exterior
points.

inviting. Furthermore it is difficult to imagine the Silov
boundary of such a domain being the same as the Silov
boundary of Djy ..

If the boundary of the holomorphy envelope is as-
sumed to be piecewise four-times continously differ-
entiable, then it must be piecewise analytic or quasi-
analytic. Since it is probably not piecewise analytic, the
simplest remaining possibility is that Fiy’ and & are
replaced by a single®® quasi-analytic hypersurface Hj,
which reduces to the product of F12" and F when M is
set equal to zero. The qualitative form of Hj is illus-
trated in Figs. 19 and 20. In the borderline case where
P; and M? coincide, the p values on the two branches
of H; at Py’ must be the same. For slightly larger M2,
they must turn complex, perhaps because of a change of
sign in some square root.*

It is reasonable to assume that H; can be globally

Z3- PLANE
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Frc. 20. When Py’ is below threshold, the boundary, Hj, of
the holomorphy envelope of Ds, ;. must cross the real axis between
Py’ and the threshold (by the Kantensatz and Jost’s example)
as illustrated in this figure. The shaded strip indicates known
exterior points.

B If there were two, one to replace Fi»’ and one to replace &,
then the intersection of the two in Fig. 20 would almost certainly
violate the Kantensatz. For further discussion see Chapter 12 in I.

¥ In the P; problem precisely such a phenomenon occurs. As a
result L;’ (or its extension obtained by increasing the range of the
parameter) contains all of the portion of Ps with 3> M? but none
of the portion with z; <M2
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defined in the form
f(z,0,M*)=0
) =
Ha: g(Z,p,M ’),e%s (3.16)
2&C3,

where the analytic functions fand g are as yet unknown.

The problem of finding f and g, given that H; contains
the required portions of the edges (3.15), might be con-
sidered as a boundary value problem, but no serious
attempt has yet been made to explore this approach. A
more helpful approach, suggested by Killén and Toll, is
discussed briefly in the following section.

4. OTHER TOPICS

In this section we shall discuss the Killén-Toll repre-
sentation, some perturbation theory examples, a gener-
alization of Jost’s example, the double threshold prob-
lem, and the outlook for further progress.

The Kiillén-Toll Representation

Using the Bergmann-Weil formula, X4llén and Toll
have shown?? that every function W (z) analytic in the
KW domain [and sufficiently bounded at infinity ] can
be represented in the form

W(z): 24:1 /w/w/w daldazdasl:ﬁl AW (Ua,’,Zi)]

<[ [ i) | @D

where the ¥, are weight functions and the f, are given by

In(—pz:)—In(p—3;)—In(p—2z)

filz,0)= i 1=1,2,3
;;zri- (p—z,«)‘(p—zk) 42)
§ (n(p—z;)—In(—2,)]
(Bp)=—
ﬂ g pz—P(21+Zz+Zs)+(lez+3123+2223)
with
—7<ImIn<L. 4.3)

The denominators in (4.2) are the defining polynomials
of F;;’ and &, respectively. The numerators are zero on
the irrelevant parts of these manifolds, but nonzero on
the relevant parts.

Let the bracketed expressions in (4.1) be called 4
and B, respectively. Both are analyticin the KW domain.
Replacing z; by (f;—¢x)? where {;=x:+14y; as in
Eqgs. (1.6)-(1.8), we see that B is analytic in all six of
the tubes T defined in (1.7). Therefore B is the
Fourier-Laplace transform of a set of temperature
distributions Bj;jx having the support property (1.3)

s G. Killén and J. Toll, Helv. Phys. Acta 33, 753 (1960).
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F16. 21, The position-space Mercedes diagram. The corre-
sponding analytic function is called M (g,b,3).

with zero mass thresholds. An identical argument
holds for A except that the A satisfy (1.3) with
mass thresholds

M= (a;)+(ar)};

By the convolution theorem, 4 B is the Fourier-Laplace
transform of the set of convolution products 4 ;;¢*Bi;z,
and these have the support property (1.3) with mass
thresholds (4.4). Therefore if the weights ¢, in (4.1)
have the support property

i=1,2, 3. (4.4)

(@) (@2 M;
for i=1, 2,3,

V.= (a1,as,a3; p)=0, unless
(4.5) -

then the temperature distributions W satisfy (1.3).

Kiillén and Toll have conjectured that the converse
is true; in other words that (1.3) implies (4.5).3¢ If the
conjecture is true, then our problem can be solved in
full generality by finding the enlargement of the domain
of analyticity of H which is implied by the restriction
(4.5) on the weight functions ¥, in the Kéllén-Toll
representation of W.

Let W, be the uth term in the representation (4.1},
and let H, be the corresponding momentum-space
vertex function3” It is shown by Killén and Toll that

Wilz)= / / dad®bei(a,b)M(abz); i=1,2,3 (4.6)
0 0
where ¢; is a new weight function

oi(a,8)=E3(b)5(53) f dp(a,p)(3/30)B bsp), (4)
0

38 For a given W the weights ¥, are not unique. The conjecture
is that at least one set of weights satisfying (4.5) can be found if
3he spectral conditions are satisfied.

4

3 Clearly H=2Z H,, but H, is not necessarily the uth term

p=l

in the Killén-Toll representation of H.
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k being a numerical constant, and where M is the
analytic function corresponding to the position-space
Mercedes diagram, which is illustrated in Fig. 21. It
follows that

H(z)= / / Pad*bei(a,p)M(abd3); i=1,2,3 (4.8)
JO [}

where M is the analytic function corresponding to the
momentum-space Mercedes diagram (which is illus-
trated in Fig. 23).

It can be shown®® that the analytic function corre-
sponding to any momentum-space vertex diagram is
analytic throughout Region (4). Therefore®® H;(z) is
analytic throughout Region (4), for i=1, 2, 3, and
H,(z) must account for the singularities of H(2) in
Region (4). It follows that H,(z) cannot be represented
as an integral over perturbation theory examples,
analogous to (4.8). Finally it can be shown that H,(z)
must account for the singularities of H (z) on the hyper-
surface H; in the P’ problem. It seems hopeful that
the hypersurface H; could be found by computing the
Fourier transform of the time-ordered boundary value
of W4(z) and investigating the analytic properties of the
resulting momentum-space function, H(z).

Many physicists feel that the singularities in Region
(4) are unphysical because they do not occur in per-
turbation theory. If this feeling could be supported
(for example by an argument from unitarity), then it
might turn out that all the singularities allowed by the
general theory could be related to perturbation theory
diagrams. This hope has led the author to a study, in
collaboration with Fairlie, of the analyticity properties
of several vertex diagrams, which we shall now discuss.

Some Examples from Perturbation Theory
(By W. S. Brown and D. B. Fairlie)

The three simplest totally symmetric vertex diagrams
are the triangle (Fig. 5), the triskelion (Fig. 22), and
the Mercedes (Fig. 23). We have already emphasized
the importance of the triangle diagram in Sec. 2. Qur
object here is to determine the singular manifolds for
the triskelion and the Mercedes, which are analogous
to the ® manifold for the triangle [see (2.2) and (2.3)].
In applying the Landau conditions®* we shall not
consider the *‘end-point singularities,” which lead to the
expected threshold manifolds and some other complex
manifolds, since these can also be obtained from the

38 This follows easily from the formula for the analytic function
corresponding to an arbitrary diagram, which is given by Symanzik
in Progr. Theor. Phys. (Kyoto) 20, 690 (1958).

¥ Here we proceed formally, assuming that the analyticity is
determined by the kernel and not by the integrations. However it
is entirely possible that the opposite is the case. For further dis-
cussion see I.

40 L. D. Landau, Nuclear Phys. 13, 181 (1959).

4 J, Tarski, J. Math. Phys. 1, 154 (1960).

4 J. C. Polkinghorne and G. R. Screaton, Nuovo cimento 15,
289 (1960).
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F16. 22. The triskelion diagram.

lower order diagrams which are “contractions’ of the
given diagrams.

For the triskelion diagram the desired singular
manifold is given by

¥ (a,b,3) =4D%(4D+ A?)
+44 B2 (9D+24%)—27B4=0 (4.9)
where

A= (z+a+b)—i\(z)+Ar(a)+\ ()]
=—1 det(z,2,0) :

=— gf:l {22 (abi+aid;) + 351 (a:Bi+biA,) (4.10)
- 432 2a:b;br+a;b,Br+aib;B; »
+2b.a,ax+biard v +bra;A; ]},
with -
A=oi—a;—a (4.11)

Bi: b,“" b,'— bk

and with A(2)=\(21,2,23) defined by (2.7). It can be
shown that ¥ is a homogeneous twelfth-degree poly-
nomial in its nine arguments, and is irreducible over the
rationals. Furthermore it is invariant under permuta-
tions of the indices, 1, 2, 3, permutation of the vectors,
2, @, b, and transposition of the matrix of these vectors.

For the Mercedes diagram we have not succeeded in
writing down an explicit formula for the desired singular

qs

F16. 23. The Mercedes diagram.
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F16. 24. The dual of the Mercedes diagram.

manifold. However, the equations which determine it
can be given a very simple geometrical interpretation by
means of the dual diagram® (see Fig. 24), which in this
case is two dimensjonal. Given eight of the nine sides,
the ninth is determined, and the polynomial equation,
P(a,b,z)=0, which determines it is the equation of the
singular manifold.

The Generalized Jost Example

Jost’s example* was originally introduced in order to
prove that the dispersion relation for the pion-nucleon
vertex does nof follow for the observed masses from the
general requirements of Lorentz covariance, local com-
mutativity, and mass spectrum. It can also be used to
disprove the conjecture* that H(z) must be analytic in
the cut z; plane for fixed real z; <M and z, <M 2. We
shall now discuss a generalization of Jost’s example,
which will permit us to disprove a very appealing con-
jecture for the double threshold problem, and which
has a simple interpretation.

In Sec. 1 it is shown that every momentum-space
vertex function is analytic in the enlarged KW domain,
and that the general requirements mentioned above
imply no further restrictions except those mentioned
in footnotes 7-9. Consider the function

H (C,:V,Z) = [(1\712 - Zl) %+ (1\722— Zz)*

+ (N2—z)i—CT, (4.12)

4 A general discussion of dual diagrams is given by Landau in
the work cited in reference 40. The dual diagram of the Mercedes
diagram is discussed by L. B. Okun and A. P. Rudik in Nuclear
Phys. 14, 271 (1960).

“4R. ]ost Helv. Phys. Acta. 31, 263 (1938).

46 See the discussion of Nambu’s Theorem at the end of Sec. 2.
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where the N’s are positive real numbers such that

N2 M;
V2 M (4.13)
NAN>N,,
where C is any complex number in the triangle
<ReCLN
0<ReC<! (4. 14)
0< ] ImC| <N—ReC
with
N=min(N,~, ‘Vj+AVk—N¢)>0 (415)

and where the square-root'function is defined so that
Rey/2>0. (4.16)

It can be shown that this function has the required
analyticity, and is therefore a possible momentum-space
vertex function. The region of possible singularities of
H as C varies over the triangle (4.14) is discussed in
detail in I. In particular, H may have singularities any-
where in the polycylinder

|2:— N 2| <N?/18; (4.17)

In other words H may have singularities anywhere in a
full complex neighborhood of any unphysical real point?
on the intersection of the three cuts, 2,2 M 2.

i=1,2,3.

The Double-Threshold Problem (M, = M,)

We shall now discuss an appealing conjecture for the
double-threshold problem (M =M.=M, M;=0), and
we shall prove that the conjecture is contradicted by
the generalized Jost example. The problem is to find
the holomorphy envelope of the domain D;» whose

Z3~ PLANE

Z,

7
Y
g

/ /

///?///

F1c. 25. In Region (3) the domain D, can be completed at least
up to Ly’ and at least up to L', but not beyond L.

46 A real point (z1,2,53) is called physical if there exist real four-
vectors (p,p2,ps) such that p2=z; fori=1,2, 3and p1+p2+ps=0.
Otherwise it is called unphysical. A real pomt (z;,zz,z.-.) is unphysxcal
if and only if z; >0 for i=1, 2, 3 and A\(z) <0. Now the inequalities
N;+N>N; imply that )\(N“) <0, so the point (N.3,N.4N3:?) is
an unphysical real point.
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exterior is the union of the cuts
> M2
20> M?
23>0

(4.18)

and the singularity solid. This domain has four indented
edges; P1, Ps, P/, Py'. From our study of the P; problem
(see Sec. 3) we know that Dj, can be completed through
the Py edge up to L, in Regions (2) and (3) and through
the P, edge up to L’ in Regions (1) and (3). Even if we
knew the solution of the P, problem, we would not
thereby have any further information in Region (3).
The hypersurfaces L’ and Ly’ are illustrated in Fig. 25.
In Region (3), where both are relevant, they intersect
in an indented edge (for example when z;=2,) through
which further completion is possible.

In Sec. 2 we obtained a simple upper bound on the
completion into Region (3) ; namely, the analytic hyper-
surface L; (see Figs. 9, 10, and 25). It is not unreasonable
to conjecture that L is in fact the boundary of the
holomorphy envelope of D1 in Region (3). In the special
case 21=2y=3, L3 dips into the lower half-plane if and
only if Rez>3M? In the same special case Oehme has
shown?? that H(z) must be analytic in the cut 2; plane
if Rez<iM? These remarks make our conjecture
especially appealing. However, in the subcase
2= M2—eM+1ie?, where e is sufficiently small compared
to M, L; lies entirely outside of the upper bound pro-
vided by the generalized Jost example (see Fig. 26),
so our conjecture is false.

Outlook

In the single threshold case M 520, we have seen that
for z; and 2 in opposite half-planes the holomorphy
envelope is bounded by portions of Fy/, F:i/, C; and a
new analytic hypersurface L,’; while for z; and 2, in the
same half-plane it is most probably bounded by portions
of C; and a single quasi-analytic hypersurface H;, whose
explicit formula is not known.

There is reason to hope that portions of all three of
the H; are relevant when all three threshold masses are
nonzero, and this hope adds interest to the problem of
finding the formula for H;. This problem might be
treated as a boundary value problem (as suggested near
the end of Sec. 3) or by way of the Killén-Toll con-
jecture (which is discussed in this section).

Aside from these ideas the outlook is not very bright.
The conventional method*® for finding holomorphy

47 R. Oehme, Phys. Rev. 117, 1151 (1960).

% Another common procedure is to construct integral repre-

sentations and show that they can be continued. This is the method
used by Oehme in the work cited in reference 47.
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F16. 26. In the special case 2 =2, =M?—eM i€, L, lies entirely
outside of the upper bound (dashed lines) provided by the
generalized Jost Example.

envelopes is to guess the boundary by studying examples
of functions analytic in the given domain, and then to
change to a new set of variables in which the completion
method of KW and I can be applied. For our problem
the only known source of examples is perturbation
theory, and as we have seen in our study of the Killén-
Toll representation we cannot expect to find H; by
studying the singular manifolds from perturbation
theory diagrams. A study of these diagrams might,
however, lead to the solution of the problem in which
Region (4) is added to the enlarged KW domain, and
this would be of considerable interest. The triangle
diagram does not solve this problem, and the Mercedes
and the triskelion seem to be too complicated to deal
with. However, there is no reason to consider only
totally symmetric diagrams, and the author feels that
it would be worthwhile to undertake a systematic study
of the simplest vertex diagrams in which one of the
three indices is singled out. .

Another question which deserves investigation is
whether the positive definiteness inequalities and/or the
unitarity of the .S matrix imply any enlargement of the
analyticity domain of H(z) and/or W (2). Although it
seems unlikely, it is not inconceivable.
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The terms of a perturbdtion expansion of the vacuum expectation value of the time ordered product of
three scalar fields are examined in x space. It is shown that these terms can be considered as the boundary
values of certain analytic functions, where the variables of these functions include complex convergence
parameters. Several different integral representations for these analytic functions are obtained which exhibit
part of the domain of analyticity. The singular behavior of these functions as the complex convergence
parameters tend to zero is discussed, and it is conjectured that the removal of the singular part of these

functions is equivalent to renormalization.

I. INTRODUCTION

HIS paper is a report on an investigation of
certain properties of the vacuum expectation
value of the time-ordered product of three scalar fields,
The purpose of the paper is to show that we can consider
the terms of a perturbation expansion of this expectation
value as boundary values of analytic functions if we
introduce certain complex regularizing parameters into
the divergent integrals defining the terms of the
expansion.

Our reasons for wishing to do this are twofold. On the
one hand we hope to be able to show that by performing
certain analytic or limiting operations on these analytic
functions, the result will be the renormalized series in
the sense of Dyson and Salam. Recent work of Caianiello
gives considerable hope that this can be done.! Since
the regularized terms of the perturbation expansion are
in a considerably more tractable condition than are the
corresponding terms when renormalized by the tech-
niques of Dyson and Salam, we feel that the regularized
form of the expansion may more easily yield information
about the possible convergence of the expansion, and,
especially since we work exclusively in x space, about
analyticity properties of the individual terms.

On the other hand this work shows promise as a way
of fitting some of the results of covariant perturbation
theory into the framework of the axiomatic approach to
relativistic quantum field theory. Wightman? has shown
that the content of the theory of a single scalar field
& (x), which satisfies certain basic axioms, is completely
contained in a knowledge of all the vacuum expectation
values:

Fn(xly' o vxﬂ)”_‘ (\I,U)q)(xl)q)(x2) ) @(x,.)\lfo),
n=1,2 ...

(1.1)

Furthermore, F~(x1, - *,x,) is completely determined as
the boundary value of an analytic function. This theory

* This paper is based on the author’s thesis, submitted to the
faculty of Princeton University in partial fulfillment of the re-
quirements of the Ph.D. degree.

¥ Now at the Bell Telephone Laboratories, Murray Hill,
New Jersey.

(1;;39.) R. Caianiello, Nuovo cimento 13, 637 (1959); 14, 185

t A, S. Wightman, Phys. Rev. 101, 860 (1956).

must be Lorentz covariant; there can be no states of
negative energy, and there must exist a vacuum state
W whose energy is zero; and finally local commutativity
must be satisfied. In view of these results of Wightman,
any knowledge of the analytic functions whose boundary
values are the vacuum expectation values is most useful.
In particular, since at present perturbation theory is the
most practical method for studying realistic field
theories, we feel that the study of the analytic functions
arising from the perturbation expansion may provide
useful links between perturbation theory and questions
of existence studied by the axiomatic method.

It should be remarked at this point that Bogoliubov
and Parasiuk?® have used a somewhat similar regulariza-
tion technique in their elegant version of renormaliza-
tion theory, and in certain respects our approach is
similar to theirs. However, there are substantial differ-
ences in the two approaches; mainly involving our use
of analytic functions of complex variables and a new
representatation of the terms of the perturbation series.
Also, our emphasis on the nature of the singularities of
the regularized integrals differs considerably in outlook
from their approach to the problem.

We have chosen to use three local scalar fields, which
we represent in the Heisenberg picture by ®4(x), ®2(x),
and ®;(x). The fields describe particles of masses my,
me, and mj, respectively. We demand that m;>0,
1<j7<3, but there are no other restrictions on the
masses. The interaction between the particles is de-
scribed by the interaction Lagrangian density

L1'= —g@l(x)tbz(x)@g(x) (12)

We have chosen this model because it seems to be the
simplest theory which at the same time has an inter-
action consisting of the product of three different fields.
We feel that once the basic technique has been worked
out, it can be applied to more realistic theories involving
spinor fields.

The particular vacuum expectation value studied is

T(xl,xg,xa) = (\Po,T{Q’l(xl)sz(x2)¢3(x3)}\110). (13)

3 N. N. Bogoliubov and O. S. Parasiuk, Doklady Akad. Nauk.
S. S. S. R. 100, 25 (1955); Acta Math. 97, 227 (1957); N. N.
Bogoliubov and D. V. Shirkov, Introduction to the Theory of
Quantized Fields (Interscience Publishers, Inc., New York, 1959).
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With the aid of well-known transformations? this can be written as
(%,T {S 01(x1) p2(%2) 03 (x3>}\l'o)
(Yo,S¥0)

In (1.4), all quantities are written in the interaction picture, and S is the S matrix. The numerator of (1.4)

T(xl,xz,xa) = (14)

can be expanded, using standard techniques, to give

UoTiSex @l oo = 3 —
0y e1(%1) p2(%2) 03 (w3)} °“‘n=0 (2n+4-1) 128+

In (1.5),

n
(o, - stgninwe = 2 {11 Are(p, s —%50,) }Ari (450, ,— %1).
i1-cdgney P=1

In (1.6), the sum is over all permutations 7y, - * -, fany1 Of
the integers 1, - - -, 2n-1, which satisfy the restrictions

Jap1<Jjep, p=1,---,2m, 51<j3<---<Jea

and A pi(xe) is the standard Feynman propagator, where
the subscript % reminds us that it is formed with mass mz;.

The denominator in (1.4) can be expanded in a similar
fashion, and it is well known that the result of formally
dividing the series for the numerator in (1.4) by the
series for the denominator has the effect of removing
all the vacuum-vacuum terms.* In terms of Feynman
graphs, this means that after this formal division, only
integrals corresponding to connected Feynman graphs
remain.

It must be emphasized, of course, that all these
manipulations are completely formal, because most of
the integrals comprising the terms of (1.5) are divergent,
even after the formal division by the denominator. This
paper is concerned with those individual integrals in the
terms of (1.5) which remain after the formal division by
the denominator, that is, with those integrals which
have connected Feynman graphs. We will show that
each such integral in the term of order 2n-+1 of series
(1.4) can be made convergent by introducing 3» com-
plex convergence parameters, w;, =1, 2, -+ -, 3n. From
this point on, all calculations can be done in a completely
rigorous fashion. However, since most of the calculations
and proofs are long and involved, and furthermore since
all the proofs and calculations are given in complete
detail in the author’s thesis which is available on micro-
film, for the most part only the results will be given here,
with an occasional outline of the calculations involved.

In Sec. II, by introducing complex convergence
parameters into a suitable integral representation for
Ap(x), we give a well-defined mathematical meaning to
the individual integrals which remain after the formal
division in (1.4) is carried out. From this point on, the
emphasis is on mathematical rigor. In the last part of

4S. S. Schweber, H. A. Bethe, and F. de Hoffmann, Mesons
and Fields (Row, Peterson & Company, Evanston, Illinois, 1956),
Vol. 1, p. 384.

L £
/ .o ./ d4ul. . 'déuwﬂ-l[ul, .o ';u2n+1)x1]1
— —c0

(1.5)

X[y, + + 2np1, %2 ]2 X [t -+ Hans1,%3 3.

(1.6)

this section an extension of the domain of analyticity is
demonstrated.

Section III is devoted to discussing the existence of a
modified Schwinger representation for each of these
regularized integrals and drawing several important
conclusions from this representation. In the first place,
this representation demonstrates a considerable enlarge-
ment of the domain of analyticity of the analytic func-
tions being studied. In the second place, the Schwinger
representation enables us to derive a very useful integral
representation for these functions.

Section IV is devoted to a discussion of the singular
behavior of these regularized integrals as the complex
regularizing parameters tend to zero. The chief tool used
in this study is the integral representation derived in
Sec. III. This study is not yet complete, and it is on the
completion of this investigation of the singularities of
the regularized integrals that our version of the re-
normalization program depends.

SECTION II

A. Definition of Integrals to be Regularized
and Their Feynman Diagrams

Our starting point will be a formal integral of the type

(ig)tntt *
F,.’-_‘— -_— d4’M/1' .. d4u27;+1
23+

X{Ap1 (s — i) Ap1(wjs—25) - - - Br1(%jgo i —%1)}

X{Ara (U, — i) Apa (Ui —wr) * - - Apa(thig, y— %)}

X{Aps vy —w1,) Aps(shry— ) - * Aps(Uryn,1—%3)).
Q.1

{jly' ) ',j2n+l}, {kb' . ';k2fH-1}y and {lly' ) "l27~+1} are
three permutations of the integers 1, -- -, 2n-+41.

Since we have assumed that the indicated division in
(1.4) has been carried out, (2.1) has a connected Feyn-
man diagram. The Feynman diagram corresponding to
(2.1) is constructed in the usual fashion. The points
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corresponding to the vectors #i, ---, #aniq are called
internal points and the three points corresponding to
%1, %3, and x; are called external points. Likewise, lines
corresponding to propagators connecting internal points
are called internal lines, while the three remaining lines
connected to x;, xe, and x3 respectively, are called
external lines. Each internal line carries the label 1, 2,
or 3, according to whether it corresponds to the Feyn-
man propagator constructed with mass my, ms, or m;.
The external line into the external point x; necessarily
carries the label j. Two points are called linked if they
are connected by a line in the diagram in which there
are no intervening points. Two points are said to be
connected by an arc if there is a sequence of points
starting with the first of the given points and ending
with the second point, and such that any two consecu-
tive points in the sequence are linked. The order of a
diagram is just the number of its internal points. Any
two points in the diagram corresponding to (2.1) are
connected by an arc. This plays an important role in the
proofs of many of the properties of the regularized
integrals. Since the single integral corresponding to the
diagram of order one*is well defined as it stands, only
integrals corresponding to diagrams of order greater
than one will be considered here.

The next step in giving a well-defined meaning to
(2.1) is to introduce an integral representation of the
Feynman propagator?:

Apk(x)=—§i ["" exp[-—i{%k—-l—taﬁ”dt. (2.2)
w2 Jo i

This integral does not converge in the ordinary sense,
but is rather to be considered as a distribution in the
sense of Schwartz. If this expression for A, were to be
substituted into (2.1), the result would still be a di-
vergent integral. Therefore, we start by regularizing
(2.2); that is, we consider instead the expression

7
Aml(x)=—2 .
)
* mE—iu
Xf exp[-—i{ : +i(x2+w)}]dt. (2.3)
0 ¢

In (2.3) we assume >0 and Imw <0, Integral (2.3) is
absolutely convergent and is easily handled. Also, this
is a Lorentz invariant method of regularization. Un-
fortunately, even after replacing each Arin (2.1) by the
regularized integral (2.3), the resulting integral still
does not converge absolutely. This is because of the
integrations over the four vectors u;. To get around
this difficulty we insert the factor

2n41 3

d(u,6)=exp(—8 > (u,-,k)2), >0  (2.4)

=1 k=0
§ J. Schwinger, Phys. Rev. 75, 651 (1949).

JAMES McKENNA

under the integral sign in (2.1), perform the # integra-
tions, and then let § — 04-. In (2.4), #; x is the kth com-
ponent of the four-vector #;. This operation, which is
essentially the same as symmetric integration,® turns
out to be Lorentz invariant. Therefore, this method of
regularizing integral (2.1) is Lorentz invariant.

B. Mathematical Conventions

Before going on to a more detailed examination of the
regularized integral, it will be helpful to list a few
mathematical conventions. We first discuss the labeling
of the Feynman parameters appearing in the integrals
for Api/(x). In a diagram having 2z+1 internal points
there are 3z+3 lines. Corresponding to each such line
there is an integral (2.3). Index the integration variables
in the following way : The variable corresponding to the
line going into «; will be A;, j=1, 2, 3. The variables
by, y=1, - -+, n, will be assigned to the lines labeled 1,
the variables £;, j=n+1, - - -, 2n, will be assigned to the
lines labeled 2, and the variables ¢;, j=2n+1, -- -, 3x,
will be assigned to the lines labeled 3. The remaining
parameters in the integrals with the variables A; will be
m;—1e; and ¢, j=1, 2, 3. In the integral which has the
variable of integration #;, the corresponding mass
parameter will be M;—4u;. This means that M;=m,,
Jj=1,--,n, M;=ms, j=n+1,---,2n, and M;=m;s,
j=2n+1, - - -, 3n. The complex convergence parameter
for each internal line will be w;, j=1, - -+, 3n.

Since we will be dealing extensively with multiple
integrals in the sequel, it will be useful to adopt a con-
venient notation for n-tuple integrals and vectors in C»,
In general the notation x= (x1,- - - ,x.) will be used, and
the corresponding column vector is x7. Define

n
x-y=3 xy;.

=1
Unless express mention is made to the contrary it
will always be assumed that the above Euclidian metric
is being used. As is usually the case, x-+7y is the vector
with components x;+y;, and if @ is a complex number,
ax is the vector with components «x;. In general, those
vectors determined by the three lines of a diagram which
end in the three external points are of dimension three,
while those determined by the remaining lines will be of
dimension 3#x. Statements made about vectors, such as
x>0, Imy <0, etc., mean that the statement holds for
each component of the vector. Thus in the product
space of » complex variables z;, the direct product of the

" closed lower half planes is conveniently described as the

region Imz<0. There is another notation which will be
frequently used. If ¢t= (41, - -,t), then the vector 1/¢ has

components (1/4,--+,1/t,). As long as no confusion
results, we will write scalar valued functions of vector
arguments, f(x1,- - -,%n), as f(x). Also, when there is no

6J. M. Jauch and F. Rohrlich, The Theory of Photons and
Electrons (Addison-Wesley Publishing Company, Inc., Reading,
Massachusetts, 1955), p. 455.
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risk of confusion, multiple integrals in which the range
of integration for each variable is the same will be
written as single integrals, e.g.,

/: dry f: dxz...ﬁwdxnf(xly...’x”)gﬁw dxf(2)

Integrals of functions g(wu,---
peared where each variable »; stands for a four vector,
(ujo,ui1,ui2,153), and the range of integration is from
— o to « for each component, and the standard nota-
tion d*u;= dujdu;dujsdu;; has been used. Again when
there is no risk of confusion such integrals will be written

/:: d*ug(u).

There is one last convention we want to mention. The
amplitude of any complex variable will be assumed to be
between 0 and 2x. Thus the stament Imz<0 means
w<ampz<2m, and it does not mean 37 <ampz<4r.

C. The Definition of F,(z,w; u)

If we now replace Ap, by A’ in (2.1), insert (2.4)
under the integral sign, and take the limit as § — 0+,
we get

(ig)2n+1 1« 3n+3 1
Fu= lim {_M(_u)
w0t [ (nt 1)\ 292/ gens

X f dud(u,9) [ ANIM (N 1)
—®© 0

In this equation we have set

><exp<—i1<n(u,x,t>>m<x,o}. 2.5)
3 m,z— 1:6]'
Mﬂ()\,t)=exp(—i{z +

in MP—iy;
2 )
=t 4\; =1 4

=exp[—3i{(m?—1ie)- 1/
+(M2—iu)-1/t}],

(2.6)

(2n41

2 ayte

=2

—Qp2

2n41
Q1
2
j=1

=01t —&(2n41)2

N

Z azj+€2
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. 3 3n
H.(\p= eXP(—i{_ZI A :"*'Zl twi})
- =
=exp[—i(\-{+Hew)], (2.7)
Ka(u\0)
,#.) have already ap- = El b (s =3 )2 F A1 (W) — 21)?
+ Z t"+?(uk2p—l—uk2p)2+>\2(ukzn-{-l—x2)2
p==1
+Z t2n+1)(ulgp_l—ulzp)2+>\3(ulzn+1—x3)2' (28)
p=1

In (2.8) the Lorentz metric is used, and the integral
(2.5) converges absolutely as long as >0, u>0, 6>0,
Im¢ <0, and Imw <O0.

Because of our choice of integration variables A and
¢, the factors M, and H, are the same for all diagrams
of the same order, and it is the factor K, which changes
from diagram to diagram and dictates the changes in the
structure of the integral. K, can be expanded in the
following fashion. Let g®*, j, k=0, 1, 2, 3, be the Lorentz
metric tensor, i.e., g¥=—gll=—gB=—gB=1 g¥=(,
j#k. Then (2.8) can be expanded to give

2041 2n+1 3

K. Z g Z aiti ea—2 2, S b axk,

7, k=1 =1 k=l

T Calw). (29)

We can define the matrices
A=(a;s), B=(bs), C=0.,C;). (210
Cisa 3X 3 matrix, whose elements are Cj;=A;, =1, 2, 3.

Bis a (2r+1) X3 matrix which has only 3 elements not
1dent1cally zero. These are bp1=»A1, bg2e=2A2, and b3=2A3
4 is a (2n+1) X (2n+1) symmetric matrix of the form

~—Q1(2n41)

—2(2n+1)

(2.11)

2n

Z a(2n+1)j+ €(2n+1)
i=1
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The elements a;; are either identically zero or are of the
form #; or ti+im. The quantities ¢; are equal to the sum
of the elements in the corresponding row of B. Thus at
most, three of the ¢; do not vanish identically. If there
were only one nonvanishing element ¢;, it would imply
that the corresponding Feynman diagram was not con-
nected, so this possibility is excluded. A has the further
properties that if £>0, A>0, then det4 >0, and every
cofactor of det A4 is positive. Consequently A~ exists
and every element of 4! is positive. These statements
depend on the fact that the corresponding Feynman
diagram is connected.
If we define the vectors

xX1= (xl_z,xz,z,xa,z), l=0, 1, 2, 3, (212)

then the result of performing the % integrations and
carrying out the limiting process § — 0+ in (2.5) is

Fo= G,.[ AtaND2M (A D H (A1)
0

3
Xexp(—i 2_ g'xi(C—BTA™'B)xT). (2.13)
10
In (2.13) we have set
(i 2n+41 ’L 3n+3 (7r2)2n+1
D=detd, Gp=—v (——-) . (214)
n+1)\ 272 2848

In order to show explicitly that (2.13) is a Lorentz
invariant expression, the argument of the exponential
in the last factor of (2.13) can be expanded to give

3
2 ga(C—BTAB)x,T
)

= D"l{el(xr’" x2)2+62(x2"‘ x3)2+€3(x3"’ xl)2} ’
e1=AMNeD(gp), €2=AA:D(rey, €3=Ns\D(pr),

(2.15)
(2.16)

where D,y is the co-factor of the (¢s) element in
D=detd. (x;—x;)? is the Lorentz square of the differ-
ence of the two four-vectors x; and «;.

If we write

2.17)

then the modified integral F, can be written in a form
explicitly showing its Lorentz invariance

2= (xl—x2)2, Z9= (xg—x;;)’, Z3= (xa—xl)z,

F,.-=G,./ dtdND*M (N H A (M 2)
0

Xexp(—iD e z). (2.18)

At this point it should be remarked that Symanzik? and
Nambu® have previously obtained the result (2.18) in a
slightly different form. The aims of both Symanzik and

7K. Symanzik, Prog. Theoret. Phys. (Kyoto), 20, 690 (1958).
8 Y. Nambu, Nuovo cimento 6, 1064 (1957).
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Nambu in their papers were quite different from ours,
and all our subsequent results bear no resemblance to
their results.

As we remarked earlier, the elements of 4~ are all
non-negative when (>0, A>0, so that ¢>0 over the
range of integration. As a consequence, the integral
(2.18) still converges if 2, 22, and 23 are complex numbers
with negative imaginary parts. At this stage, the integral
(2.18) is over regularized. It is readily seen that as long
as Imz <0, the integral F,, still converges if =0, {=0.
We assume from now on that ¢=0, =0, and call the
resulting function F.(z,0; ). It will shortly be shown
that the regularizing parameter y is also unessential and
can be set equal to zero. The resulting function, F,(z,w),
will be called the regularized integral. The original
integral F,/ can now be considered as the limit of F,(z,w)
as Imz— 0— and w— 0. In general, F,(z,w) is highly
singular at w=0, and it is believed that the standard
renormalization of F,’ is, in some yet undetermined
fashion, equivalent to removing the singular portion of
the function F,(z,w) and then setting w=0.

D. Definition of F,(z,w)

In order to show the possibility of setting p=0, and
to determine a portion of the domain of analyticity of
F.(3,w), we make a change of variables in the integral
defining F,(z,w;u):

Fu.(zw; u)=G, f d\diD?

0

Xexp[ —i{3(MP—ip)- (1/)+w-¢

+im? (1/N)+De-2}].  (2.19)
Make the change of variables
N=my; j=1,2,3; ti=rs;; (2.20)

3n—1

a=r(1— Y sj).

j=l

The resulting integral over 7 can be performed, and
introducing the redundant variable

3n—1

S3n=1— Z Siy

el
the final result is
Fo(z0; 1)

ad 3n
= Il -G, / dsdmp(1—F 5;)

0 7=1
xjj—ZBl(n—l)a—i(n—l)H_"_H(l)(e—ri\/a\/B). (2.21)
In (2.21)
a= (M?—ip)- (1/s)+m*- (1/m),
B=s-w+D"1(g-2), (2.22)

D and ¢ are the functions D and e with A and ¢ replaced



REGULARIZATION

by # and s and H,® denotes a Hankel function of the
first kind.

Using standard properties of the Hankel function, it
follows that integral (2.21) converges when p=0 and
defines an analytic function of z and w in a domain
including the region Imz <0, Imw <0. A portion of this
domain can be described as follows: Let ! be any
straight line through the origin of the complex plane.
Then [ divides the complex plane into two open sets, of
which at least one, say L, does not contain the positive
real axis. Then F,(z,w) is analytic for all z and w in L.

There is one case of particular interest. Let Imw=0,
Rew<0. Then considered as a function of z alone,
F.(2,w) is analytic as long as z lies on the opposite side
from the positive real axis of any straight line through
the origin. This result is independent of where w lies on
the negative real axis. Since the eventual hope is to
separate F,(z,w) into a part which is analytic at w=0
and a part which is singular at w=0, this last result
suggests that after setting w=0 in the regular part, the
resulting function of z will be analytic at least in the
- region just described.

Summary of Sec. II

In Sec. IT it was shown that the integrals which make
up the individual terms of the perturbation series can
be regularized in a Lorentz invariant fashion. The origi-
nal integrals are the boundary values of a function
F.(3,w) of the 3n complex convergence parameters w;,
and the three complex variables 2;. This boundary value
is taken as w— 0 and Im z— 0—. A new integral
representation of F,(z,w) was exhibited from which an
enlargement of the original domain of analyticity could
be obtained.

SECTION III
A, New Representation for F,(z,w; u)

In this section a new representation of F,(z,w) will
be discussed. It will be restricted to values of z lying on
the negative real axis and satisfying another condition
to be specified later. This representation will exhibit a
further enlargement of the domain of analyticity, and
most important, it will lend itself to the derivation of a
third representation of F,(z,w) which will be very
useful in the study of the singularities of F,(z,w)
near w=0.

The initial representation we shall exhibit is based on
an idea of Schwinger’s.? It is well known that the singu-
lar function At(m?x? is the boundary value of an
analytic function which we write as At (m2,2).2° In fact

(21)2 /: “ em(_i{%“z})- 3.0

? J. Schwinger, Proceedings of the Seventh Conference on High-
Energy Nuclear Physics, 1957 (Interscience Publishers, Inc., 195%).

W, E. Thirring, Principles of Quanium Electrodynamics
(Academic Press Inc., New York, 1958).

At (m?z)=—
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Tt is well known that (3.1) can also be written as

2\ H,®
A+(m2,z)=—(;>——l—m(\’/n—:-/i). (3.2)

Equation (3.2) shows that A*(m?,3) is a single-valued
analytic function of 2z in the plane cut from 0 to «
along the positive real axis.

We now propose to write

Folow; )= / dﬂé(z,ﬂ)ﬁlA*(ﬂj—im, w), (3.3)
0 1=

and we must show that such a representation does exist.
It will turn out that & is really a temperature distribu-
tion in the sense of Schwartz.!! In order to prove the
existence of ®, strong restrictions must be placed on z.
Once this is done, we can set p=0, giving a new repre-
sentation for F,(z,w), which for fixed z will be a function
of w, analytic in the direct product of the w planes,
each cut from 0 to o along the positive real axis.

B. Discussion of the Proof of the
Existence of ®

We now give an outline of a proof that representa-
tion (3.3) for F,(z,w;u) does exist. First replace
At (Bj—iujw;) in (3.3) by its integral expression (3.1).
Formally changing orders of integration, this gives

Fo(zw; )

=(_$)a" f " dt exp(~i{— i (/1) +w01)

% / 388 (2,8) exp(—ilB-1/0). (3.4)

If we compare this with expression (2.19) for Fa(z,2; 1),
we see that both look like Laplace transforms when w is
taken to be the variable of the transform. We formally
take the inverse transforms of both sides and equate the
results to get

G.exp(—iiM?-1/1)

X/ dAD2 exp(—iim?- (1/\)—iD e 3)
0

_ ( _ﬁyn [) " IB8(e) exp(— 18- 1/0). (3.5)

Again, if we set p;=1/4¢;, j=1, - - -, 3n, the right-hand
side looks just like the Laplace transform of $. The
problem is then to show that the left-hand side of (3.5)
has just the necessary analyticity and boundedness

1 L. Schwartz, Theorie des distributions (Herman et Cie, Paris,
France, 1951), Vols. 1 and 2.
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properties to be the Laplace transform of a temperate
distribution.

At this point we quote several results from the theory
of distributions. The first theorem is due to Schwartz."2

Theorem: A distribution T is temperate (T€.S’) if
and only if T can be written as the derivative of a
continuous function of slow growth. More explicitly,
if and only if

T=D'[{ﬁ (14227} f(x)]=Dg(®).  (3.6)

In (3.6) f(x) is a continuous, bounded function;
sj, j=1, .-+, m, are non-negative integers, D*=9°%/
0x1°19x2°2« - - dx,%; and 51+ - - +s,=s. The derivatives
are taken in the sense of distributions, of course.

The second result is theorem due to Géirding.’®

Theorem: Let L(p) be a function of the » complex
variables p;=£;+1n;, j=1, 2, - - -, ». Then in order that
L(p) be the Laplace transform of a temperate dis-
tribution, where ¢7*T is also a temperate distribution
for all <0, it is necessary and sufficient that

(a) L(p)isanalytic in the direct product of the lower
half-planes, i.e., in the region <0.

(b) In any strip — 0 <b;<n;<a;<0, j=1,2, .-+, n,

]L(Pl)'"7?")ISP(|£1|7‘"y[&"‘); (37)

where P is a polynomial which may depend on the strip.

(c) Inanystrip — ©<p;<9;<0, j=1,2, ---, nthere
exist non-negative integers m; and r;, and positive con-
stants A; and Bj, j=1, 2, ---, n (which are all inde-
pendent of £ but which may depend on the strip) such
that the following inequality holds

| L(p1," -+, pn)] S_EII { | £5+in;| ™ (A4 B;|n;]~)}. (3.8)

Furthermore, a function of slow growth whose deriva-
tive gives T [cf. Eq. (3.6)] is given in terms of L(p) by

()°g()

= (2r) / dgest+in <L (gin) TT (&+in)~5. (3.9)
e i=1

The final theorem which we quote is due to Lions and
it gives information about the support of a distribution
from a knowledge of its Laplace transform

Theorem: Let T be a distribution such that e727T is a
temperate distribution for all <0. Then in order that
the support of T be contained in the semi-space x-A> 4,
it is necessary and sufficient that the Laplace transform
of T', L(£+1in), be such that for every B < 4, and for n <0,

exp(IB) | L{E+i(n— ) ]| <P(1&+iml), (3.10)

12 Reference 11, Vol. 2, p. 95.
181,. Garding (unpublished).
%7, L. Lions, J. D’Analyse Math., 2, 369 (1952).

JAMES McKENNA

for all positive values of the scalar parameter ¢, where
P is a polynomial which can depend on 7.

From Girding’s theorem we see that a temperate dis-
tribution ®(z,8) satisfying (3.4) will exist if the left-hand
side of (3.5) is analytic in the direct product of the
lower half p; planes, and if in that region it satisfies
inequalities (3.7) and (3.8).

In order to prove the necessary analyticity, essentially
it is necessary only to show that D(A,1/p) has no zeros
in the region Imp <0, A>0. This is true, and its proof
depends strongly on the fact that D corresponds to a
connected Feynman diagram.

In order to prove that the left-hand side of (3.5)
satisfies the necessary boundedness conditions, a some-
what circuitous argument is used. First simple contour
integration is used to show that A can be replaced by A
in (3.5). Then the assumption is made that the complex
numbers z; satisfy condition R

z.‘i<07 ]=1: 2) 3> (_zj);<(_zk)§+(_zl)%a (R)
(where (4,k,0)=(1,2,3) in cyclic order. When z satisfies

condition R it is possible to find three real, Euclidian,
four-vectors a, 4, and ¢ such that

—z1=(a—b)?, —z.=(b—¢), (3.11)

Let fi=1(a;b;c;), =1, 2, 3, 4 where g; is the jth
component of the four-vector g, etc. Then with the aid
of a well-known integral relationship we can write

D2exp[iD'e: (—2)]

—z3=(c—a).

=D?expl[i i fi(C—BTA™'B)f;"]

=1

=]

— (_ﬂ.z)—(2n+l)f d

4

Xexp(i 2 {u;Au"—2u;Bf;*+ [,CfiT}).

=1

(3.12)

In (3.12), u;=(v1," * * ,V2n41,;) Where vy ; is the jth com-
ponent of the real, Euclidian, four-vector v;, f; has just
been defined above; and A4, B, and C are the matrices
defined in (2.10) except that X has been replaced by i\
and ¢ by 1/4p, where Imp<0. The integral on the right
of (3.12) is readily seen to converge absolutely, and it is
important to notice that we deal with a Euclidian
metric and not with a Lorentz metric. If the expression
(3.12) for D2 exp(—iDle-z) is substituted into the
left-hand side of (3.5), it becomes a straightforward
matter to show that the desired boundedness conditions
are indeed satisfied.

Using the form of the left-hand side of (3.5) just
obtained, it can readily be shown with the aid of Lion’s
theorem that the support of & lies in the region 8;> M /.
This completes the outline of a proof that a temperate
distribution ®(z,8) exists such that representation (3.3)
holds as long as z satisfies condition R, Imw <0, p<0.
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Furthermore, the support of & lies in the region
BizMp2, j=1, .-+ 3n.

C. A New Representation for F,(z,w)

If we now employ the canonical form for a temperate
distribution given in Schwartz’s theorem, we can write

L] 0

F,Gw;u)=(— 1)"/ apy- - / dB3agn(2,8)
12 M3u?

M
3n Q%

xI1

i=1 0B,%

A*(B5—1uj, wy), (3.13)

where x=3_ ;1" 5;. In this expression, neither the func-
tion g,(2,6) nor the integers s; are unique, but the final
integral (3.13) is unique, as it must be. This will soon
be seen explicitly. The first important use to be made of
(3.13) is to show that we can set u=0 and that the
resulting function, the regularized integral F,(z,»), is
for fixed z satisfying condition R, a function of w analytic
in the direct product of the w planes, each cut from zero
to infinity along the positive real axis. These statements
can be proved in a straightforward fashion from (3.13),
making use of the properties of gn(z,8) given in
Schwartz’s theorem, and the well-known properties of
At (B,w).

This new representation for F,(z,w) has given us new
and important information about the domain of ana-
lyticity. The restriction on z is severe, and was imposed
in order to prove the validity of representation (3.3).
While this restriction is sufficient to insure the validity
of (3.3), it is unknown whether it is necessary. It should
also be remarked that no new information about the
domain of analyticity of F.(2,w) can be obtained from
this representation. Because of well-known properties
of the Hankel function, if any w; is put on the positive
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real axis, A+(8;,w;) no longer damps exponentially as
B; — + o, and our integral need no longer converge. If
we let w; wind once around the origin, say, then
A+(B;,w;) grows exponentially as 8; — o and the inte-
gral then certainly diverges. This of course does not
prove that F,(z,w) is not analytic in a larger domain, in
fact it is a very attractive conjecture that w=0 is a
branch point of a complicated Riemann surface on
which F,(z,w) is analytic. The results of Sec. IV will
lend further credence to this conjecture.

We now use the relationship (3.9) between the
generating function g.(z,8) and the corresponding
Laplace transform L(z,p), given in the last part of
Girding’s theorem, to derive our final form of the
regularized integral. For the purposes of this paper, this
will be the most useful expression for F,(z,w). The
quantity L(z,p) to be used in computing g.(z,8) is just
(—4x2)3" times the left-hand side of (3.5), namely,

L(s,p)= —i(— PG exp(—iM>-p) f D
0

Xexp[—1M?2 (1/\)—iDe-2].

In (3.14) D and e are as defined in (2.14) and (2.16)
except that A has been replaced by 4\ and ¢ by 1/4p,
Imp<0. Now the expression for D—2exp(—iD'e-z)
which is given in (3.12) can be inserted into (3.14). If
this result is substituted into (3.9), the integrations over
A and £ can be performed explicitly, leaving an integra-
tion over the 2z+1 Euclidian four-vectors ;.

If this expression for g.(z,8) is substituted into inte-
gral (3.13), (with u=0), and if we express the derivatives
of the AT functions in terms of Hankel functions, then
the integrations over 8 can be performed explicitly, and
the result is

(3.14)

* Kl[ml{ ('”J'zn+1— a)Z} %J Kl[m2{ (vk2n+l— b)z} ﬂ Kl[mli{ (vl‘:n-{.l - 6)2} 4]

Frlz,w)=0Qx dy
=0 — {(7’12»4,.1—“)2}%

{(vizpia— )}

1O0ma{wp— (vjgp_,— 00,2} ] H1 O maf{wpy n— (Vkay_y—0p, )2} ]

{(vnpu =)}

<1

{w,— (vhp—l_vjﬂp)z}*

0=(5) () () mememse
W= — ) — ) | — ) mymm =G,
21r) 2r 21r> T

In (3.15) K, is a modified Bessel function of the second
kind, H,® is a Hankel function, and the integration
four vectors are real and Euclidian. It is most important
to note that all squares such as (v—a)? or (v;—u)? are
taken with respect to a Euclidian metric.

Although integral (3.15) looks quite formidable, it is

3.15
{Worn— (Vkgpy— Viyp)?} ¥ ( )

XHI Olma{wpron— (Vigp—V15,)%} *J]

{Wp+2n_ (vlzp_l-—vlﬂy)z}§

a straightforward matter to write it down if the Feyn-
man diagram to which it corresponds is given. First
assign the integration four vectors vy, - - -, 92041 to the
internal points, and the vectors g, b, and ¢ to the external
points. Then assign to each line its mass m, and to each
internal line its convergence parameter w. There is first
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Vs Ve

F1c. 1. Situation of internal line
with convergence parameter £.

™ g

Va Va

the constant i(x2)"~'G, which depends only on the order
of the diagram. Second, for each of the three exiernal

Fule)=i(—1)@n) )G |

—o0
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lines write down a factor of the form

mK [ m{(v—a)?}¥]
{(v—a)}}

(3.16)

Third, for each of the remaining lines there is a term of
the form
mHO[m{w— (v;—:)*}1]

2r{w— (v;—v;)2}}

(3.17)

Finally, integrate over all four vectors.

D. The Euclidian p-Space Representation
of F.(z,w)

We conclude Sec. III by deriving the Euclidian
p-space representation of F,(z,w) from (3.15). To do
this we write the expressions (3.16) and (3.17) in terms
of their Laplace transforms, substitute the result into
(3.15), and carry out the v integrations. The result is

° 3n+1
a*pf H1 & (pitprEp1,)

X (B3ni 211D (Psni® +me2) ™ (Panss*+m2) ™ exp[ —i(Psnt1- @+ Dans2- b+ Panys-c)]

=1

(p+m)t

In writing down (3.18), the variables p have been labeled
in the following fashion. The variables psny1, pante, and
pants have been assigned to the external lines ending in
%1, %2, and xs, respectively. The variable p; has been
assigned to the line with convergence parameter w;.
There is one delta function at each internal point,
and the signs before the p’s are chosen to conserve
momentum.

Using the properties of Hankel functions, it is easy
to show that '

lim wiH O {w(p*+m?)} 1= — (2i/m){p*+m*} . (3.19)

Now formally let w;— 0, j=1,2, - -+, 3n, in (3.18) and
make use of (3.19). The result, which is a highly di-
vergent integral, is, up to a factor of (—1)3nt3(;)™+2
what one would get by writing down integral (2.1),
expressing each Feynman propagator in terms of its
Laplace transform, and then performing the % integra-
tions. It is the same, that is, with the important excep-

xI1 [(w;)*H1“>[{wj(pf+mP)}*ZI (054 HAO[{w1.n (D n+ma?)}]

(Pign?+ma*)}

y (@iran) H1O[{wjs2n (Drp2n’+msH} ]
(Pj«}-?n2 + m32) ¥

:|. (3.18)

tion that in integral (3.18) the propagator appears as
(p*+m?)~1 where p? is the Euclidian square, while in
(2.1) the propagator would appear as (p*—m?)~}, and
here p? is the Lorentz square. In other words, in the
integral (3.18) Feynman’s method® of rotating the path
of the po integration through 90° has already been
performed. This can be regarded as a justification of
one of the previously slightly dubious manipulations of
renormalization theory.

This concludes Sec. IIL. In this section we have indi-
cated the existence of a Schwinger type representation
for the regularized integral F.(z,w) for any given
diagram when the variables z are properly restricted,
and F.(z,w) is considered as a function of w. This
representation is exhibited in (3.13) (after p has been
set equal to zero). With the aid of this representation,
a further important representation of F.(z,w) was ex-
hibited in (3.15). Finally; (3.15) was used to examine
the form of F.(z,w) as a p-space integral.

15 R, P. Feynman, Phys. Rev. 76, 769 (1949).
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SECTION 1V

A. The Singularity Corresponding to a
Single Internal Line

In Sec. IV we will indicate how (3.15) can be used to
determine the behavior of F,(z,w) as certain groups of
convergence parameters w; vary in neighborhoods of the
origin, while the remaining parameters are held fixed.
It is assumed throughout.Sec. IV that z satisfies con-
dition R.

We first discuss in some detail the case where the
convergence parameter.of a single internal line varies,
while the remaining convergence parameters are held
fixed in the cut planes. We call the convergence param-
eter under consideration £, to distinguish it from the
remaining parameters w;, and we write F,(z,w)=F.(§).
We assume that this line is not one half of a self-energy
loop, where by a self-energy loop we mean two lines
which have the same end points. We assume further
that at least one endpoint of this line is not also the
endpoint of an external line. This portion of the Feyn-
man diagram under consideration, labeled with the
proper variables, is shown in Fig. 1. It is assumed that
neither v; nor 74 are external points.

o(r)= / 0t - 1G st - )
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Now in integral (3.15) make the change of variables

w=v1—0g, u;=v; j=2,3, -+, 2n+1. (4.1)

After this change of variables, the three terms in the
integral containing u, are

H, O (m{s—ut}?) HiO[M {w;— (u1+us—us)*}]
{¢—ulp {w;— (1+us—us)?}?

HI(U[Mk{wk_ (u1+u2-— m)’}*]

(4.2
{'wk_ (u1+u2—-u4)2}*
We next transform #; to polar coordinates
%11=7r sind; sinf, sinf;
#12=1r sinfy sinf, cosdz
#13=7 sinf; coshs 4.3)
U14=7r COSO1
d*uy=1? sin%, sin@.drdf,d8:d0;=r’drdw.
Let
/'d Hl(‘)[Mj{wj—- (u1+uz-—u3)2} i:] Hl(‘)[Mk{Wk"‘ (’Il1+uz‘—u4)2}}] (4 4)

{w;— (uy+us— u3)2} i

3
In (4.4) G(ua,- -+ u2ny1) is the product of all those terms
in integral (3.15) representing F,(£) which do not have
%, as an argument. The function ¢(r) is, of course, also
a function of z and the remaining w;, which remain fixed
throughout our discussion. It can also be shown that
there is an ¢>0 such that ¢(r) is an analytic function
of » when || <e, and furthermore, only even powers of
r appear in the Taylor series expansion of ¢(r). The
analyticity of ¢(r) depends on the fact that w; and w:
are held fixed in the cut plane.

We can then write

H\D(M{E—r})
(E—ri)t

If we pick ¢ so that 0<g<%}é?, the integral appearing
in (4.5) can be split into two integrals,

0 va )
[0
0 0 Ve
The function of £ corresponding to the integral from1/¢
to o is readily seen to be a single-valued analytic func-

tion of £ for all £ satisfying | £] <3a. To determine the
nature of the function defined by the integral from 0 to

Fal)= / drfo(r) 5)
0 .

(4.6)

{wi— (u1+us—us)?}?

4/ a, we can replace ¢(r) by its Taylor series expansion,
and the Hankel function can be replaced by its well-
known expression in terms of infinite series and loga-
rithms.!® Uponinterchanging summationand integration,
the resulting elementary integrals can be performed.
The net result of these calculations is that we can write

Fo(5)=¢InS(H-R(E), (4.7)

where S(¢) and R(£) are both single-valued analytic
functions of ¢ when |£|<}a<ié. From (4.7) it is
readily seen that £S(£) is just —1/2#i times the “jump”
of F,(¢) across the positive real axis. That is, if £>0,
then

£S(8)=—(1/2xi)[Fn(£4+0i) —Fo(£—-0i)].  (4.8)

We see that at £=0, F.(£) has a branch point of infinite
order. Furthermore, since ¢ In — 0 as £ — 0, there is no
“infinity”’ in the singular part of F,(¢) at £=0.

It should be remarked, that if the condition does not
hold that at least one endpoint of the line under con-
sideration is not also the endpoint of an external line,
it can still be shown that £=0 is a branch point of

16 W. Magnus and F. Oberhetinger, Formulas and Theorems for
the Functions of Mathematical Physics (Chelsea Publishing Com-
pany, New York, 1954), p. 17.
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Fic. 2. A self-energy loop shown
with corresponding parameters.

infinite order and that there is no “‘infinity” in the
singular part of F,(£) at £=0. This is done by integrat-
ing several times by parts.

B. The Singularity Corresponding to
a Self-Energy Loop

The same techniques which were outlined in part A
of Sec. IV can be used to study the singularity corre-
sponding to a self-energy loop. The convergence param-
eters corresponding to the two sides of the loop [shown
in Fig. 2] will be called £ and 7 to distinguish them from
the remaining w;, which of course will be held fixed in
the cut plane. We will write F.(3,w)=F.(£n). The
results in this case are more complex in that the func-
tions exhibting the multiple valuedness of F,(£7) are
not elementary functions, but are Spence functions or
dilogarithms.”” The dilogarithm is defined as

2In(1—1¢)
dt,

Liy(z)=— /.

v 0 t

(4.9)

Lis(z) has branch points at z=1 and 3= o, Li;(0)=0,
and it satisfies the two identities:

Liy(2)+ Lis(1/2)= —§nt—3[In(—2) ], (4.10)
Lix(2)+ Li-(1—2)=3%r—Inz In(1—3z).  (4.11)

Now proceeding as in the case of a single internal

line, we get
£—n
)Jsiten
£

—¢
+n‘% 1n217+L1:2(’7’—“) ]S‘Z(Ean)
n

+E In£S3(E,11) +7’ lnﬂS4(’1;£)

IngS —7 InyS
+$ n 5(52 7 Inn 5(n)+R($m).
~7

17 L, Lewin, Dilogarithms and Associated Functions (Macdonald,
London, England, 1938).

F_n(Em)=E{% 1n2£+Li2(

(4.12)
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In (4.12), the functions S;(¢m), j=1, 2, 3, 4, are single
valued and analytic in a neighborhood of the origin, and
in general S;(0,0)70. S5(z) is a single-valued analytic
function of 2z in a neighborhood of the origin, and
S§5(0)#0, and R(£,) is also single valued and analytic
in a neighborhood of the origin. The behavior of the
two terms involving dilogarithms can be determined
with the aid of identities (4.10) and (4.11). The be-
havior of F,(£m) near the origin is seen to be quite
complex. It is multiple valued, and has a logarithmic
“infinity” at the origin. This infinity arises from the term

£ In£S5(£) —n InnSs(n)

£—n

(4.13)

This can be seen quite readily by setting n=0, and
then letting £ — 0. The rather mild infinity encountered
here undoubtedly reflects the fact that the model we
are using is a super-renormalizable one. In fact, if
we treated this three-field theory with standard
techniques, we would find that there is only one
primitively divergent integral. This is the p-space
integral corresponding to the self-energy loop, and it
diverges logarithmically.

C. Behavior of F,(z,w) as a Function of the Con-
vergence Parameters of More Complex
Groups of Internal Lines

We will now briefly indicate the conditions under

which the techniques used in discussing the case of a
ssingle internal line and a self-energy loop can be ex-

tended to the case of larger groups of internal lines and
self-energy loops. Let us consider a collection of g
internal lines, which we denote by G. We assume that
G consists of s single lines and ¢ self-energy loops, so
that s+2t=g. We want to know the behavior of the
singular portion of F.(z,w) as the convergence param-
eters corresponding to the lines of G vary in a neighbor-
hood of the origin.

There are two main features of our procedure. The
first is that it is necessary to be able to perform a change
of variables [as in (4.1)] so that the argument of each
Hankel function corresponding to a line of G is of the
form w;—7% That is, it depends only on the radius of a
single integration variable, and is independent of angles.
The second feature is that the integral over all the terms
not corresponding to lines of G is an analytic function of
the integration variables 72, corresponding to lines of G.

Let P be the collection of end points of the lines in G.
Then any collection of internal lines for which the above
two features hold can be exactly characterized by the
following two conditions.

Condition I: Of all the lines in the Feynman diagram
which are not in G but which have one end point in P,
only the lines connected to at most one point of P can
be external lines, and the rest must be internal lines.
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Condition I1: There can be no closed loops in G aside
from self-energy loops.

Given any collection of lines G satisfying conditions I
and 11, the form of the singular part of F.(z,w) corre-
sponding to the convergence parameters of these lines
can be determined. The result is that each single interior
line will contribute singularities of the form w In w, while
each self-energy loop will additionally contribute singu-
larities of the form

Wi— Wy
w,-( % ln2'l()j+Li2< ) ]

wj

w; ln'w_,-S (w,) — W lnwkS (wk)
an .

Wi— Wk

These singularities will appear both by themselves and
multiplied together in various combinations. In fact,the
general form in which the singularities will appear can
be obtained by writing down a factor (4.7) for each of
the s single-internal lines, and a factor (4.12) for each
of the ¢ self-energy loops, and then by multiplying them
all together. This will not give the coefficients correctly,
but it will show the correct form in which the singular
functions occur. It should be noticed that no new types
of singularities have appeared so far. The worst infinities
so far encountered are logarithmic.

In Sec. IV we have been able to exploit (3.15) in order
to determine a good deal of information about the
singular behavior of F,(z,w) near w=0. Although it is
clear that we have not completely determined this
singular behavior of F,(z,w), we are hopeful that the
main features have been mapped out, and in particular
we believe that no infinities worse than logarithmic
will appear.

V. CONCLUSION

In Secs. I through IV we have indicated that by
introducing the complex regularizing parameter w, each
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term in the formal perturbation series for T'(x,xs,%3)
can be regarded as the boundary value of an analytic
function. We have also examined a number of the ana-
lytic properties of these regularized integrals F,(z,).

We believe that one possible way of relating our
regularized integrals F,(z,w) to the finally desired re-
normalized integrals F,(z) lies in the recent work of
Caianiello.!

Caianiello has shown that any scheme for taking the
finite part of integrals such as (2.1), provided that it
satisfies certain conditions, is equivalent to renormaliza-
tion. A final finite renormalization may be necessary to
get complete equivalence with the Dyson-Salam method.
Once we have completely determined the singular be-
havior of F,.(z,w) at w=0, the natural procedure will be
to remove the singular part, and then set w=0 in the
remainder. With the aid of Caianiello’s criteria, it may
be possible to prove that this is a renormalization.

From the remarks concluding part D of Sec. II, we
saw that if the variable w were set on the negative real
axis, there was a domain in 2z space in which each
Fa(z,w), regarded as a function of z, was analytic, re-
gardless of the position of the w; on the negative real
axis. This domain in z space included the product of the
negative real axes. Therefore, even though in our study
of the singularities of F,(z,0) we have required that z
satisfy condition R, it seems reasonable to expect that
this restriction will not turn out to be a serious
hindrance.

We feel that this road to renormalization is a natural
one in the light of the remarks made in the introduction.
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We give a survey of the postulates which provide the framework of quantum field theory. Particular
attention is given to the lesser known ones, namely, completeness requirements and ‘““primitive causality.”
Three field theoretical models are analyzed. These examples show that “primitive causality” is not a con-
sequence of the commonly used postulates (which include the “causal commutation relations”). “Asymptotic
completeness” is not assured by any of the other postulates listed. In the formulation and analysis the
concept of operator rings associated with space-time regions is used extensively.

I. INTRODUCTION

LARGE part of recent work in quantum field

theory has been devoted to a scrutiny of a few
basic postulates, sometimes called “axioms.” Three of
these postulates, namely Lorentz covariance, local
(causal) commutation relations, and statements con-
cerning the structure of the energy-momentum spec-
trum are adopted by practically all authors. Beyond this
it has been recognized that the theory should possess a
number of other properties in order to be physically
reasonable. Among these are completeness requirements,
the “asymptotic condition,” and a property which we
shall call “primitive causality.” We shall show here by
a discussion of explicit models that the completeness
requirements and “primitive causality” are independent
of the earlier mentioned postulates. The asymptotic
condition on the other hand combines two distinct
statements, one of which is a consequence of the three
commonly used postulates and the other one is a com-
pleteness requirement.

In Sec. IT we list all the relevant postulates, give some
brief comment on their significance, and describe the
main concepts which will be used in the analysis: the
polynomial algebra and the von Neumann ring asso-
ciated with a space-time region. Section III gives a
formulation of the completeness requirement in terms
of Wightman functions and shows that models recently
discussed by Sudarshan and Bardakci' violate this
postulate. In Sec. IV we analyze Greenberg’s “general-
ized free field.”? It is found to satisfy the completeness
requirement but to violate the “primitive causality.”
It shows therefore that the latter property is independ-
ent of Postulates 1 through 7. In Sec. V another model,
which was probably invented by Wightman, is analyzed.
It satisfies all the postulates except the one of asymp-
totic completeness.

* Supported in part by the joint program of the Office of Naval
Research and the U. S. Atomic Energy Commission.

1 Part of this work was done while the authors were guests at
the Summer Institute for Theoretical Physics in Madison, Wis-
consin in July, 1961.

(1;(?‘1')0 G. Sudarshan and K. Bardakci, J. Math. Phys. 2, 767

2 (0. W. Greenberg, ‘‘Generalized free fields and models of local
field theory” (to be published). See also, A. L. Licht and J. S.
Toll, Bull. Am. Phys, Soc. 6, 59 (1961). A similar model has been
proposed by M. Wellner (unpublished preprint, 1959).

II. THE POSTULATES

For the sake of completeness we list all the postulates
of a sufficiently reasonable nature which have been
proposed by various authors.?—2 In the case of Postulates
2, 5, and 8 two versions are given. In each case the
statement labeled (a) is weaker than the one labeled
(b). In the formulation of the postulates and in later
discussions we aim to maintain a certain amount of
mathematical conciseness, but a completely rigorous
treatment is beyond our ability and beyond the scope
of this paper. For simplicity, we consider only theories
of a single, scalar field. The generalization to the case
of several fields (of scalar, spinor, vector type, etc.) is
probably obvious. The reader who is unfamiliar with
some of the mathematical concepts used may find some

help in the Appendix where the less usual terms are
defined.

The Manifold of States

Postulate 1. The states of the system correspond to
the vectors of a (separable) Hilbert space 3¢ with posi-
tive definite metric.?

Definition of the Field

The “field” is introduced in the following way:

Postulate 2(a). For every point x in space time we
have a bilinear form 4 (x) in the Hilbert space.

This means that if ¥ and & are two vectors of 3¢ which
liein a certain dense domain D, then the matrix element

3 Postulates 1 through 5 and Postulate 7 have been most
thoroughly discussed in references 4 and 5. See also references 6
and 7. The completeness postulate 6 is mentioned in references 6
and 7 but has so far never been used. Primitive causality was
postulated in reference 8. The first correct description of the
asymptotic condition is given in reference 7.

4 A, S. Wightman, Phys. Rev. 101, 860 (1956).

5A. S. Wightman, in Collodue international sur les problemes
mathematiques de la theorie quantigue des champs, Lille, 1957
(Cenire National de la Recherche Scientifique, Paris, 1959).

¢ R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd.
29, No. 12 (1955).

7H. Lehmann, K. Symansik, and W. Zimmermann, Nuovo
cimento 1, 205 (1955).

8 R. Haag in reference 5.

? The case of a Hilbert space with indefinite metric is of some
interest (Gupta-Bleuler formulation of quantum electrodynamics,
Heisenberg’s approach to a theory of elementary particles). We
have no comments on that case in this paper.
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{®| A(x) | ¥) should be a finite number and it shall, of
course, depend linearly on ¥, antilinearly on &.

Postulate 2(b). If f(x) is any real function (in space
time) which belongs to class 8, i.e., which is infinitely
often differentiable and vanishes stronger than any
power for large |x,|, then

A(f)= / A (@) )

shall be an (unbounded) self-adjoint operator in 3C. The
same shall be true of the “polynomials” in the field

/ f(®)A(x)d*x+ / TP (x122) A () A (x2)d*xsd %04+ - -

X / f @y - @n) A (@01) - - A (@)1 @y (2)

provided that the coefficient functions f are functions
of class 8 in the 4 #n-dimensional configuration space and
that they possess the reality property

FO*(gy e x) = O (e - - 21). 3

There shall be a common dense domain D; in 3 on
which all these polynomials are applicable. If we do not
insist on self-adjoint operators we can use polynomials
whose coefficient functions f™ are not restricted by (3).

It is convenient, at this point, to introduce two
algebraic objects which may be associated with any
space-time region ®. Consider the subclass of complex
functions f™(x,---x,) in 8, which vanish if any argu-
ment x; lies outside the region ®. The collection of all
polynomials of the field with such restricted coefficient
functions, forms an algebra. It will be called the poly-
nomial algebra of the region ® and denoted by ®g."° Its
elements are unbounded operators in 3C. Since the
mathematical theory of algebras of unbounded operators
is barely existent, it is useful to consider along with ®g
the algebra of bounded opertors (von Neumann ring)
which is associated with ®g.1! This ring will be denoted
by Rg. Practically speaking, Rg consists of all bounded
operators which are functions of the operators of ®g. If
the region ® is the whole of space-time, then we write
®», R, for the corresponding algebras.

One remark of caution may be added regarding
Postulate 2(b). Although the functions of class § are

0JIf X and ¥ belong to Pg and ¢ is a complex number, then
clearly also XV, X+V, ¢X, and the adjoint X* belong to Pg.
The coefficient functions of X+ are obtained from those of X by
forming the complex conjugate and reversing the order of the
arguments x;- - X,

11 An exact definition and a description of a few basic properties
of von Neumann rings is given in the Appendix. For the mathe-
matical theory of von Neumann rings see e.g., M. A. Naimark,
Normed Rings; translated from 1st Russian edition by L. F, Boron
(P. Noordhoff, Groningen, 1959). We say that an unbounded self-
adjoint operator T is ‘‘associated” with the von Neumann ring R
if all the spectral projectors of T belong to R,
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very decent indeed (namely, infinitely often differenti-
able) there are several known field theoretic models in
which the functions are not decent enough to make
A(f) an operator. In these models one has to restrict
oneself to test functions f(x) whose Fourier transform
differs from zero only in a finite region of momentum
space (integer analytic functions in x space). In the
Lagrangian approach these models would be classified
as ‘“unrenormalizable.” This suggests that one might
regard 2(b) as a postulate which excludes ‘nonre-
normalizable” theories. Of course also the possibility of
defining ®g and Rg (physically speaking, of defining
observables which relate to exactly specified space-time
regions) depends crucially on 2(b).

Lorentz Invariance

Postulate 3. To every inhomogeneous Lorentz trans-
formation® (a,A), there is a unitary operator U(g,A) in
J€. These operators form a representation of the inhomo-
geneous Lorentz group in 3C.

Covariance of the Field

Postulate 4.

U(a,A)A(x)U(a,A)=A(Ax+a). (4)

Structure of Energy-Momentum Spectrum’

The energy-momentum operators Pu are the infini-
tesimal generators of the translation operators U(a):

U(a)=ePs, Pa=Pa— Poao. 5)
The mass operator is
M=(—-P)};, PP=P2—Pg2 (6)

We state the spectral postulate first in its weakest form:

Postulate 5(a). The four-vector formed by the simul-
taneous eigenvalues of the four components of Pu never
lies outside of the forward light cone (i.e., the energy is
always non-negative, the mass is real).

A much stronger statement can be made which relates
the representation of the inhomogeneous Lorentz group
uniquely (up to equivalence) to the mass and spin values
of the stable particles which are described by the theory.
The details of this connection are irrelevant to our
present purpose. (See references 5 and 6.) The following
slightly stronger version of the spectral postulate will,
however, be useful.

Postulate 5(b). There is exactly one state in 3¢ which
has zero energy momentum (and is invariant under all
Lorentz transformations). This is the vacuum state |0).
There are one or several discrete eigenvalues m,, m,, - - -
of the mass operator, corresponding to the states of a
single stable particle and there is a continuum of mass
values above 2m;.

12 Here A stands for a homogeneous Lorentz transformation;,
@ is a translation 4-vector.
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Completeness (Irreducibility)

Let R(3C) be the von Neumann ring which consists of
all bounded operators in 3C. We call a collection of
operators complete if the von Neumann ring associated
with them is identical with R(3C). Another equivalent
definition of completeness of a set @ of operators is that
there exists no bounded operator (apart from multiples
of the identity) which commutes with all the operators
in @ and @'. The Hilbert space is then irreducible with
respect to the algebra generated by @, @1, i.e., it does
not contain any invariant subspace. The two terms
“completeness of a collection of operators” and “irre-
ducibility of 3¢” with respect to that collection are
used synonymously.

Postulate 6. (See note added in proof). The set of
operators consisting of all the 4(f) with fE§8 shall be
complete:

R.=R(30). 0]

Causality Postulates

The usual causality postulate which is adopted by
practically all authors may be expressed in the following
way

Postulate 7. (Einstein causality) If ®; and ®; are
two space-time regions which are completely space-like
with respect to each other then Rg, and Rg, commute.

“ e e

This is an expression of the principle that no physical
effect can travel faster than the velocity of light and
hence measurements in the two regions ®, and ®. cannot
disturb each other. To distinguish this principle from
another causality condition (Postulate 8) we shall call
it “Einstein causality.”

Obviously there is no remnant of principle 7 in a
nonrelativistic theory. Yet the concept of causality is
also relevant there. We formulate therefore another
causality principle which should hold both in relativistic
and nonrelativistic theories. ,

Postulate 8(a). (“Primitive causality”) Let 7 be a
“time slice,” i.e., a region in space-time, infinitely ex-
tended in space but restricted in the time coordinate
to an interval

—r<xe<t+7; |x| arbitrary. (8)

Then we require
R,=R, for any 7. 9)

This, together with Postulate 6, means that we can
uniquely determine a state of the system by observa-
tions made in an arbitrarily small time interval. If
Postulate 6 holds but 8 is violated, then we need ob-
servations at all times to determine a state, and hence,
statistical predictions from observations at one time to
those at another time would not in general be possible.

One can sharpen Postulate 8(a) by including the
special features of relativistic dynamics. Let us call a

R. HAAG AND B.
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region ®; causally dependent on region ®; if every ray
in the backward cone (or the forward light cone)
originating from any point in ®; passes through ®,.
Then we want

Postulate 8(b). Ra, is contained in R, (Rg,CRg,) if
®; is causally dependent on ®;.

Loosely speaking, Postulate 8(a) stipulates that there
should be a field equation which determines the field at
an arbitrary time from that in a time slice. Postulate
8(b) then says that this field equation should have a
hyperbolic propagation character. We shall show that
Postulate 8(a) is independent of Postulate 7 and all the
previously mentioned postulates. We can derive 8(b),
however, from 8(a) and 7 if we add one technical as-
sumption about the nature of the rings Rg. (See
Sec, VI1.)

Asymptotic Condition

Originally the asymptotic condition served a dual
purpose. On the one hand, it was a definition of how the
mathematical objects discussed above should be related
to quantities of physical interest, namely the cross sec-
tions for collision processes of particles. On the other
hand, it imposed further restrictions on the mathe-
matical scheme which have to be met in order to make a
particle interpretation possible at all. In recent years it
was recognized that a large fraction of the statements
which had been combined into the ‘“asymptotic condi-
tion” was, in fact, already implied by the earlier men-
tioned postulates and their physical interpretation.
While talking about the causality postulates we had
tacitly assumed that the “observables” (=Hermitian
operators) in Rg correspond to physical measurements
which can be performed within the region ®. Otherwise
neither Postulate 7 nor 8 would make sense. This tacit
assumption provides, however, a sufficient amount of
physical interpretation of the theory to uniquely de-
termine which states in 3C (if any) correspond to a given
configuration of incoming or outgoing particles. Thus
the asymptotic condition is not necessary for the pur-
pose of physical interpretation.’** Also it was found
that one part of it (Postulate 9) is a consequence of the
earlier mentioned postulates. There remains, however, a
part (Postulate 10) which does impose a further restric-
tion on the theory. For clarity we separate the asymp-
totic condition into two distinct statements.

Postulate 9.5 Let g(x) be a normalizable solution of
the Klein-Gordon equation!® to the mass m, and ¥, ® a

13 R, Haag, Phys. Rev. 112, 669 (1958).

14 In reference 13 the statements in Postulate 9 were proved
starting from certain assumptions about the behavior of vacuum
expectation values (0| A (x1)- - - 4 (x,)|0) when all times are equal
and the space distances large. Recently D. Ruelle (to be pub-
lished) succeeded in proving these assumptions from the Postulates
1 through 5 and 7, provided that there is no particle with vanish-
ing rest mass in the theory.

16 As mentioned above, this is not an independent postulate.

1ie., (g.8)=iS[g*(x)(9g/0x0)— (9g*/dxo)g (x) JdPx < 0.
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pair of states from a certain dense domain of 3C. Then

/x - [A (x)a_%" —-;g (x)]d%c’q/) (10)

exists. We have adopted the convention (0|4 (x)|0)=0
which can always be achieved by subtracting a suitable
constant from A. The limit is zero if m is not one of the
masses of the stable particles which are described by the
theory or if the matrix elements of 4 (x) between the
vacuum and the states of a single particle of that
particular mass happen to vanish. To avoid burdening
the discussion by unessential detail let us assume that
the latter case does not arise, i.e.,

(8,31 4(0)[0)=c:#0 1

for all 4.1 Here | p,7) denotes a state of a single particle
of type 7 and with momentum p. If the particle has no
spin then ¢; is, of course, independent of p due to
Lorentz invariance.

If we make the simplifying assumption (11) then the
limits (10) differ from zero exactly if m is chosen to be
one of the masses m,. For each m; and each g the limit of
(10) for { — « defines an operator (since we can let ®
and ¥ vary through a dense domain). These limit
operators will be denoted by ¢;4; ;™. Similarly the limit
t — +  defines the operators ¢;4 2.

The operators A; i, 4;,° are interpreted as the
creation operators of incoming (outgoing) particles of
type ¢ and wave function g. Let 34 be the subspace
of 3¢ (hopefully the whole space) which is generated by
repeated application of the 4;,i* on the vacuum. Then
within 3¢0m the A;,i*" have all the properties of a
system of creation operators of noninteracting particles,
in particular

[:A"ain’Ak»a’im]:aik(&g’)- (12)

Here A,'® means the adjoint of 4,*" and (g,g’) is the
scalar product of Klein-Gordon wave functions as de-
fined in footnote 16.

As mentioned above, all the statements contained in
Postulate 9 may be derived from the earlier postulates.
In order to have a reasonable particle theory we need,
however, still one more property :

Postulate 10. (Asymptotic completeness)

lim { ®|z

t—rtoc

sein=ge=3eou, (13)

We shall see that this requirement does not follow
from the other postulates. If it holds, then the state-
ments 9 imply that the S matrix is unitary. In fact the
slightly weaker requirement JCi*=3C*** would suffice for
that purpose. If it does not hold then there are states
in the theory which cannot be described in terms of
asymptotic particle configurations.

17 The treatment of the case where some ¢; vanish is given in
references 13, 18, and 19.

18 W. Zimmermann, Nuovo cimento 4, 597 (1958).

19 K. Nishijima, Phys. Rev. 111, 995 (1958).
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III. COMPLETENESS
Wightman* has shown that if the set of functions

W (1 - - 2a) = (0] A (x1)- - - A (%) [0) (1)

is known, then the theory is completely determined.
The Hilbert space 3C and the operators 4 (f) and U(a,A)
in it, can be easily constructed with the help of the
W), The restrictions which the Postulates 1-5 and
7 impose on the functions W have been given in
reference 4.

Let us formulate the completeness postulate 6 in
terms of the Wightman functions W ™. For this purpose
it is useful to realize that the construction of the field
theory from the vacuum expectation values reduces to a
standard technique in mathematics if one uses a slightly
more abstract terminology : The W ) may be regarded
as defining a positive linear form over the polynomial
algebra @,. This means the following. If the W(® are
known, then we can, by virtue of (14), assign to every
element ¥ of @, [i.e., every operator of the form (2)]
a number F(Y) which shall be the vacuum expectation
value of V':

F(Y)=(0|Y|0). (15)
The dependence on V is linear, i.e.,

Furthermore, for positive operators this number must
be positive (or rather non-negative).

F(YtY)20 for any V¥ in @,. 17

If a positive linear form over an algebra is given, then
we also have a representation of that algebra by opera-
tors in a Hilbert space. What one does essentially is to
consider the elements of the algebra as the vectors of
the Hilbert space. Let ¥y denote the vector which
corresponds to the element ¥ of the algebra. The scalar
product is then defined by

(Yr,¥x)=F(I'X). (18)

The operator corresponding to ¥ in the Hilbert space
is defined by

Y\Ifx=‘1/yx. (19)

This method will be called the Gelfand construction.?
The crucial point is, of course, the positive definiteness
condition (17) which is easily expressed in terms of the
W [see reference 4, Eq. (21)], but not as easily
satisfied. A similar situation pertains with respect to the
completeness of the operator algebra ®, in the repre-
sentation space. According to the general theory,? ®,is
complete if and only if the positive linear form F cannot
be decomposed into a sum of two other distinct positive
linear forms. In a formula, if

W(n)=W1(n)+W2(n)’ (20)

% See, e.g., Naimark.!! Actually the construction there is carried
out for normed algebras but if one is not afraid of unbounded
operators, the norm is not needed in this specific context.
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where W1 =AW and both W, and W, satisfy the
positivity condition, then @, is zof complete in the
representation space constructed with the help of W.
Therefore Postulate 6 requires that W be indecom-
posable in the sense of Eq. (20). Recently Sudarshan
and Bardakei' discussed field theoretical models which
are obtained just by taking Wightman functions of the
type (20) where W1 and W2 are the Wightman functions
of two other theories. From what has been said it is
clear that these models necessarily violate the com-
pleteness postulate. (See note added in proof).

IV. PRIMITIVE CAUSALITY

Another recently described model is the “generalized
free field” of Greenberg.? It satisfied Postulates 1-5 as
well as 7 in an obvious manner. We shall show that it
also satisfies the completeness condition 6, but not the
primitive causality 8. It serves therefore to show that
the primitive causality is not a consequence of the
earlier postulates.

The model is defined by prescribing the commutation
relations

[A@),A@)]=i| p()Alx~y, de  (21)

where p(x®) is a non-negative weight function and
A(x—y,x) the usual commutator function of a free
Klein-Gordon field with mass . We shall take

p(kB)=8(x*+m?)+o(x?), (22)

where o (k?) vanishes below x=2m and is a smooth, non-
vanishing function above this threshold. In addition we
assume a unique vacuum state |0) from which the
Hilbert space is generated by application of polynomials
of A and we adopt the convention (0} 4 (x)|0)=0. Then
it follows immediately that, as in the case of a free field,
A has no Fourier components for space-like momenta.
Therefore it can be uniquely decomposed into a creation
part (negative frequency part) 4 and a destruction
part A ). The Hilbert space may then be constructed in
exactly the same manner which is used for a free field.
One easily sees that 3C is separable.

We first prove the completeness of R, in this model
using the lemma:

Lemma: If the representation space 3C of the ring R
contains a cyclic vector® &, and if R contains also the
projection operator on that vector, then R is complete.

Proof of the lemma: Let ¥ be an arbitrary vector in
ac, ® the cyclic vector, and Py the projection operator
on ®. In Dirac’s notation P,=|®)(®|. There exists an
operator T& R such that

(@,TW)50.

Otherwise (R'®¥)=(R®¥)=0 which would imply
¥=0 due to the cyclicity of ®. Therefore, given any two

N & is called cyclic if R® is a dense set of vectors in the whole
space.
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vectors ¥ and ¥’ we can find operators T and 7" in R
such that T"P,TV is arbitrarily close to ¥’. Here again
the cyclicity of ® is used. If P4& R then TVP,TER and
hence there can be no invariant subspace.

Application to our case: It is easily seen that the
vacuum is a cyclic vector with respect to R.. In the
first place, by the very construction of 3, ®,|0) and
even (®,)x|0) is a dense set.22 On the other hand, if C
is an Hermitian operator in ®@,, E its spectral projec-
tion corresponding to eigenvalues less than A, then
CE\ER,. The state ¥=C|0) is arbitrarily well approxi-
mated by ¥ \=CE,|0) as A — .

We have to show now that the projector on the
vacuum (denoted by Py) is contained in R.. For this
purpose we construct a countable collection of Her-
mitean operators in ®, with the common property of
having the vacuum as an eigenstate to the eigenvalue 0.
If one such operator is Ny, then the projector Po(®
which projects into the subspace belonging to the eigen-
value 0 of N is an element of R, If, besides the vacuum,
there is no other simultaneous eigenstate of all the Vx
to the eigenvalue zero, then,

P0=Hk Py®),

The infinite product on the right-hand side still belongs
to R, since it is the strong limit of a sequence of opera-
tors in R,. The collection N} is formed in complete
analogy to the occupation number operators of free
field theory. Consider a set of functions fx(p) which
vanish for momenta outside the forward light cone,
satisfy the orthogonality conditions

(23)

f SED A Bp(— )dp=b 24)

and are a complete basis in the Hilbert space formed by
the square integrable functions ¢(p) with respect to
the measure du(p)=p(—p?d*p. Take

ar= / fe(p)eirA (x)d*pdix (25)

1Vk= ak+ak. (26)
One shows exactly, as for a free field, that the N have
the desired properties. ‘

We have seen thus that the completeness postulate 6
is satisfied. Now we show that the “primitive cau-
sality” (Postulate 8) is violated. Consider the time slice
T consisting of all points with the time coordinate
|%o] <7 and let @, and R, be the corresponding poly-
nomial and von Neumann algebras. We construct an
Hermitian operator

C=fc(x)A (x)dx; CE®, 27

2 (®,)z means the collection of Hermitian operators in JC.
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which commutes will all elements of ®, (in the common
dense domain). It will then also commute with R, and
since C is not a multiple of the identity, R, is not com-
plete. The formal expression for the commutator be-
tween C as given by (27) and A(x) is the c-number
function

f@)=[A(@),Cl=i / A= (A dec (). (28)

Its Fourler transform

70 =e®)o(—)2(p) (29)

vanishes where p vanishes and has the symmetry

property . i
FH(=p)=—J(?) (30)

if C is Hermitian. If we can find a function f(x) in
class 8 with the properties

f®)=0 for |xo|<7

Fp)=0 for —p2<dm? (31)
and the symmetry (30) then we can define
0 for —pP<dm?
e(p)= f 32
D= IO e @D
e(P)o(—2%)

In this manner we get an Hermitian operator C which
commutes with all 4 (x) for |x¢| <r. The construction
of such a function f(x) is easily done with the help of
the Jost-Lehmann-Dyson method.? Consider a solution
of the 5-dimensional wave equation

? 9
(a-mtmm)ompm0 @)
axo2 652
_where £ is a single 5th variable and put
(34

flx)= il_n‘} o(2,8).

This function automatically possesses the support prop-
erties demanded for f(p) in momentum space. The
function ¢(x,£) is determined by its values and the
values of its time derivative in the 4-dimensional plane
x0=0. Due to the hyperbolic propagtion character, the
values of ¢ at a point (x,£) are influenced only by the
initial values in the region

[X—x'|24 | §— ¢ |2 <%y (35)
In particular, if we chose
de
@ =0; —-—’ =0 for <~ (36)
2g=0 3%l zg=0
then
f@)=ext)] =0 for |x| <7 37)
gm0

B R. Jost and H. Lehmann, Nuovo cimento 5, 1460 (1957);
F. J. Dyson, Phys. Rev. 110, 1460 (1958).
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so that (31) is satisfied. Condition (30) just means that
f(x) shall be chosen real.

We see therefore that the Greenberg model violates
the “primitive causality” (Postulate 8) but satisfies
Postulates 1-7. Greenberg? has proved that the model
also violates asymptotic completeness. Postulate 9 is
satisfied in a trivial fashion.

V. ASYMPTOTIC COMPLETENESS

Next we give an example which violates the asymp-
totic completeness while satisfying all other mentioned
postulates. The model in question is also an old friend.
The field is defined by

A(x)=:4¢(x): . (38)

The double dots denote the Wick product. 4, is a free
Klein-Gordon field. The Hilbert space is that subspace -
of the free-field Hilbert space which results if one applies
only polynomials of A (instead of 4¢) on the vacuum.
Obviously 3C contains then only states with an even
number of particles. There is no discrete eigenstate of
the mass operator (apart from the vacuum state) in JC.
Postulates 1-5 and Einstein causality (Postulate 7) are
satisfied.?* The only nontrivial problem in this connec-
tion is to check Postulate 2(b) which has been done by
Wightman.?® The first part of the asymptotic condition
(Postulate 9) is trivially satisfied ; there are no incoming
fields, the limits of (10) vanish. Hence asymptotic com-
pleteness is flagrantly violated. We shall show now that
the completeness postulate 6 and the “primitive cau-
sality” (Postulate 8) are satisfied in this model.

The validity of Postulate 6 is demonstrated in much
the same way as in the case of the Greenberg model.
Instead of the NV, we use here operators

A(f)= f A@) f@)d'x (30)

with functions f whose Fourier transforms are nonzero
only for space-like momenta. These operators all have
the vacuum as an eigenstate to eigenvalue zero and one
shows that there is no other vector in 3¢ which is
annihilated by all these 4(f). We omit the details of
the calculation.

To demonstrate that primitive causality holds in this
model we construct the Hamiltonian operator using
only the field A4 and its derivatives in a small time
interval r. The Hamiltonian density expressed in terms
of 4y is

h=3{:(graddo)®: +:A@: +m2: A3:). (40)
On the other hand we have
B(x)=30A4(x)=:(gradd¢®): —:At:+m2: A2:  (41)

% The strong form of Postulate 5 is not satisfied since there
are no discrete eigenvalues (besides 0) of the mass operator in the
model. This default can, however, be easily amended. '

% A. S. Wightman, Paris lectures, 1956 (unpublished).
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and we shall show that

C(x)=%:(graddo)®:+: 4 ¢ (42)
is also a local function?® of 4. Clearly then
b () =1[m?4 (x)+ B(x)+3C(x)]. (43)
To obtain C consider the following expression
t'—t
cso= [ 10 —]
X[B(x,)B(x,l')— (0| B(x,))B(x",¢') |0 ]dtdi’ (44)

where B=%[14 and where f(f), g(f) are smooth test
functions whose support is inside the interval
—{r—8) <t<(r—38). The averaging over the times ¢,
is sufficient to make C\(f,g) a good operator. For this
reason we have not introduced any averaging over the
space coordinates x in (44). If A is sufficiently small
then Ci(f,g) is associated with the ring R, of the time
slice. We want to look at the behavior of C, for A — 0.
The Wick ordering of the bracket in (44) gives

B(x)B(y)— (0| B(x)B(y)|0)
=:B(x)B(y): —4i:[8,40(x) J[8,40(y)]:
X 343" AW (g — y)+4im?: [3,40(x) JAo():
X*AD (x—y) —dim?: Ao(x)[9,.40(3)]:
KOFAD (x—y)}+4im*: Ao(x) 4 o(v): AP (x—7y). (45)

Imagine this inserted in (44) and then Ci\(f,g) applied
to a typical m-particle state ¥ with a momentum space
wave function which decreases rapidly for large mo-
menta. As A gets smaller the contributions from the
different terms in (45) to ||Ca(f,g)¢|| will behave quite
differently. The first one vanishes proportional to A,
the others become singular at A=0, the strength of the
singularity depending on the number of derivatives of
the A™® function. Let us evaluate the term with the
strongest singularity (i.e., the one which contains two
differentiations of the A“Y function). For simplicity
we put x=0. The contribution is then, apart from irrele-
vant numerical constants

x f £s 0,0 As(pO) Ao(p®): B+ )

XZ[A (go— 2o @) (P +m?)0(q)d*qd p Vdp> V.

Here, f, 7, Ao are the Fourier transforms of f, g, Ao,
respectively. The integration over p and p@ gives
no trouble. If po(? is positive, i.e., if 4(p?) represents
a destruction operator, then a cutoff is provided by
the wave function of the state ¥. If one or both of the
#o'? are negative then f provides the cutoff for one or
for both those momenta. Thus the integration volume

(46)

26 The statement ‘““C is a local function of 4 shall mean that
the von Neumann ring generated by the field C in any region ®
is contained in the von Neumann ring generated by A4 in the
same region, .
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with respect to p®, p@ may be considered as essentially
a finite one. The ¢ integration, on the other hand,
diverges for A=0. For small X the cutoff introduced by
g becomes effective only at very high momenta. There-
fore we can neglect po® in the argument of Fif A — 0
and write (46) as

A / ¢*q"3(g*+m)8(g)E(\q0)d*q / F(BeDO+ps)p, D p,®
:50(}?“’)50(12(”) ;das?(l)d4p(2>\p
=X\-I# f(0):8.40(x)8,d0(x):dt ¥ (47)

Ix|=0

where I*” stands for the first integral. We have

I**=0 if ps%y for symmetry reasons. (48)
1
ri= [ @oe+maaz0ay
(49)

— 11—t / 5(+ m)0(Q)E ).

Since the last term in (49) is less singular than 7% we
have in the limit A — 0

=11,

(50)
Finally

9

qo” :
I9() =4 / & o) (asi— 2 g
, 20
I“O()\):-"-Z'lr)\"“/n‘“’g(n)dn.

Thus we get
I;rg AN () ¥

=ff(t)[%;:(gradAg)2+:A02:]dt\Il. (52)

We see that in a dense domain of states the Hermitian
operator C(f)= fC(x)f(x)dx with C defined by (42)
and f vanishing outside a region ®, is obtainable as the
strong limit of a sequence of Hermitian operators from
®g¥ To prove that C is a local function of A we still
have to go over from the unbounded operators to the
von Neumann rings with which they are associated.
This may be done by means of the following theorem??:

% Actually, we have used @+ with &’ slightly larger than ® in
our construction, but this could be avoided by a more refined
argument.

28 F. Riesz and B. Sz.-Nagy, Vorlesungen iiber Funktionalanalysis
(Deutscher Verlag der Wissen., Berlin, Germany, 1956), Chap. IX.
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Let T, be a sequence of unbounded self adjoint operators
and let
lim 7,.9=TV¥

n—R

(53)

for a dense domain of states ¥; the limit 7 shall again
be a self-adjoint operator. Then the spectral projections
of T'» converge strongly toward those of 7.

In our case we consider the sequence

O=NIC(f.8)

as A — 0. The spectral projections of the C) are in Rg -

and their strong limits (as A — 0) are still in Rg since a
von Neumann ring is strongly closed. Therefore the
spectral projections of the limit operator C(f) are in
Rg, i.e., the operator C(f) is also associated with Rg.

VI. HYPERBOLIC PROPAGATION CHARACTER

In this section we want to show how the strong form
[Postulate 8(b)] of the primitive causality postulate
may be derived from the weak form [Postulate 8(a)]
and the other postulates. Let us consider some cylindric
region in space time, e.g., the collection of all points with

x| <a; |x| <7

This region will be denoted by C. Consider next the
double light cone which is tangent to C (see Fig. 1.). It
divides space-time into various regions. The caps which
lie in the time direction of C will be denoted by C,,
those in space direction by C,. The region which is
totally space like to C is called C’. Borchers? has proved
the interesting theorem

(54)

In other words the field operators in C, are functions of
those in C. This result follows essentially from the
spectral postulate (Postulate 5).

On the other hand, the primitive causality postulate
[Postulate 8(a)] implies that R¢r and Re e, together
are complete since the region C'\_C,_C’ contains a
full time-slice apart from the neighborhood of the
points of contact between C, and C’. We shall show
in a separate paper that the effects from the points of
contact may be ignored. Thus

{Rc,Re}"=R(30).
% H. J. Borchers, Nuovo cimento 19, 797 (1961).

Rec,=Re.

(55)
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Further we observe that due to Einstein causality
R is contained in the commutant (R¢)’ of Re:

ReC(Re). (56)

From (55) and (56) it follows immediately that the
center of R¢ consists only of multiples of the identity,
i.e., that R¢ is a “factor” (see Appendix). Beyond this
if one makes certain assumptions about the type of the
factor in von Neumann’s classification, then one gets®
from Egs. (55) and (56) the following theorem.
Duakity Theorem
Re=(Re)". (37
Let us denote the interior of the double cone in the
figure by C:

C=C_Cn_C.. (58)

By the same line of argument as above we also get the
duality relation

Re=(R¢)'. (59)

Taking the commutant of (57) and comparing with
(59) we have

Ré=Rge. (60)
This implies in particular
R¢,CRe (61)

which is the expression of the hyperbolic propagation
character [Postulate 8(b)].
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APPENDIX

For the convenience of the reader we collect here the
few definitions concerning von Neumann rings which
are used in this paper.

Definition 1: A von Neumann ring R is a collection of
bounded operators in a Hilbert space with the following
properties:

(a) With X and ¥, R contains also a1 X+a.Y,
XY, X'.

(b) R contains the unit operator.

(c) Risweakly (and strongly) closed. In other words,
if X is a sequence of operators from R which converges
weakly (or strongly) then also the limit belongs to R.

Definition 2: Let T be any self-adjoint set of bounded
operators, i.e., a set which contains with every operator
also its adjoint. Then the collection of all bounded

3 J. von Neumann, Ann. Math. 41, 94 (1940). We intend to
discuss the questions relating to the “type’” of the factors Rg in
a separate paper.
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operators which commute with the elements of T is
called the commutant of T and denoted by 7”.
Theorem: If T is any self-adjoint set of bounded
operators then 7" is a von Neumann ring. 7" is the
smallest von Neumann ring which contains the set T.
Definition 3: A ring R is called a factor if its center
consists only of multiples of the identity, i.e., if

ROR'={A).

Definition 4: An unbounded operator is said to be
“‘associated with a von Neumann ring” if all its spectral
projections (and hence all its bounded functions) belong
to the ring. Conversely, if we are given a collection of
self-adjoint unbounded operators we speak of the
assoclated von Neumann ring. It is the ring which is
generated by the spectral projections of the unbounded
-operators.

R. HAAG AND B.

SCHROER

Note added in proof. In connection with the complete-
ness postulate 6 the following interesting fact has been
found recently by D. Ruelle and by H. Borchers
(private communications):

If the theory satisfies Postulates 1 through 5(b), then
Postulate 6 is implied already if we require that the
(unique) vacuum is a cyclic vector of ®,.2 In other
words, if one starts with the Wightman functions, then
Postulate 6 is already implied by the requirement that
the vacuum state shall be unique.

For the Sudarshan-Bardakci models Jost and co-
workers have shown in a very simple way the existence
of several vacua. It may be noted that these degenerate
vacua also modify the linked-cluster decomposition of
the Wightman functions W(x;---x.) at equal times
for large spatial separation and hence the asymptotic
condition.}®:1
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It is shown that any function of #—1 four-vectors which is analytic in the forward tube, the backward
tube, and some neighborhood of the Jost points has a one-valued continuation into the extended tube. The
theorem is applied to products of field operators between arbitrary states. It is shown that each matrix
element of the product is analytic in the envelope of holomorphy of the union of the permuted extended
tubes (the domain of analyticity of the most general causal vacuum expectation value). Thus the product
of field operators may be regarded as having analytic properties.

1. INTRODUCTION

N a fundamental paper! in 1956, Wightman showed

that a quantized field is determined by the vacuum

.expectation values of products of field operators, now
called W functions. They are defined by

Wis... u(xl,xh e ;xﬂ)

=(0] p1(%1) p2(x2)* - - @n(20)|0)  (1.1)

where ¢;(x) are quantized fields. The W functions are
boundary values of ‘analytic functions of the relative
.coordinates £;:

£i= 12— Xjt1, j=1327' : '7"‘_1' (12)
“The W function given by (1.1) is analytic in the forward
tube T,_i(%) consisting of those points for which

Im¢;=¢; is a forward time-like vector:

(1.3)

3
£2=EOP— T (9)2>0;50>0,
qu]

* Work supported by the U. S. Air Force, Office of Scientific
Research, A. R. D

} Now at the Physms Department, Imperial College, London

1A, S. Wightman, Phys. Rev. 101, 860 (1956).

where ¢;‘¥ is the u component of the four-vector ¢;.
If a vector { satisfies (1.3) we will sometimes write
¢>0.

The W functions can be analytically continued
beyond the domain T if two further properties are used.
First, since the functions are Lorentz invariant they
can be continued into the “extended tube” T”.;
obtained from T by all complex Lorentz transforma-
tions.2 It should be stressed that this result is not

.obvious; the difficult part is to show that the functions

are one valued in 7'. Now, Jost has shown® that
T'.(x;) contains the real point (x1,---,x.)eR*, if and
only if,

(2 Nxi)2<0 (1.4)

jmml

for all \;>0. We call a set (x1,---,x.) of real four-
vectors satisfying (1.4) a Jost point, shortened here to
J point.

2D, Hall and A. S. Wightman, Mat. Fys. Medd. Kgl. Dan. Vid.
Selsk. 31, No. 5 (1957).
3R, ]ost Helv. Phys. Acta. 30, 409 (1957).
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Wis... u(xl,xh e ;xﬂ)

=(0] p1(%1) p2(x2)* - - @n(20)|0)  (1.1)

where ¢;(x) are quantized fields. The W functions are
boundary values of ‘analytic functions of the relative
.coordinates £;:

£i= 12— Xjt1, j=1327' : '7"‘_1' (12)
“The W function given by (1.1) is analytic in the forward
tube T,_i(%) consisting of those points for which

Im¢;=¢; is a forward time-like vector:

(1.3)

3
£2=EOP— T (9)2>0;50>0,
qu]

* Work supported by the U. S. Air Force, Office of Scientific
Research, A. R. D

} Now at the Physms Department, Imperial College, London

1A, S. Wightman, Phys. Rev. 101, 860 (1956).

where ¢;‘¥ is the u component of the four-vector ¢;.
If a vector { satisfies (1.3) we will sometimes write
¢>0.

The W functions can be analytically continued
beyond the domain T if two further properties are used.
First, since the functions are Lorentz invariant they
can be continued into the “extended tube” T”.;
obtained from T by all complex Lorentz transforma-
tions.2 It should be stressed that this result is not

.obvious; the difficult part is to show that the functions

are one valued in 7'. Now, Jost has shown® that
T'.(x;) contains the real point (x1,---,x.)eR*, if and
only if,

(2 Nxi)2<0 (1.4)

jmml

for all \;>0. We call a set (x1,---,x.) of real four-
vectors satisfying (1.4) a Jost point, shortened here to
J point.

2D, Hall and A. S. Wightman, Mat. Fys. Medd. Kgl. Dan. Vid.
Selsk. 31, No. 5 (1957).
3R, ]ost Helv. Phys. Acta. 30, 409 (1957).
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On the other hand, Dyson* defines weak local
commutativity by the equation

0] p1(21) p2(x2) * + - @a(x4)|0)
=(0] @n(®n): - - @2(x2) @2 (%1)[0) (1.5)

and proves that the W functions are analytic at all
points where (1.5) holds. In particular, if we assume
the usual local property of the fields

Loi(x1), @i(x2)1=0 (1.6)

if x1—x. is space-like, then the W functions are analytic
at J points. Since this same property of analyticity
follows also from Lorentz invariance, we might ask
whether there is any connection between Lorentz
invariance and local commutativity; the axioms of
quantum field theory':5 might not be logically independ-
ent. As an example of this, it is possible to prove that
the condition (1.6) is implied by the apparently weaker
condition of commutativity at J points, using a result
of D. Ruelle.® This shows that the system of axioms
contains redundant information, and can be replaced
by a slightly weaker set leading to the same results.

~ In the classical theory of special relativity no signal
can travel faster than light, and so events separated by
a space-like vector cannot interfere with one another.
Thus a relativistic classical theory is necessarily local
in this sense. In the quantized version we would expect
that field operators should commute at space-like
separated points, since then the two operators are
simultaneously measurable. However it is possible to
set up Lorentz invariant field theories” not satisfying
(1.6). The main result of this paper is the following
theorem, which shows that there is a peculiar and
surprising connection between commutativity and the
Lorentz group.

II. THE MAIN THEOREM

Theorem: The envelope of holomorphy 3¢(@") of
the set
@'=T () UTn(—x)UJ-points

is T'n(x). [By Th(—x) we mean the set of points in
C* such that —x;eTs, j=1,---m.] The meaning of
the theorem is the following. The set @’ is not a domain
because, although connected, it is not open. The
envelope of holomorphy 3C(@") is defined as the
intersection of the domains of analyticity of all functions
analytic on @’ (and therefore in some neighborhood of
@'). Now a function f analytic on @', satisfies the
conditions of the edge-of-the-wedge theorem*#% and

*F. J. Dyson, Phys. Rev. 110, 579 (1958).

5 W. Schmidt and K. Baumann, Nuovo cimento 4, 860 (1956).

¢ D. Ruelle, Helv. Phys. Acta 32, 135 (1959).

7V. Glaser, H. Lehmann and W. Zimmermann, Nuovo cimento
6, 1122 (1957).
- 8H. J. Bremermann, R. Oehme, and J. G. Taylor, Phys. Rev.
109, 2178 (1958).

9 L. Garding and A. Beurling (to be published).

1 H. Epstein, J. Math. Phys. 1, 524 (1960).
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so will be analytic in some neighborhood of the J points
(of course), but where the neighborhood is characterized
purely geometrically and does not depend on the
function f. The class of functions analytic on @' is
invariant under the real Lorentz group x — Ax, here-
after denoted by A". Hence the intersection of the
domains of analyticity of all functions analytic on @’
is invariant under A” and contains a certain neighbor-
hood of the J points, which may therefore be taken to
be invariant under Ar. In the following, @ will denote
the set @’ enlarged in this way to include this neighbor-
hood of the J points, and so @ is open. Obviously
3¢(@")=3¢(@). The proof of the theorem is based on a
few lemmas in the theory of many complex variables.

Lemma 1: (Bremermann'). If {d,} is a set of analytic
discs depending continuously on a parameter o,
0<o<1, such that every point inside and on the
boundary of d,(¢<1) is in the domain D, and also
such that at least one point in the interior of the
limit disc d; (¢=1) is in D, then the envelope of
holomorphy of D contains a neighborhood of the
interior of d;.

This is a strong form of the continuity theorem, or
protruding horn theorem,'?® which essentially says
that singularities cannot suddenly start or stop; they
must come in from the edge of a disc d,, or else all of
d, is outside 3¢(D). For the present paper it is sufficient
to consider an “analytic disc” as the interior of a
piece-wise analytic nonselfintersecting closed curve in
an analytic manifold of complex dimension one. Unlike
the usual protruding-horn theorem, the version of
Bremermann is local; we cannot directly perform any
finite analytic completion, since we are not told how
large a neighborhood of the interior of the limit disc is
in the envelope of homomorphy. In order to use the
theorem to perform finite analytic completion, we
combine it with the Cartan-Thullen lemma.!*

Lemma 2:* If D is invariant under an analytic group
A, then 3C(D) is invariant under A. For suppose f(z) is
analytic if zeD [and therefore if 2e3¢(D)]. Then f(\2) is
analytic in AD=D for all AeA. Hence f(Az) is analytic
in (D), so f(z) is analytic in AJC(D). Hence any
function analytic in 3C(D) is also analytic in AJC(D)
D3(D). But 3¢(D) is a natural domain for some
function, so 3¢(D)=A3¢(D), proving 3¢(D) is invariant
under A.

Lemma 3: If a set D is invariant under the three
abelian subgroups A.° of the complex Lorentz group
[Ai° consists of rotations in the (0,7) plane] then it is
invariant under the complex Lorentz group A°.

1H, J. Bremermann, Math. Ann 127, 406 (1954); generalized
by W. S. Brown, thesis (Ph.D.), Princeton (1961).

2 G. Killén and A. S. Wightman, Mat. Fys. Skr. Dan. Vid.
Selsk 1, No. 6 (1958). _

B A. S. Wightman in Relations de Dispersion et Particules
Elémentaire (Hermann Cie, Paris, France, and John Wiley and
Sons, Inc., New York, 1960), p. 229.

" H. Carthan and P. Thullen, Math. Ann. 106, 617 (1932).
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Proof: Let My; be the generator of A,°. Since
[M 0, M Oj]= M,

D is invariant under the special rotations generated by
M ;(i.7=1,2,3) and so is invariant under A°.

We will now prove that functions analytic in @ have
one-valued continuation into A;°G.

Proof of the Main Theorem

We say (%1, « +,%,)eR* is a two-dimensional J point if

n n
(X AmOpR—{ T Az®)<0 @1
j=1 j=1

for all A;>0. Clearly, a two-dimensional J point is also
a J point [that is, satisfies (1.4)]. Define “light-cone
coordinates” in the (0,1) space as follows:
Bi=x/"+x 0 (j=1,2,---n).
Then if x;®, 2, are real (j=1,2,---,n) the set @
contains the set ‘

(Ime; >0, ImB;>0)|J (Ime; <0, ImB3; <0)J
two-dimensional J points.

— A (0) . Ae (1)
;=20 —x;;

2.2)

Define a new set of variables

2=y
Ai=aB;,  j=2,3,---m
pi=aj/oa;, j=2,3,---m
%@, 2, j=12---m

a=qay

These are independent and so will do as analytic
coordinates. The point ;=0 is the only singularity of
the transformation.

Lemma 4: The point (x4, - -, x,)eR* is a two-dimen-
sional J point of 77, if and only if 2<0, X;<0, u;>0,
a is real;, #0, and x;®, x;¥ are real.

Proof: If xeR*" is a two-dimensional J point, we have

(%50 +Ax, )2~ (2,0 4-Ax; V)2 <0
for all A>0. This can be written
(@itAe;) (B:+28;) <O
for all A>0. Therefore ;3;<0 and the solutions A of
(eitha;) (B:AN8;) =0

are negative; this means «;3;<0, which gives the
conditions 2<0, A;<0, p;>0. Conversely, if 2<0,
Ai<0, ;>0 we get ;8;<0, and so any sum of such
terms with positive coefficients, as in (2.1), is negative,
as was to be shown. This proves Lemma 4.

Suppose now z<0, A\;<0, u;>0, x;®, x;® real. The
set (2.2) is then

(Ima>0)|J (Ima<0)|J (« real, #=0)

STREATER

that is, the entire a plane except for a=0. In these
coordinates the domain is not simply connected; a
function could have a branch point at a=0. But we
are considering functions which are given as being
one valued and analytic in the domain (2.2), and hence
are one valued in the a-plane (a#0) if z2<0, A;<0,
1i>0; 2/ x,® real.

The set (2.2) is invariant under the real Lorentz trans-
formations in the (0,1) plane (the group A,"), which
take the form a — pa, p>0 in the new coordinates.

Lemma 5 : There exists a polycylinder P centered on
a point 2’ <0, N; <0, u/;>0, 2,9, '/ real, say

(27)‘J',“j)xi(2))xi(a))ep<=) IZ—ZII <R5 I)‘J'_)‘,il <R;
li—w'i| <R, |a;@—a'/O[<R, |29—a',P|<R,

such that 3¢(@) contains PX {a/a50}.

Proof: Let 2/, N';<0, ui>0, #';2, x';® be real. Then
@ is the set {a/a%0}. Let K be a compact annulus
surrounding a«=0. Then for each o&'¢K the point
(M j15,%i®,2;® ") lies in @ provided

(zy)‘i’“iyxia);xj(3))ePa”

where P, is some polycylinder of radius R(e") (which
may depend on &’) about the point (2/\’;,u’;,2" ;P2 /).

This is the statement that @ is open. Let R be the
lower bound of all the radii of P, as o’ varies over K.
Since K is compact, a well-known argument assures us
that R>0. For if R=0 there would exist a point a’’eK
such that points arbitrarily close to (z/\j,u’;,2’;®,a/ ),
a'’) are outside @, a contradiction. Let P be the
polycylinder about (2’ \;u’;x"5?,x’/®) with radius R.
Then @ contains the points PX{a/aeK}. Since @ is
invariant under A,7, that is, @ — pa, so is its holomorphy
envelope (Lemma 2). Clearly A;"K={a/a#0}. Hence
3¢(@) contains the points {z\;u;,x;¥eP; a7%0}. This
proves Lemma 5.

A transformation AeA,® leaves 3, Aj, uj, %%, ;¥
invariant, but changes a — Aa(A7%0). Therefore the set
A:°@ contains {a/as<0} if it contains any point in the
a plane. We now show that 3¢(@) contains A;°Q.

Let N be the union of all connected open sets contain-
ing the point 2z, Aj, uj, %;®, x;® (where <0, X;<0,
;>0 and x;?, x;® are real) such that 3¢(®) contains
NX{a/a0}. By Lemma 5 N is nonempty. Suppose if
possible that there is a point = on the boundary of ¥
such that (m,a’)e@ for some o’. We will now obtain a
contradiction. With the hypothesis, there exists a
neighborhood N, of = and neighborhood N2 of &’ such
that @ contains N1 X N, since @ is open. Hence 3C(@®)
contains N1 XN Since A;"@=Q, @ also contains
N1XA{"Ns, that is, @ contains a sector containing N,
as shown in Fig. 1. Now join = by an analytic arc v
with parameter ¢(0<o<1) to a two-dimensional J
point, such that if ¢<1 the arc lies in N. Then each
disc d, in the a plane (each d, being the same curve as
d; shown in Fig. 1, but associated with a point ¢ of v)
lies in 3¢(@) if o<1, by definition of N, since if ¢ <1,
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Fi1G. 1. Picture of T (unshaded) at .

3¢(@) contains {a/a70}. Also the limit disc o=1 at =
(shown in Fig. 1) contains at least one point of @. Hence
(Lemma 1) the interior of d; in Fig. 1) contains at
least one point of @. Hence (Lemma 1) the interior of
dy in Fig. 1 lies in 3¢(@). Then just as in the proof of
Lemma 5 there is a polycylinder P about # such that
PXdyC3 (@), and using the invariance of 3(@) under
Aq7,30(@) D P X {a/as%0}, contradicting the assumption
that 7 lies on the boundary of the largest open set
with this property. Hence if 7 is on the boundary of
N, no point o’ lies in @ So N contains all points
7= (2,\j,u;,%;?,x;®) such that there exists a such
that (m,0)e®, and 3C(@) contains the set N X {a/a0}.
But this is just the definition of A;°@. Hence 3(@®)
=5C(A1°@)DA1°@.

We must show that the continuation is one valued.
It is possible that if we continue from @ to a point in
Ay°@ along two different paths in A1°@ we will arrive
at two different answers. This is possible even if A;°@
is simply connected. So far we have shown that it is
possible to continue to each point in A;°@ along some
path in A;°@; we have not shown that it is possible to
continue along every path in A;°@. It could be that
3(@) is a many-sheeted domain over a subset in Ct»
(containing A;°@) such that, while for any point in
A,°Q there is a sheet on which it is a point of analyticity,
there may be another sheet on which it is a ramification
point. We now prove that the continuation into A;°G
is one valued.

Let T'; be a path of finite length in A,°@ joining a
given point (r,a) to a two-dimensional J point. Change
to the coordinates (zA;u;,%;?,x;®,a). Then for fixed
2, N,y 15, %%, 2@ a point on I'; is a point in the & plane,
and @ consists of two disjoint sectors. As we move
along I'; the sectors may move about, and open and
close, but never completely close, since I''CA1°Q.
Define 7, to be the projection of I'y onto the coordinates
(2\j,5,%®,2;¥). Then 7, is a possibly self-intersecting
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path in the space of these variables. Starting from the
two-dimensional J point we can continue to any point
on vi, obtaining analyticity in {a/a>0}, by the method
of the theorem. Of course we must show that given
m on v; we have a one-valued function in the & plane,
since two different paths around a=0 could give
different continuations, or the continuations out of the
two different sectors might be different. Let f; and f,
be two different branches of a function f analytic in
A1°@, defined in the domain {a/a>0} for any point on
71 by continuation from @ along paths in the a plane
encircling the origin in two different directions, or as
continuations from the different sectors which make up
Q. At the beginning of v, we are given a one-valued
function in {a/a#0}, and so fi=f,. Hence fi= f; at
all points along #i, by continuation. Therefore the
value of the function at (r,a) can be defined by fixing
7 and continuing from @ along a fixed path, say T,
in {a/a7#0}. Clearly, if we had started with a different
path T'; instead of I'; we could still continue along the
same T, arriving at the same value for the function at
(me). This shows that there exists a one-valued
continuation into A:°Q.

In a similar manner we can show that there is a one-
valued continuation into As°A1°@. The proof is the same,
except that we work in the coordinates

Bi= 2,0+ x,®

and form gz, A;, u; with the new a;, 8;. Change to the
coordinates (z,\j,u;,%;,x;®, a=a;). Then as we move
along a path I''C4,°A,°@ joining a given point (m,e)
with a two-dimensional J point, the domain A;°® is a
nonempty region in the « plane; in general it will not
be a sector since A;°® is not invariant under A,". But
3¢(@) is invariant under A," so we enlarge A;°Q to a
sector in the a plane. If A,°@ (for 7 fixed) is a discon-
nected set in the « plane, we might get several sheets
when we do this part of the completion. But the proof
that the continuation into A2°A,° is one valued goes
through as above.

Similarly we can show that there is a one-valued
continuation into an increasing sequence (@,A:°Q,
A2°A*@,A3°A2°A°@, - -). To show that this exhausts
T'=A°Q®, we remark that the union R of all sets of the
form (IIA;)®@ (where IIA;¢ is any finite product of
A1% As% Ay¢ in any order) is invariant under A% A,°,
A;° and therefore (Lemma 3) is invariant under A¢, and
so contains A°@=1T". Since R is contained in A°Q, it
is T’. To show we can continue into R, we note that the
set of products ITA,° is denumerable. Order them, say
II,=A,¢, Ha=A,°, Hz=As% II4=A;°A5¢, ---. We have
proved that we can continue into the sequence of sets

1 QC LI @ C LI Q CILILILIL RC - - «
whose limit is R, and the continuation is one-valued.
This proves the main theorem.

As a corollary, the following conjecture might be
true.

= {0) 4 (2
;=20 — 2/,
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Conjecture: Suppose f(z) is analyticin {T» (@)U T~(—2)
UJ points}, (z=x+1y, 2¢C**, xeR*", yeR**) and suppose
lim,,of(2)= f(x) in the sense of distribution theory,!
where f(x) is tempered!s; then f(z) is a polynomial in
the components of the four-vectors; the coefficients in
the polynomial are Lorentz invariant functions analytic
in T,/ (2).

For n=1 the conjecture has been proved by Bogo-
liubov and Vladiminov.!® I am indebted to Wightman
for this reference.

III. ANALYTIC PROPERTIES OF PRODUCTS
OF FIELD OPERATORS

Consider the matrix element

Jloy,e - 20)=(P| o1(21) 02 (%) - - - 0u(#a) | Q) (3.1)

where |P), |Q) are any states with momenta P* Q¢
respectively. Change the coordinates to x=x14x, and
the n—1 relative coordinates £; given by (1.2). Define

F(@; prye e o par)= ﬁl e-'ritidiy;f(x,8:).  (3.2)

te=]
Then in the usuél way we find

f(x; p1y- + - par) =exp[i} (Q— P)x](2r) 4D
X § (P| 1(0)[B1){B1] - - - | B

X(ﬁn—l l ‘Pn(O) | Q)

x TT #0p—64+(P+0/2] (33)

i=1

where |B;) is a complete set of states with momentum
B;*. This shows that the spectrum of f is forward time-
like from the point — (P+Q)/2, and we have f(x,p1,- - -,
Ppo_1)=0 unless p;+(P+Q)/2>0, j=1, ---, n—1.
Then the inverse Laplace transform

n—1
F(6)= (2myia=n / F5 pue - pa) T1 eimitidtp,

=1

= 2wyt f 15 By Pms)

n—1
p'4 H e&ilPi+(P+Q) 121d4pje—iii(f’+ Q/2
=1

converges if £;eT,1(£;), and defines an analytic function
there. The variable x enters f(x,£1,--,6.1) only in.a
simple exponential dependence, and so f(x,£, -+ ,Ea1)
is an entire function of x for fixed &;. If we had smoothed

16 1. Schwartz, Théorie des Distributions (Hermann & Cie, Paris,
France, 1950-1951).

18N, N. Bogoliubov and V. S. Vladiminov, Phys. Math.
Science 1958, No. 3, pp. 26-35 (in Russian).
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the states |P), |Q) with a test function 4#(P,Q) with
compact support, and instead of (3.1) had considered

f h(P,OXP| ¢1(21) 02(%2)* - + @a(xa) | Q)d4PE*Q
=fh(x1,. . ',xn)

we should still obtain an entire function of x. In a similar
manner

g(x,£)=(P| on(2s) - - - 02(%2) 01(%1) | G)

is analytic in Tx—y(—£;). Then as a consequence of
(16)7 f(x)EJ)=g(x’£J) if (Ely' * '7Eﬂf—l) isalJ pOint‘
(Actually, since not every “completely space-like
point,” such that every difference «;~—x; is space-like,
is a J point a slightly weaker assumption than (1.6)
would lead to the same result.) By the edge-of-the-wedge
theorem,*51 f is analytic at J points. Hence f(x,%) is
analytic if £;e7",._1(¢;) for all x (by the theorem of
Sec. IT) if we regard f as a function of the 4x variables
(x#,£;#). Similarly a permuted function (P| ¢2(x2) ¢1(x1)
@3(%3) -+ - @ula)| Q) is analytic if ; lie in the “permuted
extended tube” T, (— &6+ £2,83,¢ + +,£n—1), and coin-
cides with f at some common J points where they are
both analytic. (Actually instead of x= (x;+x.,) we first
get (xs+2x,) as the nth independent vector, but a
linear transformation back to x is possible, since the
function is entire in these variables.) Hence the domain
of analyticity of an arbitrary matrix element is
{x,£;/£;6Wn_1}, where U,_; is the envelope of holo-
morphy of the union of the permuted extended tubes
corresponding to the #-point function. The domain U,
is the cut plane {x,2%y/(x1—x2)?7%p?}, and U was
found by Killén and Wightman.'? Of course, in any
particular theory the actual domain of analyticity of
(3.1) might be larger than U,y, and might depend on
the states |P) and |Q), but must always contain
{26/ £5€WUns}.

The above result has an interesting physical meaning.
We may say that the operator product ¢1(x1)@a(xs)- - -
¢n(x,) is analytic in {x,£;/¢;€Wn—1}, in the sense that
every matrix element is analytic. Now the domain
U,y has a natural kernel function K, :(£;,Q), the
Bergmann-Weil function, which is Lorentz invariant
and analytic inside U,—;. Here Q is a set of variables
wy, - -, o which parametrize a subset of the boundary
of U,y called the distinguished boundary. These
notions are explained by Killén and Toll'? who compute
K. Every function analytic in U, can be expressed as
an integral, in terms of its boundary values on the
distinguished boundary, using the kernel K,_;. It may
be possible to separate the kinematics from the dy-
namics in the following way. The analytic properties
can be proved using only general principles, and
may be regarded as a consequence of the kinematics.
Thus heuristically the function (3.1) will have the

3.4)

17 G. Killén and J. S. Toll, Helv. Phys. Acta 33, 753 (1960).
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representation

f(x; EJ)=/d®(xls * 0 9%n; W, '1""")

XKn—l(El;' o :E’n—lig)' (35)
The singularities arise only from K,_,, which may be
regarded as a sort of generalized propagator for the
product ¢1(x1)- - @n(x.). The weight function &
contains the dynamics, that is, states the details of the
particular theory within the general framework; it
should be an entire function of the variables x; (and
therefore have a compact spectrum) since the kernel
is supposed to take care of the singularities. Very often
we can, by a transformation, find a kernel function for
which the parameters @ can be interpreted as mass
variables, in which case we should expect that a
representation (3.5) is possible in which only physical
values of the mass variables enter the integral.

These ideas generalize the well-known Jost-Lehmann-
Dyson representation®®!%:1 for the case of one four-
vector. In that case we have two fields, and the product
in either order can be obtained from the commutator.
This has the representation

/@(xl,xg,K)A(xl—xz; K)dK.

The parameters @ are represented by the mass param-
eter K. ®(x1,%2,K) is an entire function of x; and x,.
Only physical momenta enter the integral (this is the
theorem concerning admissible hyperboloids.’

18 R, Jost and H. Lehmann, Nuovo cimento 5, 1598 (1957).
B F, J. Dyson, Phys. Rev. 110, 1460 (1958).
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The author® has proposed that the generalized
singular function®

Ay, + ®a; iz, o+ Jan)
B ,/ eii%idie; [T 8(pepi—Li) (1)
i,7

should be the kernel for functions vanishing at J points,
as a generalization of the Jost-Lehmann-Dyson kernel
A(x,k). The connection with the main theorem is
obvious. This leads to representations for multiple
commutators?

(P|Len(@a), [+« Loa(x2), 1) ]--- 111 Q)

in terms of a weight function and a kernel function. It
has not yet been possible to prove the necessity of the
condition that only physical momenta enter the integral
with nonzero weight (the generalization of Dyson’s
admissible hyperboloid condition). If such a result
could be proved for the representation (3.5) it would be
possible to build in the details of the mass-threshold
conditions once the kernel K, has been found.
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As a model for the various problems connected with domains of analyticity and dispersion relations, the
concept of impedance (self-impedance) has been studied in general under the physical requirements of
linearity, passivity, reproducibility, and causality. After identifying impedance functions with suitably
defined positive functions, any impedance function may be decomposed to the sum of a minimum reactive
part and two reactive parts, one of which is of unfamiliar nature. In the time domain, the convolution repre-
sentation of the current in terms of the voltage and vice versa are obtained rigorously. As an example, a
reactance obtained from the Cantor function is studied in detail. Its peculiar delta-function response is
computed explicitly, and it is also used to construct a counter example to a representation by van Kampen
of the S matrix of a Maxwellian field. The general results are also applied to study the Kronig-Kramers
dispersion relations for dielectric constants. It is proved that one of the two relations is true under very

general conditions, but the other is false in general.

1. INTRODUCTION

N recent years, there has been a great deal of effort
made in attempting to understand, through various
forms of dispersion relations, the strong interactions
of elementary particles. Because of the extreme com-
plexity of this problem, many connections between the
various concepts have not been rigorously clarified. For
example, in getting a single dispersion relation for an
analytic function, the contour of integration is some-
times pushed to the boundary of the domain of ana-
lyticity, which is mathematically not permitted without
some assumption on continuity. Furthermore, there is
always the problem of the number of subtractions, if
finite; indeed, in connection with the Mandelstam con-
jecture of double dispersion relations, no estimate seems
to exist about the rate of growth of the scattering
amplitude as a function of complex variables, at least in
certain sectors.

It is therefore the purpose here to study rigorously
the simple model provided by an electric circuit. Here
the causal function, whose properties need to be studied,
arises from the linear connection between the current
and the voltage. No space variable is considered, and
both the current and the voltage are functions of time
only. The precise assumptions to be used are stated in
Sec. 2.

For the clarity of analysis, let the terms, ‘“impedance”
and “impedance function” be used somewhat differ-
ently. An impedance function is a complex function of
one real variable, the frequency, with certain properties
to be found later; while an impedance is a linear
operator which operates on the current into a network to
give the more or less arbitrarily defined voltage across
the network. Thus, an impedance function is the
frequency representation of an impedance. A most
fundamental question is in what sense an impedance
may be represented by an impedance function. This will
be answered in Secs. 3 and 4.

The fundamental attribute of an impedance is that

* Based on a doctoral dissertation, Harvard University (1956).
t Alfred P. Sloan Foundation Fellow.

of a causual operator between two quantities whose
product gives the rate of energy transfer. The adjective
“causal” is used to describe the fact that the voltage is
zero as long as the current remains zero. Since only this
fundamental property of an impedance is going to be
used, the results are by no means restricted to electric-
circuit theory. For example, the results may be used to
study the frequency dependence of magnetic permea-
bilities and dielectric constants. In this connection, the
Kronig-Kramers relations will be considered.
Throughout this paper, the term “function” is used
to mean a single-valued function of a small number of
variables, excluding such pseudofunctions as the Dirac
delta function. This is necessary in order to get integrals
in the usual sense, not in the sense of distribution theory.

2. FORMULATION OF THE PROBLEM

The following system of symbols is to be used. Let
7(2) be the current in the two terminals of a network as
a function of the time, »(¢) be the voltage across the
terminals, and F the impedance. Thus,

v=Fj. (2.1)
Corresponding lower case and capital letters are used to
denote pairs of Fourier transforms in the sense of the.
Plancherel theorem; thus, for instance,

A

J(x)=Lim. / j()ei=tat,
A—eo A

and (2.2)

A

](t) = (1/21!‘) l:ai._’l’g. / ](x)e—izzdx,
A

provided j(t) is Lebesgue square integrable (sym-
bolically eL?) over (— =, o). Here the symbol “Li.m.”
stands for “limit in the mean,” and the factor 1/2x is
distributed such that the transforms of convolution
integrals take a simple form. Finally, the complex
conjugate of a function f(#) is denoted by f*(%).

Since it is not permissible to have »(£)=v¢8(f), where
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6(¢) is the Dirac delta function, there is some implicit
restriction of the form of j(f). For example, it is not
admissible to use any step function as the current into
a pure inductance. However, it is observed that a step
function would be admissible if a pure resistance were
connected in parallel with the inductance. Thus, a first
step is to put this notion of parallel connection in a
definite form. Consider two impedances F and F,. It is
natural to define the impedance F of their parallel con-
nection, which is denoted symbolically by F1®@F,, as
follows. The equation »=Fj means that there exist
unique functions 7:(#) and 7.(¢) such that j= j,+ 7, and
v=F1j1=F:j.. The domain of F is clearly the set of j
for which the unique functions j; and j. exist.

Basically, the concept of an impedance function is
associated only with a passive network. For the present
purpose, this is considered to be a fundamental limita-
tion on the concept of impedance. In order to ascertain
the properties of a given passive network, it is necessary
to have available a sufficiently large collection of test
inputs. In other words, it is necessary to know before-
hand a sufficiently large set of admissible current-input
functions. Since it is unsatisfactory physically to specify
this set of functions by their local behavior such as
continuity, it is perhaps simplest to describe the
permissible input functions for the parallel combination
of the given passive network with a pure resistance. To
be realistic, all functions of the time under consideration
should be zero before some time £, because of the im-
possibility of operating on the past history. Beyond this,
it is hereby postulated that, if a current-input function
generates only a finite amount of heat when applied to
a pure resistance, it can be applied to any parallel
combination of a general impedance and a pure re-
sistance, described by RQ F with R>0.

In any network problem in the usual sense, it is, of
course, true that both of the functions j(¢) and v(¢) are
real. However, most of the theory may be carried
through for complex functions without any extra effort.
To show that this not only of purely mathematical
interest, consider the ideal frequency-independent gyra-
tor. Voltages and currents are connected by the
formulas

I'I(t)= ’—(Ij2<t) and 'Dg(t)=aj1(l), (23)
where a is a real number. If 2(¢)=uv:(f)+4v2(¢), and
F= j1()+172(t), then v(§)=1iaj(t). The constant ia
may be considered to be the impedance function of this
ideal gyrator. Actually, this simple function has a
special place in the general representation of impedance
functions, as developed in Sec. 6.

Mathematically, the above idea may be formulated
as follows. An impedance is defined to be an operator F
which operates on the current function j(¢) to give the
. voltage function v(¢)= (Fj)(f), where both j and v are
measurable, such that:

() F(ir+j)=Fji+Fj. and Faj=aFj,
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for any complex constant «;
(i) FT.j=T.Fj,

where T, is the operator for time translation, i.e.,
(Ta7)(t+a)= 7 (1) with a real;

T
(i) Re ] FOF (D20
for all T -

(iv) for any positive number R, the domain of RQ F
includes any function j(#) such that j{f)el2(— o, =)
and j(£)=0if £<t, for some #y; and

(v) if j(§) satisfies the above conditions, then
(F7)()=0 for t<1,.

In the next few sections, the general impedance as
defined is studied under no further assumption.

3. IMPEDANCE FUNCTION FOR RQ®F

The first question to be answered is this: In what way
can an impedance function be associated with RQF
where R>0? This is actually not entirely trivial to
answer.

Let
(RQF)j=r, (3.1)
where j satisfies the conditions of (iv), then
F(j—v/R)=m. (3.2)
From (iii) and the equality
T 1 T T
/_w |j|2dt=}e—2/_w !vl%it-—i—/_w | j=o/R| %
2 T
+; Re| (j—u/R)*F(j—v/R)dl, (3.3)

—o0

it follows that each of the integrals on the right-hand
side approaches a non-negative limit as 7—x. In

particular
/ ngxz/ HEn

It is natural to define the impedance function Z(x) by
the relation Z(x)=V(x)/J(x). It remains to be proved
that Z(x) is indeed independent of j(¢). In order to do
this, let

3.4

Zy(x)=V1(x)/J1(x), (3.5)
where
) 1 for 04K,
F71()= . (3.6)
0 otherwise,
and
u(t)=[(R®F);.](®). (3.7)

By a suitable procedure, Z;(x) indeed satisfies
Zy(x)=V(x)/J (%)
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provided j(¢) satisfies the conditions of (iv) and is also
a step function with a finite number of steps at rational
points of ¢ Then it follows from (3.4) that Z(x) is
essentially bounded by R. With this result, it follows
that Z,(x)=Z(x). More precisely, '

V(x)=Z(x)J (x) (3.8)

almost everywhere for any 7(f) that satisfies the condi-
tions of (iv).

Furthermore, since v(¢)= j(¢)=0 for ¢<f,, the func-
tions V and J are also defined in the upper half of the
w=x-+1y plane. The term “upper half plane” refers to
the set of y>0. In fact, there is a Z(w) such that

Viw)=Z(w)J (w) (3.9)

for Imw>0. In order to see this, it is sufficient to note
that from Phragmén-Lindelof theorem it follows that
Z1(w)=V1(w)/J1(w) is bounded by R from a considera-
tion of some y=constant lines, and further that a
Paley-Wiener theorem! leads to the identity Z(w)
=Z7(w). The relation between Z(w) and Z(x) is

Z(x)=Z(x+10) (3.10)

for almost all ». By extension, the term “impedance
function” is used to denote a complex function of one
complex variable such as Z(w) defined everywhere in
the upper half plane and almost everywhere on the real
axis.

It remains to show that the real part of Z(w) for the
impedance R®F is never negative. This is intuitively
obvious but not entirely trivial to prove. In order to
show that ReZ(x)2>0 almost everywhere, assume the
contrary. That is, assume that there is a positive
number ¢, such that

ReZ(x)<—e (3.11)

on a set P of positive measure. Without loss of
generality, let P be of finite measure u(P). Define a
function C(x) by

1 on P,
eu(P)
4R(1+2?)
It is clear that both of the integrals J/~.° C(x)dx and
Jo® [1logC(x)|/(144%)Jdx are finite. Therefore, by

another theorem of Paley and Wiener,? there exists a

function j(f) defined over all ¢, such that j(2)=0 for
t<0, and such that

[J ()| =[Cx)] (3.13)

Let »(#) be the corresponding voltage function. On the
one hand, by the Parseval theorem, (3.8), and (3.11)~

otherwise.

1R. E. A. C. Paley and N. Wiener, Fourier Transforms in the
Complex Domain (American Mathematical Society, Providence,
Rhode Island, 1934), Theorem V.

2 Reference 1, Theorem XII.

TAI TSUN WU

(3.13), it follows that

Re / ) F(Ov (@)t

=(1/2x) Re ] J(x)V*(x)dx

—0

-]

=(1/2x) Re / C(x)Z(x)dx

—o0

eu(P)
P 4R(1+2?)
eu(P)
4(1+2x2)

- (l/21r)[ ﬁ ReZ(x)dx+ ReZ(x)dx]

</20) ~a®)+ L i]<o;

and on the other hand, by the definition of ® and (iii),

o0

(j—v/R)*F(j—v/R)di

—o0

Re/ac F(Ov*()dt=Re

+(1/R) f lo[2d1320.

This is a contradiction and therefore

ReZ(x)>0 (3.14)

for almost all x. If the upper half plane is mapped onto
the unit circle and the Poisson integral representation
is applied, it can be seen that

ReZ(w) 20 (3.15)

in the entire upper half plane. Finally, it should be
remarked that (3.14) can be proved equally easily
without using the theorem of Paley and Wiener.

4, IMPEDANCE FUNCTION FOR F

So far, an impedance function has been associated
with RQF. In this section, such a function is associated
with F itself. This is a new situation since as yet nothing
is known about the domain of F.

Consider the combination R'®Q@[R®F]. Let
v={R'Q[R®F}j, where j satisfies the conditions of
(iv). Since the operation ® is clearly associative, this is
the same as [R'® R]®F. Then it follows from (v) and
(3.4) that v also satisfies the conditions of (iv). Let
j=j1+j2 and 7)=R'j1=[R®F:|j2, then jl and jz must
also satisfy the condition of (iv). This incidentally
shows the consistency between the definition of ® and
the assumption (iv). Since all Fourier transforms are
well defined, it follows that

R'Z(w)
V(w)=——J(w).

4.1)
R+Z(w)
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In particular, if

RRI
R'=—- 4.2)
R+R’
then
R’'=R®R. 4.3)

Note that (4.2) is a numerical equation, while (4.3) is an
operator equation. In order to avoid confusion, let the
impedance function associated with R®F be designated
by Zg(w). Then, in view of (4.1) and (4.3),

Zpr(w)=——.
R'+Zg(w)
And hence, by symmetry,

RZ R (w) R’Z R’ (w)

= =2Z(w).
R—ZR(w) R'—ZR'(CO) ( )

(4.4)

Since this quantity is independent of R, let it be called
Z(w) as indicated. Note that pointwise

Z(w)= 1121330 Zgr(w). (4.5)
Physically, this means that Z(w) is the impedance
function for the parallel combination of F with an
infinite resistance, and hence should be that for F itself.
Therefore, the function Z(w) is defined to be the
impedance function for F.

In what part of the w plane is Z defined? Clearly Z is
defined in the upper half plane and on the real axis
except the point set where Zz=R for all R. If this set
contains the entire upper half plane, then, with

[R®F]j=y,
j=1/R=(1/R)F(j—v/R)=(1/R)F(0).

This is impossible because j(f) is quite arbitrary.
Therefore Zg7=R. Physically, this corresponds to the
case of an open circuit which is not considered here. The
function Z is thus defined in the upper half plane except
possibly at a denumerable number of poles. However, it
follows (3.14) that

Rel/Z(w)> —1/R

for all R>0. Hence, ReZ(w)>0. Accordingly, Z(w)
cannot even have a pole. The conclusion is therefore
that, everywhere in the upper half plane, and almost
everywhere on the real axis, Z(w) is well defined and

ReZ(w) 2 0. (4.6)

Furthermore, it follows from (4.6) that either Z(w)=0
or else Z(w)#0 at all in the upper half plane. The former
situation corresponds to the physical case of a short
circuit.

In order to Justlfy calling Z(w) the impedance func-
tion for F, it is necessary to prove the following. If
v=Fj and both j and v satisfy the conditions of (iv),
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then
V(w)=Z(w)J (). (4.7
This can be shown as follows. From
[ROFI[j+v/R]=¢, (4.8)

it follows that

R2) [J (w)+V(w)/R] V(w),
R+Z(w)

and hence (4.7).

In the analysis of electric networks that consist of
only a finite number of ideal resistances, ideal induct-
ances, and ideal capacitances, it is well known that
every admissible impedance function is a rational posi-
tive real function, that is, a function f(w) which is a
quotient of two polynomials such that Imf(iy)=0 and
Ref(w)20 for Imw20. In the present more general
formulation, it can only be said that every admissible
impedance function is a positive function, where a
positive function is defined to be an analytic function
of one complex variable in the upper half plane such
that its real part is non-negative there.

Since Zg(x) cannot equal R on a set of positive
measure, it follows from Fatou’s theorem that

Z(x+i0)=Z(x)

almost everywhere, In this connection, the following
remark may be worthwhile. In this paper, results are
stated in terms of normal approach to the real axis, such
as (4.9). Actually, however, all equations of this form
are valid uniformly in any angular sector away from the
real axis. For the present purpose, no elaboration of this
sort is necessary.

(4.9)

5. IMPEDANCE AS DETERMINED BY Z(w)

It has been shown that with every impedance a
function Z(w) may be associated. In this section a
few remarks are made about the impedance when Z(v)
is known. In the next sections, a general representation
for Z(w) is given, with the purpose of getting the con-
volution representation of impedance as given in Sec. 7.

The specific questions to be considered here are as
follows. Given j(¢) and Z(w), how can v(f) be found?
Furthermore, does every positive function represent an
impedance?

Unfortunately, these questions cannot be answered in
complete generality. The reason is that some assump-
tion must be made about the function j(f). For the
present purpose, j(#) is assumed to satisfy the condition
that /7| 7(2)|%d¢ exists for all finite 7. Physically, this
means that up to any given instant, a finite amount of
heat is generated if j(¢) is applied to a pure resistance.
This assumption is true in most physical situations.
Mathematically, this means that only the restriction
of an impedance to this class of functions j(¢) is being
considered.
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Given Z(w) and j{¢) in this class, let v(¢) be found as
follows. Let
i@ forigT

i (z)={
! 0 fori>T

¢.1)

and similarly for v2(2). Then by definition

vr(l)= Ililil}e vp,(t) fori<T {5.2)

where v7,z(f) is defined through Fourier transform by

RZ (w)
Vrp(w)=——"Jr(w), (5.3
R+Z(w)
and the limit in the mean should be taken over the
interval (—, 7).
Before showing that the function #(¢) found this way
has all the desired properties, a few remarks are
appropriate. Note first that, as defined by (5.2),

vr(f)=vr: (1) (almost everywhere)

for t<min(7,7"). Indeed, the procedure would be
entirely nonsensical if this were not true. For simplicity,
let 27(¢) be chosen such that

vr(¢)=v5f ®

for <min(7,T’). This can then give definite meaning
to v(¢). The function »(f) is then well defined if all vp(7)
exist as a limit in the mean. Secondly, the limit in the
mean is taken over the interval (— oo, T') instead of the
interval (— e, ) because the limit in the mean may
fail to exist due to resonance phenomena. Thirdly, to
ascertain the voltage response for $< T, it is physically
unreasonable to require a knowledge of the current for
t2T. Therefore, it is simplest to imagine that the
current is zero for 2> T

It remains to show that the operator on j(?) to give
v(#) as defined indeed satisfies all the conditions set forth
in Sec. 2. The conditions (i) and (i) are satisfied
trivially. To verify (iil), note first that the integral
indeed exists because of (5.2). Moreover,

00

T
Re f jr(er.a*(Odi=Re / in(oe g (O

° RZ(x)
- / | 72(x) |2 Re————dx 0.
i R+2(x)

This yields (iii) for all 7. Any extension of the imped-
ance is required to satisfy this condition also. Since the
condition (v) is also trivially satisfied provided (?) is
appropriately chosen, it only remains to verify (iv).
Suppose j(t)el?(— «, «). First, let it be verified that
the voltage function corresponding to j—(1/R)Frj
is Fgrj, where the Fourier transform of Fgrj is

{RZ(w)/[R+Z(w)]}J (w). To do this, it is sufficient to

TAI TSUN WU

note that the function
R'Z r 1 RZ
J—— J:I
R+ZL° RR+Z

RZ Z Rz
_—J= J
R+Z RAZR+Z

indeed approaches 0 in the limit in'the mean ags R’ —» .
1t only remains to show that if the »(¢) corresponding to
j{t) is —Rj(8), then j(#)=0 almost everywhere. This
follows directly from (iii). Note that the fact j()=0
for 1<y is not used in this proof.

6. PROPERTIES OF Z(w)

In this section, a few simple properties of Z(w) are
found.

A theorem of Herglotz gives a representation of any
analytic function in the unit circle with a non-negative
real part. This theorem can be easily applied to the
upper half plane, as given, for example, by Shohat and
Tamarkin.? Z{w) may be written as

® 145w

da(s)

Z(w)=—idwtiB—i / (6.1)

o STW

where A4 is a positive constant, B is real, and a(s) is a
nondecreasing bounded real function. The meaning of
a(s) is clearly provided by the formula

ReZ (x)=n(142%a (x) (6.2)

almost everywhere. Furthermore, Z(w) determines 4,
B, and a(s) uniquely.

In the synthesis of audio networks, an impedance is
often separated into a reactance and a minimum-
reactive part. This result-may be obtained from (6.1) by
the Lebesgue decomposition theorem. Thus, for any
nondecreasing function a(s),

a(s)=a1(s)Faz(s)+asls),

where o (s) is nondecreasing dand absolutely continuous,
and both as(s) and as(s) are nondecreasing and have
zero derivative almost everywhere; as(s) is a step
function and a4(s) is continuous. With (6.3), let

(6.3)

Z(w)=zl Zi(w), (6.4)
where
Zs(w)= —iAw, Za(w)=’iB, (65)
and
© 145w
Zilwy=—1i| ———da;(s) (6.6)
o S @

for j=1, 2, or 4. The identification is as follows. The
part Zi(w) is minimum reactive, and all the others
represent reactances. The part Zs(w) represents the

37, Al Shohat and J. D. Tamarkin, The Problem of Moments
(American Mathematical Society, Providence, Rhode Island,
1943), Lemma 2.1,
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inductance, and Z;(w)4Zs;(w) constitutes every re-
actance encountered in conventional circuit analysis.
The part Zs(w) is heretofore unknown and to be dis-
cussed in Sec. 9; Zs(w) is the frequency-independent
ideal-gyrator part, referred to before.

It is still necessary to define a reactance. Intuitively,
this should be done as follows. If F is a reactance, and

(R®F)j=v, then

Re f (O (Ddt=(1/R) / W% (6.7)

—c0

Physically, this means that the energy put into the
parallel combination of a resistance and reactance is all
dissipated in the resistance. However, this should be
made more precise. Certainly, it is necessary that
vel?(— 0, ®). Some condition has to be put on j(¢).
At first it may seem reasonable to require that j() is
Lebesgue square integrable over every compact set.
However, a moment of thought indicates that,in general,
this is not enough to insure (6.7). So the simplest thing
to do is to assume that j(#)eL?(— o, ). Therefore, a
reactance F is defined by the condition that if both 7(¢)
and v(#) are Lebesgue square integrable over (—, «)
and (R®QF)j=1, then (6.7) holds.
It remains to show that an impedance is a reactance
if and only if the corresponding Z(w) satisfies
ReZ(x)=0 (6.8)
almost everywhere. The “‘only if” part is completely
trivial and the “if”’ part follows from the equation

R+Z(x) 1

o
RZ(x) R

almost everywhere if (6.8) holds.
Finally, it may be stated that if both j(¢) and »(¢) are
required to be real functions of the time ¢, then

Zi(—u*)=Z*(),
da;(s)= —da;(—s),

(6.9)
(6.10)
and

B=0. (6.11)

7. ANALYSIS OF THE TRANSIENT
In elementary electric-circuit textbooks, it is often
stated that

o()= / i) f =),

where f(#) is called the é-function response of the
impedance. Of course this equation is not strictly true,
but a formula of this sort does, indeed, exist. In this
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section, a description of any impedance in the time
domain is to be derived.
First of all, it should be proved that

is uniformly bounded for y=Imw>y¢>0, where the

integration is performed along a line parallel to the real
axis. This follows from (6.1) with the observation that

2
dx

Z(w)

2

w

I+sw 12

[Jzezsle
—wlw?(s—w)

is uniformly bounded for y>y,>0 and for all s.

Therefore, there exists a function %(f) such that
h(#)=0 for ¢<0, k(e is square integrable over
(— o0, ®) for any ¢>0, and the Fourier transform of
h(d) is —Z(w)/ w2

The following result is to be proved. If j(£)=0 for
$<0 and j"(?) is square integrable over every bounded
interval, then an impedance may be represented through

X

=+
v(t)=/ Hr)dh(t—7). (7.1)

Of course, the integral here should be interpreted by
integration by parts. Physically, this means that a
modified Stieljes convolution may be used to study
transient behavior provided the current function is
sufficiently smooth. Incidentally, this also asserts that
this special class of current functions is admissible to
every impedance.

To prove this result, it may be assumed without loss
of generality that 4(f) is square integrable over
(— o, ). First, if v(¢) is defined as in (7.1), v()e=*t is
square integrable over (— =, «) for any ¢>0, for

oo 2
/ e~e'dl

1+
/ j(7)ah(t—7)

< f /ij"(a)fﬂda b | Ydre—sids

S/ 177(a)|%de | |h(r)|2%e<m%dr

X/ e tidi< oo, (7.2)
0

In particular

[ 7)) [h(t—7) | drdt< .

/w
—o0 =00

(7.3)
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Therefore, by Fubini’s theorem, if Imw<0,

L4 o
/ / J()ah(—1)ettdL
~00 o O~

=/ / 7' (Dh(t—7)eitdidr

=/‘°° /” 7" (D) h(o)eie ™t dodr=Z (w)T (w). (7.4)

Since
(7.5)

it follows from (7.2) that

+
e / J@@h(—r)=Lim. ~(R®F)j (1.6)

0—

for >0. Comparison with (5.2) gives the desired result.

Equation (7.1) indicates that %(¢) is an important
and interesting function. If it has a second derivative,
then 4" () is the 3-function response of the impedance.
Otherwise, the §-function response has to be considered
to be a distribution.

It is natural to ask for a direct relation between A(f)
and a(s). Formal calculation from (6.1) gives the result

h(t)=—g(®)+"g(t)+g(0)+A+iBt 1.7
for 120, where .
g)=[ eda(s), (7.8)
and
"e(t)= fo ‘ fo ug(tz)dtzdtl. (7.9)

The simplest way to prove (7.7) is by a direct calcula-
tion of Fourier transform. Since g(f) is bounded by the
total variation of «(s), all changes of the order of
integration are justifiable by Fubini’s theorem. The rest
of the proof is straightforward.

In particular, (7.7) asserts that k(f) may be easily
calculated from the simpler entities 4, B and g(2).

8. INVARIANCE AND NORMALIZED IMPEDANCES

The function g(#) is important because of its simplicity
in form on the one hand and its simple relation to k()
on the other hand. Except for a real multiplying factor,
g(#) is the Fourier transform of a probability distribu-
tion, and thus gives a curious connection between
circuit theory and probability theory. From this point
of view, impedances with the property that the total
variation of a(s) is equal to one are particularly impor-
tant. Before studying these “normalized”’ impedances,
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the following question should be considered. Is the
separation of Z(w) as given in Sec. 6 really physically
meaningful, or, in other words, is the separation any-
thing more than a mathematical fiction?

A reference to (6.2) indicates that the representation
(6.1) puts a special emphasis on the point w=1; indeed

Z@)=A+iB+a(o)—a(—©)].  (8.1)

By shifting this arbitrary emphasis from w=1 to another
point w=wo with Imw,>0, (6.1) may be generalized
to yield

Z(w)=—1Adw+iB,,

(8.2)

—1 doi, (5).

[ s(w—2 Rewo)+ |wol?
[ —=

Note that the constant 4 is independent of the choice
of wo. The validity of (6.2) implies that

(1+a%)da(x) = (Jwo| 4-22— 2z Rewo)dau,(x). (8.3)

Since the decomposition of Z(w) is based on the local
structure of a(s), it is easy to see that the real parts of
Zi(w), j=1---5, are invariant under a change of w,.
This is not true of the imaginary parts; they may
change by additive constants.

In the special case that v(f) is real whenever j(f) is
real, it is true that Z;(w) are invariant provided
Rewy=0, for

Z5(0)~ Zag 5() =i f Lot (5)— deton 5(5)]

— Joo—1] f — ey ;(5)=0, (3.4)
—w 152

j=1, 2, 4. The requirement that Rew=0 is reasonable
because of symmetry.

An impedance is said to be normalized at wo if the
total variation of a,,(s) is 1. It is clear that this is not
a very useful physical concept because of its lack of
invariance with respect to wo. For simplicity, consider
only the case wo=1. Now g(#) is truly the characteristic
function of a probability distribution, and thus existing
theorems for probability theory may be directly
adopted, for example from Wintner.* Out of the infinite
variety of possible problems, only the following one is
considered. Suppose k(f) is known for small ¢ is it
possible that this information is enough to determine
h(?) for all £? This cannot be true in general, for the
knowledge about %(f) over any finite interval is usually
not enough to determine A(#) for all £ The simplest
example is the reflection from the end of a transmission
line. For this question, note the theorem that if g(f)=1
+O0(#) as t— 0, then g(¢)=1. When this is applied to a

4 A. Wintner, “The Fourier Transforms of Probability Distribu-
tions.” Lectures at Johns Hopkins University, Baltimore, Mary-

land, 1947 (unpublished).
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normalized impedance with (7.7), it asserts that if B=0
and A()=A+324+0(®) as t— 0, then k()=A+12
Physically this means that if j(¢) and v(¢) are real, if the
impedance is normalized, and if, for small #, (¢) behaves
sufficiently like that of a series combination of an
inductance and a unit capacitance, then the impedance
isindeed electrically identical to that series combination.
In particular, for any impedance, not necessarily
normalized, if 2(f)=A44+0(#) as t— 0, then k()=A.
This is to be expected physically for k(¢) is the voltage
function corresponding to the current input

0 <0,

()=
i) ¢ 120,

Next, consider the case B=0 and 2({)=A+0(#). In
this case g(f)=g(0)+0(#), and hence S . sida(s)
exists. This is interesting in considering reactances
because for L—C impedances, all moments exist for
a(s). In general, if the second moment exists for a(s),
then A(2) has a second derivative for ¢>0 and for B=0

dzht wO)I= [ eivd (8.5)
— i)~ ()]~/_me B(s) :

for 120, where
dB(s)= (1+s*)da(s).

This is essentially the é-function response.

(8.6)

9. AN EXAMPLE

Referring to the decomposition of Z(w) in Sec. 6, by
far the most peculiar part is Z4(w). Since this type of
impedance is hitherto unknown, it is instructive to
work out an example. Perhaps the simplest one may
be constructed from the Cantor function, which is
defined over [0,17 and satisfies the relation

1/2C(s) for 0<s<1,

§
C(—)= 1/2 for 1<s€2,
3/ 11=1/20(3—s) for 2<s<3.

(9.1)

Its approximate shape is given-in Fig. 1. In order to
satisfy (6.10), choose for simplicity a(s) as follows, in
view of (8.5)

B(s)= / (1+s2)da(s)
—1/2 for s<$—1,
—1/2C(—s) for —1<s5<0, ©.2)
1/2C(s)  for 0<s<1, ’
1/2 for 1<s.

With this choice of a(s),
1dC(s
Z(w)=~1% / )

0

b
82-(1)2

93)
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1

C(s)

0 S 1
F16. 1. The Cantor function.

and

1
B ()= f cosstdC(s) for t20. (9.4)
0

Since Z(w) is not even continuous for w real, only " (¢)
is to be evaluated numerically. For this purpose, let

1
k(t)=/ e U—UDC (5). (9.5)
0
Since k(?) is real, it follows that
K’ ()=Ek(l) cosit. (9.6)

A recurrence relation may be obtained by substituting
(9.1) into (9.5). The result is simply

k(3t)=Fk(¢) cost. 9.7y

Since a power series expansion for £(¢) may be obtained
from (9.7), Egs. (9.6) and (9.7) are enough for the
numerical determination of 4" (Z).

A few simple properties of %"’ (f) may be obtained by
inspection. It is clear from (9.4) that

LEOIES® (9.8)

with equality sign only for {=0. From (9.6) and (9.7),
the principal peaks of %”/(f) must be in the neighbor-
hood of

la=2-3"-m, (9.9)

where # is an integer. Equation (9.7) also indicates that
the peaks become narrower as % increases. From

B (t)=h"(2r)#=0 (9.10)

and (9.8), it is seen that the maximum values of
| ()| for these principal peaks are bounded above and
below by positive numbers. Physically, this means
that the transient for a §-function current input never
dies out, and thus there is no steady state in the con-
ventional sense. This is to be expected because the
function defined in (9.2) is not the integrated spectrum
of an almost periodic function. The function 4”(¢) is
given graphically in Fig. 2.
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10. THE KRONIG-KRAMERS RELATIONS

The Kronig-Kramers relations are the integral repre-
sentations of the real and imaginary parts of Z(x) in
terms of each other. One of the relations may be ob-
tained easily from the results of Sec. 6, without the
many defects of the conventional proof by contour
integration®; the other one turns out to be false in
general. It is of interest to note that Kronig gave only
the correct one.

To begin with, let Egs. (6.9)-(6.11) be satisfied.
Without the assumption that a(s) is absolutely con-
tinuous, the integral representations are impossible
because of (6.2). To get the Kronig-Kramers relations,
it is thus further assumed that a(s) is absolutely
continuous but the constant 4 in (6.1) is not necessarily
zero. With

Z(w)=R(w)+iX (w), (10.1)
it foltows from (6.10), (6.11), (6.1), and (8.6) that

X(w)=—2w/

for Imw>0. It remains to take the limit Imw — 0.
Since a(s) is bounded, /i da(s)/ (14 5?) exists. There-
fore, by Fatou’s theorem, it follows® from (10.2) that

!/
X(x)=—Ax— 2x] B() ,

o si—x?

oo

1
dB(s) Re—————A Rew (10.2)
s2—w?

(10.3)

where Cauchy principal value is taken at s=|x].
By (6.2)

* R
X(x)=— Ax——— (x)dx

T Jo

(10.4)

s2_x2

5J. H. Van Vleck, Massachusetts Institute of Technology
Radiation Laboratory Report 735, 1945 (unpublished).

8§ E. C. Titchmarsh, Introductwn to the Theory of Fourier
Integrals (Oxford Umver51ty Press, New York, 1948), 2nd ed.,
p- 124, Theorem 92.
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Now, let this result be applied to the complex
dielectric constant. Let it be separated into the real and
imaginary parts by

e=¢ i€’ (10.5)
Since the electric energy dissipation per unit time is
proportional to we”’||El|2, where E is the electric field

vector, the combination —iwe(w) is an impedance
function. Application of (10.4) to this function yields

© se’’ (s)ds

é(x)= A+ (10.6)

0 s? —x-

still with the principal value taken at s= {x|. This is one
of the Kronig-Kramers relations except that the con-
stant 4 need not equal lim,.., ¢ (x), which may not
exist.
It may be noted that (10.6) is sufficient to insure a
causal relation between D and E.
The second Kronig-Kramers relation is usually
given as
»e(s)—4
€ (x)=—— | ———ds,
rJo st—a?

(10.7)

with principal value at s= |x|. However, in general the
integral on the right does not converge. To see this, it is
sufficient to consider

B(s)=X

n=1 (s—n)’-i—a,,

an

with a,>0 for all n. It is clear that the integral diverges
if a, approaches zero sufficiently rapidly as #— o,
This represents the physical situation of a sequence of
absorption lines with rapidly increasing Q. Although
there are a number of possible sufficient conditions for
(10.7) to hold, none of them seems to make sense
physically.

Even so, it seems to be reasonable to think that the
invalidity of (10.7) has more to do with the interpreta-
tion of the integral than with the actual physical
situation. From the work of Titchmarsh,” it seems to
be true that (10.7) is valid provided the integral is
interpreted as follows:

f fadz= lim / fu(w)ds,

where

n for f(x)2n,
f(x) for | f(x)|<n,
for f(x)<—mn.

falx)=

-n

It should be particularly noted that the present proof
of one of the Kronig-Kramers relations depends on the
observation that D-E represents energy storage, and

7 E. C. Titchmarsh, Proc. London Math. Soc. 29, 49 (1929).



SOME PROPERTIES OF IMPEDANCE AS A CAUSAL OPERATOR

that with this observation none of the difficulties
encountered by Toll® arises.

11. DISCUSSION

Except in a few examples, this paper is concerned with
a genera] impedance under the conditions of linearity,
passivity, reproducibility, and causality. Although
linearity in terms of the superposition of two functions
only is postulated, this fortunately leads to the stronger
linearity in terms of Fourier transforms. The assump-
tion of reproducibility, or the commutation with time
translation, is necessary for the existence of a frequency
response, in particular of the impedance function. Of
course this does not necessarily imply that the physical
entity under consideration is mechanically stationary.
Suppose that a two-terminal black box is given as a
physical realization of an impedance. It should be
particularly emphasized that the present work is
exclusively concerned with the external behavior of
the black box; what happens inside is of no interest at
all. In particular, this should be noticed in connection
with the definition of a reactance. If the given black box
does not represent a reactance, it is still not necessarily
true that electric energy is converted into heat inside
the black box. The energy that cannot be extracted
again may be stored in a number of other forms, such
as electric, mechanical, or chemical energy. A simple
example is the semi-infinite lossless transmission line.
Its external behavior is identical with that of a resist-
ance, and hence it is certainly not reactive. But no heat
is generated.

The Lebesgue decomposition theorem has been used
to separate a general impedance function into several
simpler parts. Of these the example given in Sec. 9 is
of special interest. Let Z(w) denote that particular
impedance function defined there, then ¢~2%) is indeed
admissible as a 1X1 scattering matrix. Thisis a counter-
example to a result of van Kampen,® in that ¢~Z(+ can-
not be extended to be a meromorphic function. This is
due to an erroneous application of the Schwartz reflec-
tion principle. In general, this example is useful in
testing a number of conjectures. Furthermore, it is an

8 J. S. Toll, Ph.D. Thesis, Princeton University (1952).
® N. G. van Kampen, Phys. Rev. 89, 1072 (1953).
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open question whether the behavior of A”(f) in this
case, in particular the boundedness of the peaks, is
generally valid in any nontrivial subset of react-
ance functions constructed from continuous singular
functions.

The following two anomalies may be of particular
interest :

From the point of view of physics, it is inconceivable
and against all intuition for a continuous singular func-
tion to appear. However, it seems to take a new physical
principle to exclude these functions. For example, it
cannot be argued that these functions should be
excluded because no experiment can be performed in a
finite time to ascertain their existence, since this same
argument may be used to exclude a number of lossless
systems. :

In the last section, one of the Kronig-Kramers rela-
tions was obtained, including the number of subtrac-
tions. However, this was done at the expense of the
other relation. It may be worth reemphasizing that the
subtraction constant is not necessarily the limit of the
imaginary part, more generally the absorptive part. If
one more subtraction is used, both relations may be
expected to hold. Loosely, it may be said that the
failure of one of the Kronig-Kramers relations is due to
to the possibility of extremely violent oscillations of the
real part, whose occurrence is also against physical
intuition.

It is of course completely unknown whether the
difficulties encountered here also occur in problems of
field theory or not. The assumption of passivity is of
fundamental importance here; without this assumption
the whole derivation fails. In field theory of elementary
particles, it may be hoped that unitarity can play a
similar role, Whether it does and whether it can be used
to exclude the two anomalies mentioned in the last two
paragraphs are completely open questions.
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It is proved that the perturbation expansion of matrix elements for a class of meson theories has a nonzero
radius of convergence. Included are theories which describe bosons of nonvanishing mass, coupled linearly
or bilinearly to fermions (but not antifermions) via an interaction which cuts off or attenuates sufficiently
rapidly for high boson momenta. By bounding the propagators by their values for zero boson momentum
one obtains a majorizing series to the perturbation expansion which converges geometrically.

INTRODUCTION

HE applicability of perturbation methods to field
theoretic problems has not been theoretically
justified. A fundamental outstanding question is the
convergence of perturbation expansions. In this paper
a demonstration is presented of the convergence of
perturbation expansions for cutoff meson theories if
the coupling is sufficiently weak. This includes theories
where a field of bosons (mesons) of nonzero mass
interacts linearly and/or bilinearly with a fermion field
(without antiparticles) and where the interaction
attenuates sufficiently rapidly for high momenta of
the mesons. The proof will apply to scalar, pseudo-
scalar, vector and axial vector, neutral, charged, or
symmetric mesons interacting with one or more nucleons
which may recoil or be recoilless. A detailed proof will
be presented for the system of one fixed source nucleon
interacting via linear coupling with any kind of meson.
The modifications necessary in other cases will then be
indicated. The quantities to be expanded are a class
of matrix elements in terms of which nearly all quanti-
ties of physical interest can be evaluated. The pertur-
bation expansion is a sum over all possible diagrams for
the process described by this matrix element. The
amplitude for each diagram will be majorized in such
a manner that the majorizing series, a power series in
the coupling constant, converges geometrically. No
effort will be made in this paper to obtain sharp or
realistic upper bounds for the radius of convergence
beyond mere demonstration of a nonzero lower bound.
The majorizing scheme consists in merely replacing
all propagators by their value for zero momentum of
the mesons. The generally large number of mesons
in propagation in a large order diagram provides
sufficient suppression of the amplitude to result in a
total amplitude for all nth order diagrams of the order
of (constant)=.

This naturally will imply analyticity of the matrix
element as a function of coupling constant f within
some circle in the complex plane about f=0. The sense
of this statement, however, should be made clear. The
derivation of the power series expansion in f is based
upon certain assumptions concerning the spectrum.
These may fail to hold for unreal f, undermining the
physical basis for such an expansion. Nevertheless, the
expansion analytically continued from real values will
converge.

HAMILTONIAN AND MATRIX ELEMENTS

The system to be discussed, a fixed source nucleon
with linear coupling to mesons, is described by the
Hamiltonian (%= c=normalization volume=1)

H=Hy+H,. (1)
Ho=2k wlpdk*ak (2)

is the free meson Hamiltonian, w,= (k4 u?)! where u is
the mass of the meson and u0. The interaction
Hamiltonian is

Hy= Y s v(k)Sk(ar+a—*), 3)

where fis the coupling constant. v(k) is a real “autonom-
ous” cutoff function, i.e., a real c-number function of
that guarantees convergence at the high-momentum
end of all integrals in which it appears, independently
of other factors present. This is to be distinguished
from an “auxiliary” cutoff function which guarantees
convergence only in the presence of certain other factors.
S in a recoilless theory is a nucleon interaction operator
describing the transition in nucleon state accompanying
the absorption of a meson of momentum and internal
state (charge, spin) described by k. S is a finite-dimen-
sional matrix Sy*=S_, and we denote an upper bound
to the diagonal matrix elements of Si*Sk by |8(k)|2,
[s(k)=8(|k|)]. We assume there are one physical
particle states |a), |8) in the discrete spectrum which
go over into bare states |a), |8) as f — 0.! The presence
of the discrete states which approach a bare state when
f—0 is a sufficient, possibly necessary condition for
derivation of perturbation expansions in f. If f were
complex, the Hamiltonian would be non-Hermitian,
and stationary states in the sense of time-separable
normalization-conserving states will in general not
exist. Whether the states, stationary in the sense that
they undergo a factorable exponential decay in time
(due to the complex frequencies), become bare states
in the limit of f— 0, is not clear. The physical assump-
tions which seem to be required for the justification
of the perturbation expansion may not justify expan-
sion for complex values of the coupling constant,
although convergence for complex f can be proven.
For f real, more than one discrete point in the energy
spectrum may exist, as in the case of more than one

1 W. Frank, Nuovo cimento (to be published).
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fixed nucleon, so long as these states all approach bare
states as f— 0. For simplicity they are assumed
degenerate.

Such a discrete state, denoted by |a), would satisfy

(H—Eo)|e)=0, 4)

and |e) is a normalizable state. It is assumed for the
present, but proven in the Appendix, that E;— 0 as
f=0. The algorithm of the Chew-Low formalism
applicable to this system, permits the matrix elements
of all operators between eigenstates of the total Hamil-
tonian to be written as the matrix elements of an opera-
tor function of the total Hamiltonian and nucleon vari-
ables alone between bound states of the system. Matrix
elements of physical interest (scattering and production
amplitudes, bound-state energy, form factors) all seem
to involve operators of a special form: a product of an
alternating sequence of nucleon operators and propa-

gators. (By a propagator is understood the reciprocal

of a polynominal in #, with possible projection or
rejection operators present for certain states.) The
convergence will therefore be studied for matrix
elements of the canonical form

M(Q; K)E(ﬂISkI(QI+H)—ISkz_1' o
XSk (+H) Sk |a).  (5)

|a), |8) are bound meson eigenstates of H, Q is a set of
Q (1=1,2,---,1) which are given (or ‘“external”)
energy parameters, and Kisasetof &; (=0, 1,2, -+ -, 1),
a given set of meson indices. This also constitutes a
general canonical form for physically interesting matrix
elements for theories other than Eq. (1).2 In more
general theories the S; may denote the interaction
currents with an incident or created meson, and the
Q (=1, .--,1) the energies of these external inter-
acting quanta. If the above stated requirements hold
for such S, convergence can be demonstrated. To
prevent singular behavior at f=0, it is assumed none of
the Q;(Q:£Q), is equal to zero. For situations of
physical interest we first limit ourselves to €, real, but
having an infinitesimal imaginary part if the de-
nominator is singular. Without loss of generality we
may take all these imaginary parts to have the same
sign, which we choose to be (say) positive. The con-
vergence arguments will be applied with small modifi-
cations for Q; complex.

THE EXPANSIONS IN DIAGRAMS

A perturbative expansion of M(Q;K) as is well
known, is easily represented as a sum of the amplitudes
corresponding to diagrams for the emission and absorp-
tion of virtual mesons relative to the external vertices
Si. Such a result can be obtained either by expansion

? For pion nucleon scattering see e.g., F. E. Low, Phys. Rev.
97, 1392 (1955). In the general case it is a consequence of the
reduction procedure. H. Lehmann, K. Symanzik, and W. Zimmer-
man, Nuovo cimento 1, 205 (1955).
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of the term in the S matrix corresponding to M (Q; K),?
by expanding the propagators and initial and final
state vectors of Eq. (5) in an explicit power series in
1, or by evaluation of the derivatives of M(Q; K)
with respect to f at f=0.° In each derivation one
assumes a discrete state which becomes a bare state
when f=0. The rules for writing down the amplitude
for any such diagram are here summarized: (see
Appendix)

(1) All diagrams corresponding to any total number
of mesons emitted and absorbed are admissible, if they
have the following structure: (a). Only one meson may
be emitted or absorbed at a vertex. (b). The vertices
may not coincide with any of the vertices for an external
interaction Si. (c). All emitted mesons must be ab-
sorbed. (d). The mesons emitted preceding (in time)
the first vertex Sk, may not all be absorbed preceding
that vertex. (e). Similarly, the mesons absorbed
following the final vertex Si, may not all have been
emitted following it.

(2) Starting with the earliest vertex and proceeding
consecutively in time through all the vertices, one forms
an operator by multiplying in sequence (to the left)
operators fv(p)S,* for a vertex at which a meson p
is emitted, fo(p)S, at a vertex at which a meson p is
absorbed, and S;, for the vertex where an external
interaction Si;(k:SK) of Eq. (5) takes place. One
evaluates the matrix element of the operator so formed
between the initial bare nucleon state |«) and the final
nucleon state |B).

(3) For each interval between two consecutive
vertices (whether for a virtual or an external inter-
action), one writes the energy denominator (3_ w+Q)7,
where Y w is the sum of the energies of all the virtual
mesons in propagation in that interval and Q is generally
a particular one of the Q,(2:£Q) in Eq. (5). If the
interval in question lies between the vertices for the
external interactions S,_, and Si,(k:k.1EK), then
Q; is chosen for its energy denominator. If the particular
interval precedes Sy, or follows S, then — Eg is written
for its value of €. .

(4) One multiplies the quantity described in rule 2
by the quantity described in rule 3, and sums over the
momenta and other indices of all the virtual mesons.
One also multiplies by Z,, the wave function re-
normalization. _

(5) One sums these amplitudes over-all admissible
diagrams described in (1) to get the terms of the pertur-
bation expansion.

(6) If I=—1, i.e., no external vertices are present,
an additional factor of —1 is present.

For the purpose of clarification we cite an illustration.
For

M(Q; K)=B|SkQet+H)'Sk, (Qu+H) Sk |a), (6)
3 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).

*See e.g., G. C. Wick, Revs. Modern Phys. 27, 339 (1955).
8 W. Frank (unpublished).
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the diagram in Fig. 1 is admissible. Its amplitude would be
2(p1)7*(92) (B] SkeS 25 2151 p2*SieS p* @)

A=2Zyf* 3

CONVERGENCE FOR Re Q> —u

The pessimism with regard to convergence of pertur-
bation expansions in field theories is partly based on
the consideration that the number of possible diagrams
in which » virtual mesons are involved is of order #!
for large #. One may verify for the theory under
discussion, that the number of admissible diagrams in
which # virtual mesons appear in different time order-
ings relative to the /41 external vertices, behave for
large n like 273 "(2n)"++1. The presumption that all
amplitudes are of the same order of magnitude and
roughly constant would imply divergence. Such a
presumption is unrealistic as it fails to consider de-
pression of the amplitudes resulting from propagation
of many virtual mesons. If it is assumed that the
average number of mesons present in the field at any
time is of the order an}(a>0), then the suppression
factor due to the 2un propagators is sufficient to give
geometrical convergence. That the average number of
mesons in the field goes like an? seems plausible, if one
notes that emission and absorption of mesons is
basically a one-dimensional random walk process whose
statistics show such a result.

We first restrict ourselves to the case where all Q are
real, greater than —y, and unequal to zero, so that all
the propagators in M (@; K) are nonsingular. The am-
plitude for a given diagram of order 2#, labeled by an
index ¢, is of the form

A=Z,f %

PL, P2 Pn

?(p1): - 2*(pn)

X (ﬂ|ST2n+IS”2n+l—-l' : 'SnSmIC‘)Dt; (8)

where 7o, 71, 73, -+, 7241 IS SOme permutation of the
meson indices ko, ky -, kh Py 0%t Py —P1, — Py
+++, —pn, and D, is the product of the energy de-
nominators appropriate to the diagram ¢.

We proceed to find bounds for this amplitude. From
the upper bound |$*(k)| on the diagonal matrix
elements of S:*S, and the Schwarz inequality one can
easily derive the following upper bound for the modulus
of the matrix element appearing on the right side of

Eq. (8).

Fi1G. 1. One of the diagrams in the expansion of the M (2; K) given
by Eq. (6). The arrow shows the direction of time.

. 7
P1.P2 (‘*’m— ED) (wm"‘Ql) (wp1+wm+91) (‘-'-’m +"’m+92) (‘-"m+92)92 ( )
| B1S i+ -SeiSle)|
2n+l
< IL 18(r) | =|8(ko)- - -8(R)S(p1)- - -8(pn)], (9)

so that we can write

[Aef L Zosf X

PLP2Pn

(1) 0 (Pa)
X |8 (p)---8(pa)| [ D], (10)

5=|8(ko)8(k1)- - - 8(k1)|. (11)

We shall majorize {D,| by a quantity D, independent
of the momenta $,, ps, * - -, P~ so that we can write

where

[ A:| < Zsf*"K"D,

K=Y, (p)|8(p)]

and as we have assumed, all integrals containing »(p)
converge. Z; is shown to be convergent in the Appendix.
The quantity D; is of the form

(12)
(13)

where

2n4-1 1
Dt= H )
p=1 w,t4-0,

(14)

where p is an index enumerating the energy denomi-
nators which are 2x#+/ in number, w,f is the sum of the
energies of all the virtual mesons propagating in the
interval p, and Q,! is —FE, or one of the Q:(2.EQ)
appropriate to the interval p. We underestimate each
denominator by replacing each w, by #,%, where #,* is
the number of mesons in propagation over the interval
p- This is equivalent to setting the momenta of all
mesons equal to zero in the propagators. The Q,¢ are
also replaced by a lower bound (% If all the Q; are
positive, we choose

t= mi
[ S

n Q,‘ N
n { }
and then use the estimate if Q,'#% — E,,

1/ (w0, 4+ 2,9 < 1/ [u(n,'4-2) ],

where (*=gzu, and 2>0. If Q,'=—E,, sincé E; is
negative we underestimate the denominator by setting
(¢=0. If some of the Q; are negative but greater than
—u, then in the denominators where 7,21 we choose
{* as that value @ of the Q;(Q:£Q), for which the
quantity p-+4-; is minimum, while if #,=0 we choose
as a lower bound to its @,¢ the quantity @, which is
the smallest of the quantities | Q| (2;& Q). Thus, in this

(15)
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case we use the estimate

1/ 1w, 2t <1/[p(m,t4+32)] for n,t21 (16)
1/uzy for n,t=0,

where 2=9'/u(—1<3<0), and 20=Qy/u(20>0). With-
out loss of generality we assume z<1. The ensuing
analysis applies with slightly fewer complications if
z2>1. However, if min{Q;} > one can always choose
<y,

The quantity | D;| is therefore majorized by

entl (Ot
lDt| <Dt—#—2"_l H - an
i PREEN

where {,'=1 if @, — E, when all the Q; are positive,
and if 7,20 when some of the Q; are negative. If all
the ; are positive and Q,°= — Ey, then {,*= (1+2/#,%).

If some ©; are negative and #,'=0, {,*=|z|/20. Thus,
Z2sf2nKn§-2n+l 2ntl 1
l t| < ’ (18)
#2n+l =1 |npl+z]

where {=max[1+4]z], |2|/20]. Summing now over all
diagrams ¢ of order 2#, the total amplitude for processes
entailing 2x virtual mesons, 4™, can be majorized by

Zzsf2nKn§-2n+l
Ao X A <——F——
f “2714-[
order 2n

2n+1

x 2 1II (19

tof  p=l In‘,’+z]

order 2n

Further estimation is facilitated by classification of
the structure of diagrams by means of an index which
will be termed a “word.” The “word” corresponding to
a diagram is a sequence of 2n--I+1 letters consisting of
the three letters “e,” ‘““a,” and ‘“0,” where the kth
letter in the word is an “‘e,” “a,” or “ ”” depending on
whether the kth vertex (ordered timew1se) of the dia-
gram is an emission vertex, an absorption vertex or an
outside (external) vertex. Thus, the word corresponding
to the diagram in Fig. 1 would be “eocecaao.” More than
one diagram may correspond to the same word, as
the word does not specify the order in which mesons are
absorbed. However, for each p, the #,¢ are the same for
all diagrams ¢ belonging to the same word. This is
clear, since the #,* depend on how many emissions and
absorptions have taken place preceding and up to the p
interval, and this quantity is common to all diagrams
having the same word. One can thus rewrite the sum
over diagrams in Eq. (19) as a sum over all possible
words.

2n4-1 1
D=
¢
orclle(:'on ~t [np +Zl
2n4-1
= Z No IIT ———, (20)
words Pl |n,, +z|’

length 2n +l +1
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where N, is the number of diagrams belonging to a
given word w, and #»,” is the common value of #,! for
all diagrams ¢ belonging to the word w. We find it
convenient to further classxfy all words havmg the
same sequence of ‘“‘e’s’”’ and “a’s” but differing in the
posmon of the 41 “0’s” into a class indexed by a

“wrd,” viz. a word Wlthout the “o’s”. A “wrd” is thus
a sequence consisting only of ‘“e’s” and ‘““a’s.” The
number of words corresponding to a given wrd is smaller

2n+-14+1 .
than or equal to L1 > The latter is the number

of ways of selecting the J41 “o’s” from the 2n+74-1
vertices, and not all locations of “o’s” are permxssxble
since absorptlon of all mesons before the first “o” is
not allowable, and a similar restriction holds for the
final “0.” We may factor from the denominator product
in Eq. (20), the (!41) denominators following the
external vertices (the “0’s”) in a diagram, and we may

bound these (I+1) terms by 1/z where 2
=min(|z|,2,1). We can thus write
‘ 1 (Zn—l-l-l-l) > H 1)
Sott\ 141/ wdsaof ",,_1|npu+z|

length 2n

where #,* is the number of mesons present in the p
denominator after the (J41) denominators following
an external vertex have been eliminated. N, is the
number of diagrams containing no external vertices,
which correspond to a wrd ». The quantity

. 2n 1
= ¥ NJ—= ¥ — (@)
prdsest ool [mba] gmdsust g,

is easily bounded. Each wrd in Eq. (20) is a sequence of
2n letters, consisting only of “e’s” and “a’s”’. The ﬁrst
letter must clearly be an “e” and the last one an *

Let a wrd # consist of a block of 7, “e’s” followed by a
block of ry “a’s,” followed by 73 “e’s 7 followed by 74
“a’s,” etc. Let there be ¢ blocks altogether Clearly ¢
is even and £ 2n. Moreover,

rtrst - troa=ratret =0

Let v,, be the excess of ‘“‘e’s” over “a’s”’ (viz. the number
of mesons present) after the mth block. Clearly,
Vzk_1> 1, V2k>0, V2k—1>"2k, V2k+1> Vok (k an integer).

Vm= f (—')"-H’J'-

7=1

(23)

We use the notation
©)m=clc—1)- - (c—m+1)
=T (c+1)/[T(c—m+1)],

where m is an integer. Then by counting the number
of different ways in which each meson to be absorbed

(24)
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can be chosen from the number of surviving mesons at
any time, one finds for a given wrd %

(25)

Similarly the product of the denominators inh Eq. (20)
is easily found to be

Au=| (z4v1)n 2+ 11— 1), @+ vs) (a4 vs— 1), - -
X (Z+ Vq—l)rq_l (Z+ Vg—1— l)rql . (26)

Thus, for each wrd «

‘Vu_ (Vl)f'.!(VS)n' . (”q—l)rq
Au (V1+z_1)r2(l’3+5_1)n" -(vq_1+z—1),q
1

D)t D e (oot D) res

4V14= (Vl)"z(u3)n~' . (Vq—l)rq'

@)

The terms in this expression are easily bounded by
quantities independent of #. All the factors in .V, can
be ‘“canceled” by corresponding terms in A,.

V?k—l) ok
‘--—-——"( SLe(z) ] (28)
(vak—1F2— 1)1y
where
c(z)=max[1/{z], 2/(1+2)] (29)

and is a fixed finite number. We note an excess of terms
in the denominator contributing to further diminution
of \\../A., which we shall not take maximal advantage

of.
! 1 ! 1 Tok—1
b S( ) ) (30)
fvar—1F2) ra s 1432
Ny c(z)7"
i s[—] . (31)
A, 142
Therefore
4c(z) 7"
dn<|: :| , (32)
1+2

since the numbef of wrds is smaller than 4*. From
Egs. (19)-(22) and (32), one obtains the estimate

Zostt (2n+l+1>[4 f?Kc(z);z]n -
I+1 w24z 157

This clearly demonstrates the geometrical con-
vergence of the perturbation expansion for M (Q; K).
A lower bound on the radius of convergence found from

Eg. (33) is
_ [n‘l(1+z)T
1[‘_0. 2 .
’ 4K ()

1‘;1 (2n) i <
#IZII+1

(34)

This quantity approaches zero as s approaches 0 or —1,
suggesting singularities in M (Q; K) if one of the Q;
should be 0 or —pu. This is indeed so for z=0, as a
propagator H™' in M (; K) is equal to £y and there-
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fore has a pole in f for propagation of the intermediate
physical state |a). If a rejection operator for the bound
‘‘zero meson’’ states accompanies the H~!, convergence
will follow from the above reasoning. The suggested
singularity is, however, spurious for z= —1. This will be
discussed in a succeeding paper dealing with the
singularities of the perturbation expansions.

It is to be noted that this convergence result will
continue to hold under ‘variation of parameters,”
viz., if in the terms of the expansion of a particular
M (Q; K), the positive ; appearing in the propagators
are varied independently from term to term over a
range of positive values bounded away from zero.
Similarly the negative @; can be varied independently
over a range of Values 2> —u but excluding some finite
internal about 0. The radius of convergence may vary
under these conditions but will be bounded away from
zero.

Convergence also follows by slight modification of
the proof for ; complex-valued in the half-plane
ReQ;> —p excluding the point €;=0. Denominators in
this case are estimated by

110+ 3 wp| <V2/(Re @+ | Im @[ +mu).  (35)

=1

Case Re Q.;{ —u

This estimation procedure must be modified when
for some of the Q;, ReQ; < —u so that the minimum value
of the energy denominators is not bounded away from
zero. Let the set of Q;&Q for which ReQ;{ —pu be
denoted by QF%-. We first consider the situation where
all Q€ QF- are real. The difficulty of vanishing de-
nominators can be circumvented by modification of the
path of momentum integration in the complex plane.

-We assume that all ©;&QR- have an infinitesimal

imaginary part of the same sign which is say positive.
Such is the structure of all matrix elements arising
from an S matrix describing scattering processes. Let
the most negative of the Q; say Q' obey the inequality
— (I4+1)u<Q < —1Iu (I an integer). Then, the propa-
gation of more than the number 7 of mesons at a time
results in a nonvanishing energy denominator, which
suggests that the convergence characteristics of the
expansion would not be much affected by the modifi-
cations due to these vanishing denominators. We also
assume that no two of the 2, Q% are equal. This is not
a restriction in view of the quantity M (Q; K) being
a distribution in the variables Q,, where the omission of a
finite number of values for ©; is of no consequence.
Physically, as a result of the finite energy width of the
incident beam necessary to properly define scattering
states, one never speaks of the exact equality in energy
of two asvmptotic particles in a scattering process.
We moreover assume that the function (k) and S, are
analytic in k(k= |k|) in the strip 0<Imk< y, Rek>0,
and that all integrals are bounded which contain (k)
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and run along the path Imk=py from some positive
Rek to Rek= . If v(k) should be abruptly cut off for
k>kmax, it is assumed that v(k) is analytic for
0 Imk< u, 0<Rek< kmax. Then for a selected num-
ber of momentum variables, for that matter for

all of them, one deforms the path of integration from

the positive real axis to (say) the path C shown in
Fig. 2. Along such a path Rewp2> u, a fortiori |wy| > u,
and all our previous estimates based on such a relation
still hold. If in particular, none of the 2;&Q%- are an
integral multiple of —u, clearly all formerly vanishing
energy denominators are bounded away from zero
and the modulus of each may be estimated by this
lowest bound which we shall call ju. We now estimate
the matrix element (with its complex valued meson
indices) as in Eq. (9), and obtain the expression Eq. (12)
with the two modifications, that the path of integrations
will be different and the estimates for the vanishing
energy denominators in D, shall have been replaced by
the quantity bu. Estimation of D, takes place as before
except for the just mentioned replacement for the
vanishing denominators. The integration in Eq. (13)
can be performed as before to yield by analyticity the
same constant K along the deformed path of integration.
One finally arrives at the expression Eq. (17) with the
only change that #,'4-2 is to be replaced by b if its
corresponding exact denominator vanished along the
undeformed path. As previously suggested, although
the radius of convergence may change, the convergence
of the perturbation expansion for sufficiently small f
will not. Replacing the vanishing energy denominators
by bu modifies the previous estimate of D, in essentially
two ways. Firstly, the factor 2,7, removed in Eq. (21)
as an overestimate of the propagators following the
external vertices, should trivially be replaced by

257! where
1 11111
_=max[—f—f——:—,’_;:1 3 (36)
% blz| 205 3
where we interpret z and z, as before in terms of
2.EQ—Q"%, and 2, 2, respectively, represent the
absolute value of the minimum fractional part of

Iw r

Rep

F16. 2. Deformed contour C for virtual momentum inte-
gration when some {); are real and negative.
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I~p

[ o
odd G\ P
(] Re r

F16. 3. Deformed contour C’ for virtual momentum
integration when some ;€ £¢-.

1—-Q;/u and Q:/u (2 QF-). The z and 30 of (15) and
(16) are also to be redefined to apply to this more
general case. Secondly, the quantity d, in Eq. (22)
should also be multiplied by a factor

In,,:‘-}-z[
o,.(5)
o’ of vanishing b

denominators

= (37

In view of n,'<I+1 for vanishing denominators, one
easily finds the overestimate

E<[U+2+1)/5].

These changes though they may affect the radius of
convergence in f do not affect convergence for suffi-
ciently small f. If all :£QF% have nonvanishing
imaginary parts, contour deformation is not necessary,
and for real virtual momenta, the denominators are
estimated by

(38)

1 1

< o if m<I+1
{Qi"’ Z wml

]
- if m>2I+1, 39
e 2 (39)

where
2= min {ReQ,)
He
(40)

Q'= min {ImQ.}.
neEQR-

Convergence then follows as it did for Q& Q- real,
with || playing the role that bu did there.

If some of the Q,&EQF are real (but for the in-
finjitesimal imaginary increment) and some are complex,
so long as none of the real ;& Q% are non-negative
integer multiples of —u, a bounding procedure can be
established by appropriately deforming the contour
of the momentum integrations. If the imaginary parts
of all the complex Q&€ Q#- are positive, the contour of
Fig. 2 will do. If some of the complex 2;&Q~ have
negative imaginary parts, another contour C’ can be
chosen. Let £¢ be the set of Q.€ Q# whose imaginary
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part is negative. The contour C’, illustrated in Fig. 3,
starts at p=0 and rises at an angle of 45° till p=7’
continues along the curve Cy to p=72"" then follows the
curve Cy to p=p'"" (real) and continues along the real
axis. The peint ' is chosen according to the specifi-
cation Rep'=Imp’, 0 <Imw, <bju where

b= min (2;/1,) 4
where
—([1+1u< min ReQ;£ —Ip. (42)
e Qe

The curve C; is chosen so that everywhere along it
Imw,<by and |w,| 2> p. This qualification guarantees
that there is no cancellation of the negative imaginary
part of an ;€ Q¢ against the positive imaginary parts
of an w, along the deformed contour, so long as there
are fewer than I;+1 mesons in propagation. The
contour is continued along C; to a point " such that
Rewy > (I1+1)p and then continues along a more or
less arbitrary curve for which |w,| 2 u returning (say)
to the real axis at "> p"". Along this deformed contour,
all denominators having at least /;+1 mesons in
propagation are bounded in modulus by an inequality
like Eq. (15). Propagators with 7, or fewer mesons in
propagation are in consequence of the contour chosen,
bounded in modulus. Convergence for this case then
follows as before.

Convergence can also be demonstrated when some
of the ReQ;(Q:E Q%) are positive integer multiples of
-~p. The demonstration entails a greater complexity
of analysis and will be deferred to a subsequent paper
discussing the singularities of these expansions.

EXTENSIONS—BILINEAR COUPLINGS

This analysis constructed for a theory with linear
coupling of recoilless nucleons to mesons is easily
extended to include theories with couplings bilinear
in the meson field and nucleons that can recoil. We
first discuss the extension to bilinear couplings. Such
bilinear couplings give rise to a term in the Hamiltonian
of the form

sz Z

PN 34

{ u(k,k’)Skk'&kdk’ +M* (k,k,)skk’*ak*ak’*
+w(k k)T croi*a } . (43)

The Sy, Tri are again finite dimensional matrices and
it is assumed that their bounds and the u(k,2’), w(k,k")
are such as to allow the same kind of bounding pro-
cedure on the nuclear matrix element and the mo-
mentum integrations as before. Energy denominators
are estimated as before, by their minimum value
if Re;> —p for all Q£ Q, and the procedure outlined
when this fails to hold. The principle of the estimation
procedure carried out on Dy, the product of the energy
denominators, continues to hold with the following
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modifications. One now indexes each diagram by a
“biword” constructed of six possible letters: “e,”” for
the emission of one meson; ‘“‘e;” for the emission of two;
““ay”” for absorption of one meson; ‘“ay” for the absorp-
tion of two; “n” for the bilinear vertex which both emits
and absorbs one meson making no change in their
number; and “o” for the outside vertex. Again, the
biwords are classified into classes of “biwrds”; the i4-1
denominators following an “o”” vertex are estimated by

2n+1+1
21 and a factor ( it ) appearsasan upper bound

+1
to the number of biwords in a biwrd. In the estimation
of the quantity N,/A; for the biwrds of 2uth-order
diagrams, we note that the number of factors in the
denominator A; is still 2z—1, the same as for wrds.
They are modified in that the denominator for an
interval will change by -+2, 0, —2 if that interval
respectively follows an “e;,” “n,” or “a,” vertex. The
pumber of factors in .V, which counts the number of
diagrams corresponding to a biwrd is, however, changed
in a significant way. For an interval p following an
“n” vertex, a factor #,* appears counting the number of
ways a meson can be absorbed, and for an interval
following an “ay” vertex a factor 3n,%(n,°—1) appears
enumerating the number of ways of selecting two
mesons to be absorbed. A bound for N';/A; similar to
that constructed for .V./A, for wrds can be found. As
in the estimation of V./A, in Eq. (27), to every factor
in the numerator a factor can be found in the de-
nominator for which the ratio can be bounded in-
dependently of the value of the numerator. As before,
for each #,® in the numerator counting the number
of ways of absorbing a meson after an “a;” or “n”
vertex or the number of ways of absorbing the first
meson after an ‘“‘a,” vertex, we correspond the de-
nominator for the interval following that absorption
vertex. This is #,°+2z—1 if the denominator is bounded
away from zero, and b otherwise. To the factors
1(n,*—1) in the numerator which enumerate number
of ways of choosing the second meson after an “a.”
vertex (in this case #,°2>2) we correspond another
denominator containing #,% that which follows the
last interval ¢ which precedes p when at least that
number of mesons first appeared. These are the
propagators

ia
H [(V?i—1+5) rz;—x]_l

i=1

(5]

in Eq. (26) which were not ‘“canceled” by any
numerator in Eq. (27), and were individually bounded
by (1+2z) in Eq. (30). In place of this for biwrds,
if the denominator for creation of the #,%’meson is
nonvanishing, we find a ratio

3(n,*—1)

—_— 45
(ncb+3+7¢b) ( )
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where v,2=0, 1 depending on whether vertex preceding
the interval were “e,”’ or ‘‘es,” respectively. The quantity
in Eq. (45) can be bounded by a quantity ¢,(z) which is
independent of & and p. An upper bound for Nu/A,
under these conditions is easily seen to be

INo/Bs| <[c(@)r(x)]" (46)

and convergence easily follows. If the denominator
estimated by #,°+2+7, was a vanishing one and was
to be replaced by b, the same procedures as before show
convergence.

This method of pairing off of factors in the numerator
against those in the denominator in N,/A; will not
follow  through for trilinear and higher multilinear
interactions. This, of course, does not prove the
divergence of such theories.

RECOIL

The inclusion of recoil necessitates two changes in
the structure of perturbation expansions which has
been described. A matrix element for the recoiling
transition of the nucleon appears at each vertex and
it depends on the momenta of all mesons propagating
in the two adjoining intervals. The propagators for an
interval are also modified by the energy of the recoiling
nucleon. If an assumption is made of ‘“autonomous
cutoff”’ like behavior of the recoil transition matrix
elements, guaranteeing convergence of all integrals
after disregard of the momentum dependence of the
propagators, then the methods and results established
will continue to apply with slight modification. The
situation of auxiliary cutoffs and theories with con-
vergent integrals will be dealt with in a subsequent
paper.

DISCUSSION

The convergence of static meson theory is a conclusion
of interest, as static meson theory has provided an
adequate model for the elucidation of certain physical
phenomena. This includes the two and three nucleon
systems which can be discussed fruitfully within the
framework of static meson theory.® Another approach
to the convergence of cutoff theories has been in-
vestigated by Edwards.” This convergence justified the
prescription of Castillejo, Dalitz, and Dyson8 that the
solution of the Low integral equation becomes unique
and physical when one demands analyticity in the
coupling constant near zeto.

It should be noted that it was not necessary to
expand, as we have done, about f=0. One might write
a perturbation expansion using Ho+eHi, (e<1) as the
unperturbed Hamiltonian and (1— €)H; as the pertur-
bation term. The amplitude for a diagram contains a
matrix element of the form Eq. (5) (with H in the

¢ W. Frank, Ann. Phys. (to be published).

?S. F. Edwards, Phil. Mag. 46, 569 (1955).

8 L. Castillejo, R. H. Dalitz and F. J. Dyson, Phys. Rev. 101,
453 (1956).
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denominator representing Ho+eH,;) between eigen-
states of Ho+eH,. By means of the Schwarz inequality,
such a matrix element can be estimated by a bound of
the form Eq. (9), and convergence of the resulting
power series in (1—e¢)f (with coefficients depending on
¢f) can be concluded. Thus no real significance has
been given to the point f=0. It should further be noted
that the estimated radius of convergence is proportional
to u, clearly a result of the estimation procedure. The
presumption that quantum mesodynamics may have a
finite radius of convergence proportional to u for small
p suggests divergence for a zero mass boson theory.
Such a result has recently been indicated for quantum
electrodynamics with a further indication that the
nonanalyticity for e=0 may be entirely contained in
the functional dependence of the renormalization
constants on e Application of the methods of this
paper to relativistic field theories is currently under
investigation. The theories investigated in this paper
differ from relativistic field theories in three respects
apart from the problem of the zero mass boson. They
are, firstly, the restriction to theories with autonomous
cutoff functions in this paper, secondly the presence of
antifermions in the relativistic theory, and thirdly, the
necessity for renormalization procedures in field
theories, leading to a ¢* term in meson theory. The
restriction to autonomous cutoff functions is not
essential, so long as the momentum integrals converge.
This will be discussed in a subsequent paper. The
inclusion of anti-fermions introduces greater complexity
in the structure of the diagrams. This situation is under
investigation. The presence of a ¢* term in meson
theory might not lead to convergent results. This is
basically the same problem as the convergence in the
presence of antifermions. In a cutoff or regularized
theory the ¢* term is obviated, and the linear interaction
can be studied without such a renormalization.
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APPENDIX

The Perturbation Expansion and
Convergence of E, and Z,

The proof for the convergence of M(Q; K) has
relied on the assumed convergence of Eo and Z,, and
the consequent properties of E,, that E, is negative
and goes to zero continuously as f — 0. The convergence
of Ey and Z; will now be shown by essentially the same
reasoning applied to M(Q; K), but with no prior
assumptions. The complete proof of the convergence

® I. Bialynicki-Birula, Phys. Rev. 122, 1942 (1961).
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of M (Q; K) thus consists of a chain of two similar sets
of steps applied first to demonstrate the convergence
of Ey and Z, then reapplied to M (Q; K). Unnecessary
repetition has been avoided by first assuming con-
vergence of Eo, and Z, in the demonstration for
M(Q; K).

The rules for the expansion in diagrams presented in
this paper correspond to a mixture of the explicit,
standard form of perturbation theory and the implicit
or Brillouin-Wigner form of perturbation theory. The
dependence of the matrix element M (Q; K) on the
coupling constant f is contained in three places: in
the H in the propagators, and in the initial and final
state vectors. The propagators are expanded in an
explicit perturbation expansion, i.e., by writing

1 1 1 1
= - Hl +
Q+H Q+H, Q+H, Q+H,

(A1)

The initial and final state vectors are expanded im-
plicitly from the formula!®

lay=Z} 14+ (Eo— Ho—AH,)"'AH,]|a) (A2)

where A is a rejection operator for the bare no-meson
state. In the perturbation expansion of |a), Zo* and E,
are treated as parameters independent of f and not
expanded. One thus expands |a) as
]01)= Zzi[l+ (I/EO—H(])AHI
+(1/Eo— Ho)AH,(1/Eo— H)AH ;- - Jla).  (A3)
FEy as a function of f is determined! as that solution of
E=Y(E,f)=(a|Hi(E—Ho—AH:\)'Hi|a) (A4)
which is O(f?) as f— 0. Z, is determined'? by
- Zy'=1-083_/3E| =g, (AS)
10 G, C. Wick, Revs. Modern Phys. 27, 4 (1955), Eqgs. (2.5')
and (2.6").

1 Reference 10, Eq. (2.7).
12 Reference 10, Eq. (2.11).
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The perturbation expansion of 2_(E,f) as a function
of f is identical with the perturbation expansion
described for M(Q; K) in the case I=-—1, ie, no
external vertices, where the self energy E, is replaced
by the parameter E and the Z, factor is omitted. The
proof presented in this paper shows that this pertur-
bation expansion is convergent for sufficiently small
fif E<p and is in fact uniformly convergent in E for f
interior to its circle of convergence. For this range of
values X (E,f) is analytic function of both f and E.

The function
T(E,f)=E-3(E,f)

for this range of values is therefore analytic in f and E
and clearly has a root at E=0, f=0. Since 67/3E#0 at
this point, the implicit function theorem! implies that
the equation T(E,f)=0 defines E as an analytic
function of f in some neighborhood of f=0. The
consequence is that Eo is an analytic function of f
for sufficiently small f, demonstrating the convergence
of E,. From this and the analyticity of 33_/9E as a
function of both f and E, follows the analyticity of Zs™!
in the neighborhood of f=0. Since Z;7'#0 at f=0, the
analyticity in f and hence the convergence of Z,
follows.
The matrix element

(A6)

CINAEY (AT)

represents the renormalized vertex, and its convergence
implies the analyticity of the renormalized coupling
constant f, as a function of the unrenormalized coupling
constant f. From df,/df#=0 at f=0, follows the
analyticity of f as a function of f,, and consequently
the convergence of perturbation expansions in the
renormalized coupling constant.

_ Analyticity of M (Q; K) as a function of f implies
analyticity in the cage where the 2; are analytic functions
of fin the neighborhood of f=0.

131, Bieberbach, Lehrbuch der Funktionentheorie (Chelsea
Publishing Company, New York, 1945), pp. 190-191.
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The set of all pairs of polynomials X (x,p) and P(x,p) in the position x+ and momentum p are found
such that X and P have the same commutator as x and p. Several other types of representations of the
commutation relations are studied. The reducibility, time, and space inversion properties of these are
discussed. The unitary transformations connecting different representations are exhibited. The use of
different representations to solve scattering and bound state problems is indicated. The application of
one of the transformations to a partial diagonalization of a perturbed harmonic oscillator Hamiltonian

is made.

L INTRODUCTION

possible approach to the problem of diagonalizing

the Hamiltonian is to construct a pair of operators
x and p that have the proper commutation relations
and such that the Hamiltonian is diagonal in this
representation. If there is available a large catalog of
representations, it may be possible to select one that
diagonalizes or nearly diagonalizes the energy. The
same transformations may be applied to the calculation
of the § matrix and the method is illustrated below.

Several methods of constructing representations are
considered. It should be noted that all representations
are connected by unitary transformations but that it
may frequently be simpler to construct different
representations than the unitary transformations
connecting them. In general, it is useful to have
sequences of transformations of increasing complexity.
This will permit the presentation of solutions as the
limits of simple approximations.

This observation suggests that representations that
are polynomials in existing representations might be
useful and this case is treated first. There exists an
n+3 parameter family of such representations if » is
the degree of the polynomials. Unfortunately because
of their time and space inversion properties, the useful-
ness of these representations for physical problems is
limited. This may be illustrated by observing that
¥'=x4p and p’'=p are satisfactory representations of
the commutation rules if x and p are. However '
does not behave in a reasonable manner under time
inversion. If an attempt is made to remedy this by
using even powers of p in x (for example, x'=zx+p?
#'=p) the space inversion properties of x are spoiled.
This situation is completely general for polynomial
representations except for those of the type a'=ax,
#'=p/a. In the Appendix it is shown that » and p form
a basis for all operators in the Hilbert space and thus
all representations, aside from questions of convergence,
are series in x and 2.

Alternatively, one may attempt to find matrix
representations. The conventional representations (har-

* Supported in part by the U. S. Air Force Office of Scientific
Research.

t Present address: Department of Physics University of
California, San Diego, La Jolla, California.

monic oscillator) have only the two lines adjacent to the
principal diagonal occupied. Suppose that more, but
still a finite number, are occupied. The algebraic
difficulties have prevented a definitive answer to this
question. If there are only.two nonvanishing elements in
each row of the matrix, the representation is a standard
one up to phase changes in the basis states or a direct
sum of standard representations.

Finally, any complete set of functions #,(x) ortho-
normal in (— o, «) gives rise to a representation,

Enm= /u,.(x)xu,,, (x)dx

1 d
an=_ '['un(x)—*um(x)dx.
1 dx

Changes in the variable of integration give rise to a
wide variety of possible x and .

The expansion of the S matrix after a canonical
transformation has been made can be given in a manner
similar to the conventional scattering theory. If the
scattering states y,®¥ are given by

i€

Yo =—gy
E,—H+1e
A unitary transformation I¥ may be introduced as
follows
€
Y =WW* WW*¢,
E,—Hxie
i€

— W__—___I/V*¢a
E,—H-ie
where H=W*HW. The S matrix given conventionally
by

Sav= 7 [¥s'P),
becomes after the transformation,
—1e i€
Sn.h = <¢a

W- — — W*‘¢;,>.
E.,~H+ie E,—H+ie |
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Finally, if A=K+V, and . are a complete set of
eigenstates of K, S is given by

Sub=<¢al W{¢c]>

(i)

The outside terms are transformations from the

¢a><¢diw*i¢b>

—H--ie Ey—H-+ie

eigenstates of K to K. In general they are not delta

functions because K is not the transform of K. This
middle term is almost the expression for the S matrix
in the barred representation, except that the energy
denominators are appropriate to the unbarred represen-
tation. The utility of this result is that with a proper
choice of W, the ratio V/K may be less than V/K.
The same result can also be obtained starting from
the time-dependent theory. Let ¢(#) be the time-
dependent Schrodinger state vector. Then ¢(¢), defined

by
(="K (h),

is the interaction representation state vector. The time
translation operator U (4,4,) is defined by

o (=U(t,t)¢(to)
and satisfies the differential equation
0U /ot=V (DU (4,t).

Similar quantities are defined in a new representation
related to the original one by

y=Wx
The vector x satisfies the differential equation

ix=Hx.
Again it is possible to introduce an interaction represen-

tation and a time translation operator U(4,t). The two
time translation operators are related by

U(t tﬂ) —_ ethwe—thD’(t to)gthoW* —iKty

The Matrix element of U(4,fy) between the states ¢,
and ¢, is given by

(b U (1,80) | p0) = (s | W| . JoiFaF"
XUBU (4, t0) | Ga)ei EaEOHE W * | ).

S is calculated by allowing #— o and #,-— — . This
gives the same result as above when proper account is
taken of the oscillatory factors.

II. POLYNOMIAL REPRESENTATIONS

In this section we assume that one representation of
the commutation rule [x,p]=1 is known and we look
for others that are polynomials in.the original pair.
Instead of x and p it is more convenient to use the
non-Hermitean pair

a=(mx+ip/m)/V2, a*=(mx—ip/m)/V2

FRANCIS R. HALPERN

where m is a parameter having the dimensions of mass.
The operators @ and ¢* have the commutation rule
[a,0¥]=1. New operators 4 and 4* are defined by

T t
A= 3 ¥ Awp(a*)rat?,

=0 p=0

where the 4,, are coefficients to be determmed so that
[4,4%]=1.

After a lengthy but straightforward calculation that
involves numerous changes in the orders of iterated
sums and redefinitions of the indices of summation, the
commutator of 4 and 4* is found to be

2r-2 W

[4,4%]= 2 X fW,V)(@*)"a",
W=0 V=0

where f(w,) is given by
(g (V—t+g+r)!
g (V—t+q)!
(t=g+n) (W= V—g+n)!
(=) (W—V—g)!

FW,V)=22: 2

t4r t—g

XA*W—H-':' WeV—g™

X A tr t—q+rA * W—t+r W—Veqtr(»

In order to satisfy [4,4*]=1, it is necessary that
f(W,V)=0 when W0, and that f(0,0)=1.

The solution of this lengthy system of equations
begins by considering the case W=2T—2. The case
T=2 is illustrated as the general case proceeds in the

same manner and is considerably more complicated.
The f’s for T=2 are

f(O,O) =A1d 10*— A 1d ¥+ 24 204 0% — 24 204 00"
f(l,()) =A IOA 21*+ 244 ?0*4 10*__' 2A 114‘4 2‘2*—“14 21‘4 11*
f(Z,O) =24 3042%— 24914 95*
1(2,1)=4A450400* — 44 204 2%,
Since [4,4*] is an Hermitean operator, f*(W,V)
= f(W, W—V) and no new information is gained from

the remaining f’s. An examination of f(2.1) shows that
Asp and As have the forms,

A20=Re"°‘ A22=Re"8.
Similarly from f(2,0) it follows that 4 is given by
Ay =2R'eierDr,

The equation f{1,0) presents the first serious problem.
It should be noted at this point that because of (2,1)
we have that f(0,0)':A 1wl 1*~A41n4u* and con-
sequently the magnitudes of 4; and 41 must be
different.

The equation f(1,0) is to be considered as two real
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linear equationsin two unknowns Re{4 10} and Im{4 10},
to be solved for in terms of the other 4’s. To solve a
complex linear equation the following lemma is of use.
The equation ‘

ax+bx*=¢
has the solution

w=(ca*—c*b)/ (|a|*—[b]?),
provided
|a|2#|b|2

Ii this condition is not satisfied, then there may still
exist a one-parameter family of solutions provided that

a*c=be*,
If this condition is satisfied then « is given by
x=c¢/2a+ir(b/a)l.
The application of this lemma to f (1,0) gives the result

A=t A ¥
provided that
| Ag1|25%4 | A2

This result is not consistent with

f(0,0) =1,

R'=R.

hence

From part two of the lemma, there still may exist a
solution of the equation f(1,0)=0 and it is easily shown
that the necessary condition is satisfied. Thus Ao is
given by

A 10= %A uei(‘!“ﬁ)m_*_%A ll*ei(d‘hs)—{..ifei(wf-i‘
Finally, using this result to satisfy f(0,0)=1 gives the

following set of values for the A4’s, where further use
had been made of the lemma.

Apy=(p+ir)eitietdis
An=[pzi(rt—1)F]eis+ais
Ag=Re®™
Agy=2Rei@Di2
Aze=Re®.
The solution for the general case is
Aro= (r14-ir)eix+o
Ay= ['1:&?:(?'22“‘" 1 ]eitx-9

A= R‘(;)gix+i(t—2p)¢.

The detailed argument has been carried through for
T=3 and it is simple to show that these A4’s reaily
solve the equations for any T.

Under space inversion both x and p change sign.
Since @ and ¢* are linear combinations of x and p they
also change sign. If then 4 and 4* are to have the same
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behavior, their expansions can contain only odd &
Under time inversion, x is invariant and p changes sign,
but so does 7. Hence, a and a* are time inversion
invariants. For 4 and 4* to preserve this property it is
necessary that the coefficients 4, all be real. A brief
inspection shows that the only satisfactory solution
having these properties is

A = coshaa-+sinhaa*
A*=sinhae+ coshaa®,

or, equivalently,
X'== (cosha+sinha)x
P'=(cosha—sinha)p.

Thus in any system in which time and space reversal
are allowed operations, these representations will not
suffice to diagonalize the Hamiltonian. Since the limit
of any sequence of transformation of this character is
in the set, it is not possible to approach arbitrarily
closely to the solution of such a problem with a represen-
tation of this character. The time development of
some systems may be represented by an operator of
the polynomial type with time dependent parameters.
That is a solution of the Heisenberg equation of motion
may be found in this form, since there is no reality
requirement on the Heisenberg operator.

Aside from the phase factors, the polynomial
representation may be considered as the product of
two simpler transformations

ad=a+2X R 2 ( ;) (a*)rat=>
@'’ = coshaa’ +sinhaa'®.

The Unitary operators that generate these two trans-
formations are

exp[z R }:( ;) (a®) Fa“‘”]

expl[a(a?—a*?)].

III. CONNECTION WITH CLASSICAL CANONICAL
TRANSFORMATIONS

and

A classical canonical transformation is specified by a
generating function which may be several different
types. For one-dimensional mechanics it is a function
of two variables. If it is separable, that is the generating
function is the product of two functions each of one
variable, it is possible to give a reasonably explicit
solution for the new variables in terms of the old. One
may then verify that if the appropriate Hermitean
combinations are formed, at least formally a quantum
mechanical canonical transformation is also generated.
Since one is dealing with functions of operators it is
necessary to give some definition to them and at this
point many of the classical transformations fail to go
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over to genuine quantum transformations. We restrict
ourselves to simple generating functions of the type

F(p' . x)=p"f(=).

Then we have

x'= f(x)
=01 @)L @)

Because of the parity and time reversal requirements
we find that f(x) ashould be an odd increasing function
of x and f'(x) should be a positive even function of x.
The simplest choice is that f'(x) is a constant. This
gives the linear transformation x’=ax. Next in order
of increasing complexity is f'(x)=(a+bs?)?. The
explicit construction for (a+5b2%)! is discussed at
length in the appendix. Because of the difficulties
encountered in this construction, the present method
does not appear suitable for producing quantum
mechanical canonical transformations.

IV. MATRIX REPRESENTATIONS

It is possible to choose any real Hermitean matrix
with zeros in the places dictated by parity as a possible
z. If the equation px—xp= —1 can be solved, a canonical
pair has been exhibited. We begin with x that have
only the position adjacent to the main diagonal different
from 0:

%i5=0i41;8jF 85118041,

The matrix p can be solved row by row. The first
three are

—ipii=08i411(20,) " +8i513(20;8;410542) 1241

+8:545(28,0/41054205430,54.4)

j
X Z (a,,+2"2,-—ag-122a+1)+ T
=0

where

+Es+l= (S+1)as+12—2 Z atz.
t=0

If we require that p stop after a certain number of rows,
it is only necessary that one row vanish to make all
succeeding rows vanish. (Row is used here to denote
the set of elements on a diagonal not a horizontal row).
For example, for p to have only one row, Z,=0 and
this generates the harmonic oscillator representation.
If p is to have two rows,

Ss+222.v = aa—1223+1-

a¢’, ar’, and @, are optional and all others are deter-
mined, but a2 must be greater than 0. If the restrictions
a2>0 are imposed, each successive equation puts a
more stringent demand on ao, @1, ¢» and it appears not
unlikely that there is no set a¢?, a2, a;? different from
1, 2, 3 that satisfy these equations.

Matrices in which the row adjacent to the diagonal
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is not occupied are unsatisfactory as they are reducible.
For.example the matrices with the sequence of values
V1, 41, V2, ¥2, etc. two rows above and below the main
diagonal, is the direct sum of standard «’s.

V. APPLICATION TO A PERTURBED
HARMONIC OSCILLATOR

The application of the linear transformation to the
perturbed harmonic oscillator with Hamiltonian

H=p*/2m+im?x*+\x?

is considered. The result of making the transformation
¥=ax, p'=p/ais

H' = p2/2ma+ imPa?x24-ha's?
17 mx? 1\ m?x*
e O (e

a®\2m 2 a?/ 2

A value of the parameter « less than one can be chosen
so that there is cancellation between the x* and «? parts.
This makes the unperturbed part larger and the
perturbed part smaller.

APPENDIX

In this Appendix a variety of associated algebraic
results are derived.

1. Any operators may be expressed in terms of a and
a@*. If a and a* are taken in the harmonic-oscillator
representation, then the matrix e; which has a une in
the 7th row and the jth column is given by

w (a*)+ign+i

€= 2 (= (A1)

(P15 D)} n=o n!

The 7, s matrix element of e;; is

1 % (——1)" ris! ]
(eadrim— (— -

@Dt a=  n! \(r—n—i)!(s—n—j)!
Xar—n-—js—n—j

()i Y

217! n=0 p{(r—1—mn)!
=5n'5.;j-
Since any operator can be expressed in terms of the

eij, it can also be expressed in terms of a and a*. As an
example the parity operator P may be written as

P=% (—1)e,,

(a®)a

=2(=2)

(A2)

Pl
II. The normal products of order ¢ are defined as

t

Niaf)= ¥ ( )(a*a*)”(ﬂa)‘""-

¢
(A3)
p=0 p
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The Hermitean conjugate of N.(«,8) is given by
N*a,B)=N(B,).

If a=g, N is Hermitean. The commutator of @ and N, is

(A%)

[a,Ni(a,8)]=0a*N 1(a,8). (AS)
Similarly the commutator of N and a* is
[Ni(a,8),a* ]=BIN -1(a,B). (AS")
By induction it is possible to prove that
(/21 LN g, (a*B)*
(e*a*+Ba)'= X (A6)

= sl(t—25)120

Assume the formula is true for ¢&. Then we have

{(a*a*+Ba)t*!
L/2) , t(a*B)*

=3 (a*a*+Ba)N,_p0———

a0 si(t—2s)12¢

tia*B)s [ =20 st—12s

— T (7@t

s=0 §1(1—2s)12¢ ?

p=0
+(a*a*)?(Ba)* 27+ +-Ba* (1= 25) N iz

[t/2]

el tl{a*B)e

= Z '_'_'——_’_(Art—h-{»-l_*_ﬁa*(t_2S)Nt—2.s—l)
s=0 s!(1—2s5) 12¢
w2 t(a*G)’

= T ¢ 128

s=0 s!(t—2s) 120
[e+1/2] ti(a*B)*
4 7t—2s+1
= (s—1)1(t+1—25) 12
(e+ns2r (1) a*8)®

=0 s!(t4-1—25) 120

hV4
AV p1—250

It is possible to invert (A6) and express the X’s in
terms of the powers of (a*e¢*+8a),

N,= g (- l)at!(a*a*_'_ﬁa):—'za(a*ﬂ),.
. si(t—2s)12¢

(A7)

I (A6) is used for (a*a*+Ba)2, this result may
easily be checked. The multiplication rule for the N’s
N’s may be deduced from that for the (a*e*+Ba)

tu!

N.N,= (@*B)"Neru—ar, (A8)

r (t=r)rl(t—u)!

where the sum is over values of r compatible with the
factorials in the denominator. This is proved by
expressing both N’s in terms of (a*a*4-Ba) by use of
(A7) and then re-expressing the product in terms of a
single N with the help of (A6). The only difficult point
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is the formula
(—1)*tb(u+-t—2a—2b)!
Flutn)=2 2
s b alb!(u—2a)!(t—2b)!(r—a—b)!
2:(u+1—2r)!

N (u—n)l(t—r)lr 3

which is proved by showing that both expressions for
F(u,t,r) satisfy the difference equation

Futr)=2/n)F(u—1,i—1,r—1).
In particular we note that
NlAT¢= N,+1+a*ﬁlN¢_1.

The most general function of a*a*-+8a is a series in
the N’s. Let us determine some functions. The reciprocal
of a*e*+4-Ba=N, is given by

—=3 o, N..
a*a*+Ba o

The coefficients can be determined by multiplication
with 1\71
1=No=z PtNth
= Z pz(N:+1+d*Pth—1)
=2 pe1tpea(t+1) (@*B)N ..

The coefficients of like NV on both sides are equated and
the recursion relations

=1/
per1= —pi—y/ (t-+1)a*B

result. These may easily be solved

1 (—1):N a1 (—1)!Ne,
a*a*+Ba 135 - 2t+1(a*B)" 241 (a*B)!
=R+ AR

The first operator R is a particular solution of the
inhomogeneous equation

(e*a*+Ba)x=1,

while AR’ is the general solution of the homogenous
equation

(a*a*+Ba)x=0.

These formulas may be slightly generalized to find the
inverse of a*e*4Ba+vy by introducing the quantity
N (aBy) defined by

u2 tI(—1)*(a*a*+Ba+7) "2 (a*B)*
N!(a’6)7)= Z :
g S'(t—ZS) 12¢

(A3)
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These new N’s are related to the old ones by

V=2 (Wwsr, @10

and they have the same multiplication rule (A8). Thus
the reciprocal of a*s*+Ba+v is given by

1/(a*0*+Ba+v)=R+AR’, (A9)

where R and R’ are now given by N (aB8y) instead of
N(eB). The difficult point with both of these equations
is the determination of the constant A4 so that the
reciprocal is more than formally correct.

Equation (A9’) may be expressed entirely in terms
of N(aB) by means of Eq. (A10).

1 © Nu w  212(—1)2+-u
a*a*+Ba+'y= u-o;? tepuz) (2+1—u)!(a*B)!
Al ‘2 N = (= 1)£(28) by .
u=0 %! 4_pu2) 2124(a*B)H(2t—u)!
It has been shown that
exp[N(a,8)Ja exp[—N.(a,8) ]=a—a*tN:_1(a,8).

Thus the commutator of exp[N:(e,8)] with a is

{exp[N(a,8)], a} = —a*N._s(e,8) expNi(a,8). (Al1)

On the other hand exp[N(e,8)] has a series expansion
of the form

exp[N(a,8)]=3% p.N.(e,).

FRANCIS R. HALPERN

Both sides of Eq. (A11) may be calculated using the
series expansion and then the coefficients of identical
N’s may be equated. This leads to

Pst1 (S+ 1)
(s+2s+1—1¢) Ha*B)"
=1! Pet2s+1—t-

! Al12
r (t—1=r)tr!(s+r—i+1)! (A12)

It is only practicable to solve this relation when /=1
or 2. In these cases it becomes

(s+Dper1=ps (A12a)
(s+1)par1=2(psrt (s+1)psr10*8), (A12D)
The solution of these is
ps=po/s! (A13a)
p2a=po/s!(1—2a*8)* (A13b,
so that
No(a,8)
expla*a*+Ba]=po Y. , (Al4a)
s!
and v
exp[a*a*+2u*Ba*a+B%a? ] =po ¥ —————. (A14b)
(1—a*8)*s!

The p’s can be found by using the relation

exp[AN ] exp[uNJ=exp(A+u)N..
Thus for N we find po=¢2*#? and for N,,

S
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For the quantum-mechanical scattering of a particle by a static potential, a method due to Kato determines
upper and lower bounds on cotn, where 5 is the phase shift for a given angular momentum. The method is
readily generalizable to the case of elastic multi-channel scattering if one can a prior: diagonalize the scatter-
ing matrix S to determine the standing-wave eigenmodes (by symmetry considerations, for example). We
here consider the case when this can nof be done. Both bounds are obtained on the independent elements B;;
of B, where B=:(14-8) (1—S)~, which then determine bounds on the elements of S, and on the eigenphase
shifts and mixing parameters. One-dimensional scattering by V (x) £ V (—«) provides a concrete two-channel
example. The numerical results obtained are very encouraging.

The Kato method is useful only if one can obtain solutions of related scattering problems. The most
significant feature of the present approach is that the related scattering problems can be single-channel

scattering problems.

1. INTRODUCTION

HE possibility of determining upper and lower
bounds on coty, where 5 is the phase shift for
arbitrary angular momentum for the quantum-
mechanical scattering of a particle by a static central
potential, has been demonstrated by Kato.! The basic
interest of the method derives from the fact that the
expression for either bound includes a variational trial
function, and gives an error which is of second order
in the difference between the trial function and the
exact function. The bounds therefore are also variational
estimates and might be termed variational bounds. In
subsequent studies,>* the case of angular momenta
greater than zero was considered more intensively, some
slight extensions and improvements in the formalism
were effected, and some preliminary results were
obtained for the applicability of the method to scatter-
ing by compound systems with emphasis on the low
energy scattering of positrons by hydrogen atoms. An
application to waveguides was also given.®
Static central-potential scattering problems involve
an infinite number of channels which are however
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uncoupled, a consequence of conservation of angular
momentum. In other words, an expansion into partial
waves leads to a diagonalization of the scattering matrix
S before the detailed analysis is begun. Furthermore,
each angular-momentum channel wave function is
completely characterized by one real number, the real
phase shift for that angular momentum. More generally,
the Kato method can be applied whenever the .S matrix
can be diagonalized on some g priori basis (generally
this will be through symmetry considerations); the
resultant eigenmodes can then each be characterized
by one real number. Examples® include the one-
dimensional scattering problem for an even potential
V(x)=V(—«) and the problem of electromagnetic
waves in a  dominant-mode rectangular waveguide
which has an obstacle symmetric with respect to some
plane perpendicular to the axis of the waveguide. The
latter case involves vector wave functions of three
independent variables rather than scalar wave functions
of one independent variable, but this causes no essential
changes. In both cases, the eigenmodes are the even and
odd standing-wave solutions.

In this paper, we will consider multi-channel scatter-
ing in which the scattering matrix cannot be diagonal-
ized @ priori. More formally, we are concerned with
elastic multi-channel scattering processes. We shall
cast the Schrédinger equation into a form in which the
potential is a real symmetric N X N matrix and the wave
function is an X1 matrix, though it is not necessary
to do so. The equation for neutron-proton scattering
with tensor forces is conveniently written in matrix
form® with N=2, and we shall see in Sec. 2 that the
same is true for the problem of one-dimensional

¢ J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics
(John Wiley & Sons, Inc., New York, 1952) p. 102.
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scattering. It is our purpose to determine upper and
lower bounds on the elements of the S matrix, the VXN
matrix which relates the N outgoing waves to the
N incoming waves. The elements of S are in general
complex, so that there are 2N? real quantities in all,
but it is well known that only 3N (N+1) of these real
quantities are independent.”

The procedure, in analogy with that of Kato, is to
derive an integral variational principle which is in fact
an identity and then to bound the explicitly exhibited
second-order term. Upper and lower bounds are first
obtained on the elements B;; of B, where the susceptance
matrix B is the inverse of the Cayley transform of S.
One can then also obtain bounds on linear combina-
tions of the elements of S, or on still another set of
4N (NV+1) quantities which characterize the scattering,
the N eigenphase shifts and the $N(¥V—1) mixing
parameters.

Numerical examples are calculated in Sec. 6 for a
one-dimensional attractive square well, asymmetric
with respect to the origin.

Because of the enormous advantages of variational
bounds over variational estimates, it is of great interest
to study the limits to which the Kato method can be
extended. There are a number of obvious directions
in which to proceed. We will list some systems of
interest, starting with those already considered.

(1) Systems which involve the scattering of a particle
by a static central potential. We are then of course
concerned with one-channel processes.

(2) Systems which for sufficiently low energy of the
incident particle involve, as does (1), only one (elastic)
channel, or a priori-separable (elastic) channels, but
which are compound. We will refer to a system as
compound if it has spatial (as opposed to finite-dimen-
sional spin) internal degrees of freedom.

(3) Systems which involve the scattering of a
particle by a potential which is static (the scattering
system has no spatial degrees of freedom) and which
can be represented by a Hermitian N XN matrix. It
is assumed that the N>1 elastic channels cannot be
uncoupled in any.a priori way.

(4) Systems which are compound end which involve
N> 1 elastic channels.

(5) Systems which involve inelastic scattering.

From a purely formal point of view, case (2) is
included in the original paper of Kato.! Unfortunately,
the application of the method requires the evaluation
of lower bounds on two eigenvalues a and §, which
arise in an associated eigenvalue problem. While these
eigenvalue bounds are relatively simple to obtain for
scattering by a static central potential, no methods for
obtaining bounds on « for scattering by a compound
system have been developed.

The determination of a lower bound on 8 gives an

7 Reference 6, p. 530.
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upper bound on (—#% cotn)™!. The determination of
this upper bound through the Kato approach has
however now been rendered largely academic by the
development of a technique®® which does not require
the evaluation of matrix elements of the square of the
Hamiltonian, as does the Kato approach. This tech-
nique is applicable to all five systems.

The Kato method as originally formulated was
explicitly restricted to one-channel processes, and could
therefore not be applied to (3), (4), or (5). The present
paper concerns itself with the development of extensions
of the Kato method which will allow it to be applied to
(3) ; furthermore, explicit methods will be given which
will often allow one to obtain lower bounds on « and
on 3.1 [These extensions can also be used, in principle,
for (4), and can probably be extended to (5), but these
cases have not as yet been seriously examined.] We
noted in the preceding paragraph that there is now
available a very much simpler method for obtaining
an upper bound on (—£% cotn)~! for case (3) that can
be realized by the present paper. The present work is
still justified because one would of course like very
much to be able to determine the otker bound. Since it
entails very little additional labor, we will actually
obtain both bounds for (3).

2. MATRIX FORMULATION OF THE
VARIATIONAL PRINCIPLE

We begin by showing how the one-dimensional
scattering problem with potential V(x) can be written
as a differential equation in matrix form. We have

"Ed—(z‘f-[V(x) —EJu(x)=0, (1)

where we take V(x) to be real and to vanish more
rapidly than 1/x for |x| — «. It is evident that there
are two channels, corresponding to #>0 and to <0,
respectively, which are coupled by the potential, and
consequently three independent parameters are re-
quired to specify the asymptotic effects of the scattering
process.

It is convenient to recast Eq. (1) in matrix form so
that the three unknown parameters appear as the three
independent elements of a single matrix quantity. This
can be accomplished by expressing #(x) and V(x) as

8 L. Spruch and L. Rosenberg, Phys. Rev. 116, 1034 (1959);
117, 1095 (1960); L. Rosenberg, L. Spruch, and T. F. O'Malley,
dnd 118, 184 (1960); L. Rosenberg and L. Spruch 1bid. 120, 474
(1960); 121 1720 (1961), 125, 1407 (1962). The last paper con-
tains the generahzatwn of the basxc 1dent1ty of the present paper,
Eq. (16), to inelastic multi-channel scattering processes. A review
of this material is contained in L. Spruch, Lectures in Theoretical
Physics, Boulder, 1961 [Interscience Publishers, Inc., New York
(to be pubhshed)]

?Y. Hahn, T. F. O’Malley, and L. Spruch (to be published).
This paper removes the need ever to have to truncate any of the
potentials,

1 Lower bounds on B can be determined by the methods of
references 8 and 9.
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sums of even and odd functions,
#(x) =te(x)+2s(x), V(@)=V(x)+Vo(z), (2)

where

the,0(0) =4 [u(x)£u(—x)] ©)
Veo(@)=3[V(@)£V(-)]. )

V. and V, will clearly also vanish more rapidly than
1/x as | x| — . If we replace x by —« in Eq. (1), add
and subtract the derived equation and Eq. (1), and
use Egs. (3) and (4), we obtain the single matrix
equation!

and

#2

u
(H—-E)u=— 5‘;@‘}'[‘7“}3]“:0 &)

Qe

Note that the channels, which are still coupled in gen-
eral, now correspond to the even and odd portions of
the wave function rather than to x>0 and x<0. We can
restrict the range of the independent variable to x=0
since the components of % are even and odd functions of
the coordinate. The boundary conditions at the origin
are, obviously,

where

=0, du,/dx=0. @)

We see then that one can conveniently formulate
one-dimensional scattering in terms of a Schrodinger
equation with V(x) a real Hermitian 2)X2 matrix. For
the formal development which follows, we will not
restrict ourselves to matrix potentials of the above form
but rather we will take V(x) to be an arbitrary real
Hermitian 2X2 matrix whose elements fall off faster
than 1/x. The indices will therefore be 1 and 2 rather
than e and 0. The results to be obtained are actually
valid for V an N XN matrix, that is, for an N-channel
process; we set N=2 only as a matter of convenience
since it slightly simplifies the discussion and the
notation. Many elastic scattering processes involving
compound systems can be written in a slightly general-
ized form of Eq. (5).

We will now derive a variational principle for scatter-
ing which can be described by Eq. (5). The asymptotic
from of u(x) can be written as

u(x) —> age— i (koH0) | gt itkate),

R=2mE/#.

(8a)
(8b)

The utility of the parameter 6, where 0<8 <= but is
otherwise arbitrary, will become apparent later. It is
convenient to rewrite Eq. (8a) in a form that involves
standing waves rather than traveling waves, since we
will then be able to deal with dHermitian rather than

11 Matrix quantities will be denoted by boldface type. Other
symbols employed are t for Hermitian adjoint, ~ for transpose,
and * for complex conjugate.
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with unitary matrices,
u(x) — ey cos(kx+0) —ijy sin (kx+-6), (9a)
es=a,+bs, Jo=2as—bs. (9b)

The amplitude vector for the outgoing waves by is
related to that for the incoming waves as by the
scattering Sy matrix through

ba= - Soao. ( 10)

The vectors es and jy are related by the susceptance
matrix By (so called because it is analogous to the
susceptance matrix in network theory),

(11)

From Egs. (9)-(11), it can be seen that By is the inverse
of the Cayley transform of Sy,

By=i(1+S,) (1—So)". (12)

It can be shown that Sy is unitary and symmetric®? and
as a consequence that By is Hermitian and symmetric
and therefore real. Equation (11) can now be used to
eliminate js in Eq. (9a), giving rise to

u(x) — ep cos(kx—+6)—Byey sin (bx-+6). (13)

We now introduce a trial wave function w,(x) which
is required to have the asymptotic form

u;(x) — ey cos (kx+6) — By.ey sin (kx+6)

Jo= —1Byes.

(14)

as ¥ — + oo, that is, the amplitude vector e, is the same
as that of the exact function, but the unknown By is
replaced by B, In addition, we impose the boundary
condition

u'du,/dx= (du'/dx)u,

at x=0, and we require that u, and du./dx be continuous
in the range 0 <x<oo. It is to be noted that all of the
boundary conditions imposed on u; are also satisfied by
the exact function. In order to arrive at a variational
principle, consider the relation (all integrals extend
from 0 to c«, and the limits will henceforth be omitted)

— (2m/#H?) / [utHu,~— (Ho)tu,Jdx

d d
= [u*—u;— (——u’f)m]
dx dx
Using Eqs. (13) and (5), the boundary condition at the

origin, and the Hermitian character of By, we obtain
from Eq. (15)

es'Boes = es"Bo.es— (2m/72k) / u(H—E)u.dx

L]

(15)

0

+ (2m/%%k) / wt(H—E)wdx, (16a)
w=u,—u. (16b)

12 Reference 6, pp. 525, 529.
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The first two terms on the right-hand side of Eg.
(16a) can be evaluated directly from the trial function,
and the third term is of second order in the difference
between the trial function and the exact function. The
first two terms therefore constitute a variational
approximation for e,'Bses. However, the approximation
is in general neither an upper nor a lower bound on the
exact value. In the next section we will derive rigorous
second-order upper and lower bounds on the error
term, the third term on the right-hand side of Eq. (16a).

3. RIGOROUS BOUNDS ON THE ERROR TERM

In this section we will derive rigorous upper and
lower bounds on the error term in Eq. (16a), following
a procedure analogous to that derived by Kato.! We
begin by considering the associated eigenvalue problem,

(H—E) ¢(x)—pe(x) $(x)=0. an

In Eq. (17), o(x) is required to be a real, positive
definite Hermitian matrix each of whose elements must
fall off faster than 1/x as |x| — . At the origin, x=0,
o(x) is required to satisfy the condition ¢'dé/dx
= (d$*/dx) . In particular, we are interested in discrete
eigenvalues u,, of which there will be an infinite number,
defined by the condition that H is a Hermitian operator
when operating on the corresponding eigenfunctions,
&n, or on w [ defined by Eq. (16b)], that is,

[ [émHon— (Hom) ¢nldx=0 (18a)

/[wTH(b,,— (Hw)t ¢, Jdx=0. - (18Db)

It follows from the Hermitian character of H that the
associated eigenfunctions are orthogonal with respect
to the weight factor ¢ and that the associated eigen-
values are real,

(19a)
(19b)

/ bt 0bndr= (1) 2)b .,
l-"n* = Hn.

The normalization in Eq. (19a) has been chosen for
later convenience. In addition we require that the ¢,
satisfy the boundary condition® at x=0,

‘bmtd‘bn/dx: (dq’mt/d-”) b,
widy,./dx= (dw'/dx) ..

(20a)
(20b)

13Tt is presumed that Eqgs. (20) can be satisfied. In the case of
one-dimensional scattering, u is required to satisfy Eq. (7) at the
origin; if the same conditions are imposed on u; and ¢, Egs. (20)
will be satisfied. If the problem involved tensor forces or a non-
central potential, Eq. (7) would be replaced by the requirement
that all components of u vanish at the origin. Again, Egs. (20)
could be satisfied by imposing the same conditions on u; and §.
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In analogy with Eq. (13), ¢, has the asymptotic form
as'x— o,
21

From Egs. (13), (14), and (16b) it follows that the
asymptotic form of w is

w — (By—Bs:)es sin(kx+-0). (22)

Using Green’s theorem and Egs. (5) and (20)—(22)
to evaluate the integrals in Egs. (18), we find that (18)
can be satisfied only if B(u,) satisfies

B(u.)e,=—cotfe..

®on—> €, coskx—B(u,)e, sinkx.

(23)

Thus the associated eigenfunctions are also eigenmodes,
i.e., their amplitude vectors e, are eigenvectors of the
susceptance matrix B(u.). The u, are just the values
of u for which one or another of the eigenvalues of the
susceptance matrix is equal to —coté.

We will now proceed to derive a monotonicity
theorem required in subsequent developments. In
principle, we can find solutions ¢(x) of Eq. (17) for
arbitrary p if we no longer impose the boundary
conditions (18). In particular, we can find 2 eigenmodes
6:(x) (=1, 2) for an arbitrary value of u which are
distinguished by their asymptotic forms,

6:(u) — e;(u)[coskx—¢.(u) sinkx]. (24)

In Eq. (24) ¢:(u) is the ith eigenvalue of B(n). [It
should be noted that the eigenmode solutions of Eq.
(17) are employed here only in the formal development.
Presumably, it is more difficult to find such solutions
than to solve the original problem, Eq. (5).] At this
point it is convenient to relabel the associated eigen-
functions with two indices. The associated eigenvalues
un; are then defined by the relation

$ilins) = —cot(0+nm) (25)

together with the boundary conditions specified by
Eqgs. (20), where the index 7 labels the eigenmodes and
the corresponding associated eigenfunctions have the
asymptotic form

Oni — €;(uni)[coskx+cot (8+nx) sinkx].  (26)

Consider the eigenmode solutions of Eq. (17) for two
different values of u, to be denoted by u’ and u”,
without applying the boundary conditions (18), and
form the expression

— /) f (6 (Y Hy ()~ [Hu () T &5}

— (om/) (=) / o ()0b; () dx

—[ 1)Lt Lac '>} <")]w
= ‘bt M dxd’;l" {dxbi u d’z“ 0:

27
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where we have made use of Egs. (5) and (17). Using
boundary conditions at the origin analogous to Egs.
(20) and the asymptotic form of ¢.(u) given by Eq.
(24), we may rewrite Eq. (27) as

Qm /3 W —u") / o () obs ()

=ke.  (u)e; ()W) — ¢ (28)

Consider Eq. (28) with u’ and p’’ real but otherwise
arbitrary and with j=4. Let the eigenphase shift 8;(x)
be defined by

$i(u)=—cotd;(u). (29)

Substituting Eq. (29) in Eq. (28) and taking the limit
' — u’, we obtain

da,;/dp.‘—" (ZM/h2) sin“’éif ¢,~’9¢1~dx/ (keﬁe,-)go. (30)

The inequality in Eq. (30) follows from the positive
definite character of p. Thus the eigenphase shifts are
monotonic increasing functions of ¢ (for k0).

We now proceed to derive rigorous bounds on the
error term in Eq. (16a). Suppose that f and g are
functions which either have the same phase shift as the
9. or fall off asymptotically faster than 1/x. We define
expansion coefficients @,, and b,; by the relations

ani= (2m/h2k) / dnitoldx, (31a)

bni= 2m/%%k) / énit0gdx. (31b)

It can then be shown that the associated eigenfunctions
form a complete set! in the sense that

/ frofdx= (W%k/2m) 3 a.."a..; (32a)
/ flogdr=(2k/2m) T 0, bu; (32b)
/g’ggdx= (ﬁ’k/Zm) Z bm"bm'. (32C)

If we now set f=w and g=— ¢ L(H—E)w, it follows
from Egs. (31) that ¢,; and b,.; are related by

bai=— 2m/Hk) / dn (H— E)wdx

R —— / [(H—E)é,Twdx

=—uﬂi(2m/ﬁ2k)/¢niTQde= —fnilni,  (33)

14 P. M. Morse and H. Feshbach, Methods of Theoretical Physics
(McGraw-Hill Book Company, Inc., New York, 1953).
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provided g is chosen such that g falls off asymptotically
faster than 1/x. Equations (32) can now be written
in the form

/ wiowdx= (h2k/2m) Z Bni 2bnibai,  (34a)
/ wi(H— E)wdx= (h%k/2m) E. i BniBni, (34b)

f [(H— E)w]te(H~ E)wdx
= (#*k/2m) 2 bni"bui.  (34c)

Let ap be the smallest positive eigenvalue and — 8 be
the smallest (in absolute value) negative eigenvalue.
It follows from Eqs. (34) that

— B le? < [ wH(H— E)wdx <oy e, (35a)

where

PRES / [H—-E)w]to(H— E)wdx. (35b)

We have thus obtained rigorous upper and lower
bounds on the error term in Eq. (16a). The quantity
€* is of second order in the difference between the trial
function and the exact function, and can be calculated
from the trial function since it follows from Eqgs. (5)
and (16b) that

(H-Eyw= (H—E)u,. (36)

The problem still remains of course of obtaining lower
bounds on a and By. It is to be recalled that it is possible
to obtain close bounds on S'w'(H—E)wdx even with
quite crude lower bounds on as and By, since €? is a
second-order quantity.

4. BOUNDS ON «y AND ON 3,

In this section we will indicate a rather general
method for obtaining lower bounds on oy and on 8 for
cases covered by Eq. (5). The monotonicity theorem,
Eq. (30), states that the eigenphase shifts 8;(u) are
monotonic increasing functions of p. The labeling of
the eigenphase shifts is essentially arbitrary, but the
application of this theorem requires that we keep track
of the labeling as u is varied. Since u is a continuous
variable, this presents no difficulty except at crossing
points where 68;(u)=28;(u), i¥j. However, we are
interested in the weaker statement

(37

where p,; is the value of u for which 8;(in;)=0-+nr.
Equation (37) holds in spite of the ambiguity in
labeling at crossing points, since no matter which curve
is continued into which, both continue to rise mono-
tonically. The relationship between o and B and the

ﬂn—l,iéﬂniél‘n+l,i,
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8,(uly

F1c. 1. Relationship between ay and 8y and the eigenphase
shifts of the associated eigenvalue problem, §;(u). The eigenphase
shifts of the original problem are 3, and #,.

eigenphase shifts is illustrated for a typical case in
Fig. 1. If we define ap; and —fs; to be the smallest
positive eigenvalue and smallest (in absolute value)
negative eigenvalue, respectively, associated with the
ith eigenmode, then oy is the smaller of the as: and By
the smaller of the Bg:. Thus there is only one ay and
one Sp.

Figure 1 demonstrates the relationship between s
and @s and the eigenphase shifts, but these eigenphase
shifts are presumably not known. We must therefore
devise a method for obtaining lower bounds on oy and
Bs. To this end, we introduce a Hermitian comparison
potential V. such that AV=V,—V is nonpositive and
for which the associated eigenvalue problem can be
solved exactly, or for which bounds can be obtained.
We will now show that the eigenphase shifts correspond-
ing to the comparison potential are upper bounds on
the eigenphase shifts corresponding to the true potential
for any given value of u. Under the substitutions

H—H—po (38a)
H—puo— H—pp+2AV, (38b)

the derivation which led to Eq. (30) gives, with
8:=5;(u,\) the ith eigenphase shift for the Hamiltonian
on the right in expression (38b) and . the correspond-
ing function.

dS,/d)\= - (2m/h2) sxn25./$,*AV$¢lx/(ke,*e,)gO, (39)

The inequality follows from the nonpositive character
of AV. The eigenphase shift 8.:(u) corresponding to the
comparison potential is obtained when A=1, and
8;(#) when A=0. It follows from Eq. (39) that &,.(u)
is an upper bound on &:(x),

Bui(u) 2 8:(p). (40)

As before, we are required to keep track of the eigen-
phases as A is varied continuously from zero to one.
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8itu)y

F16. 2. Use of comparison potentials to obtain lower bounds,
ag; and Bs;, on ap and B, respectively. 8,;(u) and 5¢(x) are derived
from the comparison potentials and are upper and lower bounds,
respectively, on &;(u).

The only difficulty occurs at a possible crossing point,
but 8:(u\)=35;(u,\) already implies that these eigen-
phase shifts are greater than the true values and they
can only increase as A approaches one. Equation (40)
is therefore valid in any case.

By introducing another comparison potential such
that AV is nonnegative, it can be shown in a similar
fashion that the corresponding eigenphase shifts 8;:(u)
are lower bounds on the §;(u),

81:(u) 6:(n). (41)

The way in which the bounding curves obtained from
the comparison potentials can be used to calculate
lower bounds as; and Bs; on oy and on Bs, respectively, is
illustrated for a typical case in Fig. 2. It is clear from
Fig. 2 that if the comparison potentials do not approxi-
mate the actual potential fairly closely, it may not be
possible to obtain lower bounds on ey and on . For
example, if the curve labeled 8.;(u) in Fig. 2 were to
cross the dashed line 8;(u)=6 at a point where u is
negative, then it would not be possible to obtain a lower
bound on ag.

In general it is possible, as we shall show, to calculate
lower bounds on @ and on 8 by using comparison
potentials and a weight function ¢ which are diagonal.
In that case, the 4 bounding curves 8,:(x) and 8;;(u) are
obtained by solving 4 single-channel problems rather
than 2 two-channel problems. The consequences of
this result are far reaching in that very few truly
multi-channel problems can be solved at all, even with
simple comparison potentials. On the other hand, the
possibility of using diagonal comparison potentials
implies that it is no more difficult to obtain bounds in
the multi-channel problem than in the single-channel
problem, though it may be much more tedious, and
thus the power of the method is greatly enhanced.
Furthermore, the Kato method for obtaining bounds
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in the single-channel case can be used to obtain bounds
on the eigenphase shifts of the comparison potentials,
or the single-channel comparison potential problems
could even be solved numerically.

We will now consider the requirements that must be
imposed on the elements of V,(x) if it is taken to be
diagonal. Writing

% <V“ 0 ) 42)
0 Vol
we have
Vcl_ VII - V12
AV= ( ) (43)
- V21 VCZ— V22

It is then trivial to show that if AV is to be non-negative,
we must have

Va2Vt | Vi, VeaZVet|Vil, (44)
while if AV is to be nonpositive, we must have
VaSVu—|Vi|, VeaSVa—|Vil|. (45)

The above conditions are not sufficient for obtaining
lower bounds on ay and on B, since we have already
seen that it is possible that no diagonal comparison
potential may be sufficiently close to V to be able to
determine bounds.

5. METHOD OF OBTAINING BOUNDS

We are now in a position to apply the foregoing
results to the problem of obtaining rigorous upper and
lower bounds on the independent elements of the
scattering matrix. -From Egs. (16) and (35), we can
obtain expressions which are upper and lower bounds
on a quadratic form of the susceptance matrix,

— (2me®/HkBo1) < es'Boes— €' Byes
+ (2m/#k) / uf (H~ E)udx

= ( ZMG02/ #2kay 1), (46)

. / [(H-E)u o~ (H—Ejudx, (47)

where a; and By; are lower bounds on as and on S,
respectively. We thus have variational bounds on
€'Byes. The bound property enables us to improve the
approximations by incorporating variational parameters
into u,. As opposed to the situation in the usual varia-
tional calculation, we do nof have to find the stationary
values of the parameters (it is preferable but not
essential) but can rather evaluate the bound for a few
values of the parameter and unambiguously choose the
best result. This makes feasible the use of variational
parameters which are not linear. 8 can be thought of as
such a parameter, though in the present paper we will
not take full advantage of this property.
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As an alternative procedure, we could adjust the
variational parameters to minimize the quantity e?
given by Eq. (47). While this procedure is simpler, in
general it yields inferior bounds and consequently it
will not be followed in this paper. With reference to
Fig. 2, 6 should be chosen to provide the greatest lower
bounds on as and on Bs. In the single-channel problem 8
can be chosen differently for e and for B, since the
upper and lower bounds on the phase shift are obtained
by solving two distinct problems. However, in the
multi-channel case the susceptance matrices By corre-
sponding to two different values of 6 are related in such
a complex manner that it does not appear feasible to
obtain upper and lower bounds on the 3 independent
parameters of the scattering matrix by using different
values of 8 for the upper and lower bounds on the
quadratic forms e,'Bses.

In order to obtain bounds on the 3 distinct elements
of By, we must evaluate the right-hand sides of Egs.
(46) with 3 different choices of the trial function which
differ in the amplitude vector e;. Note that the different
values of ey are not required to be linearly independent
(they of course could not be) since ey appears quadrati-
cally in e;"Byey. Rather, the resulting inequalities in the 3
independent elements of By must be linearly inde-
pendent. Since there are two bounds for each choice
of ey, there are 6 problems in all.

Since the scattering matrix S (the scattering matrix
S as normally defined is Sy with §=0) can be calculated
from By, the 3 independent elements of By are sufficient
to determine S. S can also be calculated from an
alternative set of 3 parameters, the 2 eigenphase shifts
and the mixing parameter.!® This alternative mode of
description is useful in many applications.

We now examine the procedure for obtaining bounds
on the eigenphase shifts and mixing parameters. Since
B; is Hermitian and real, it can be diagonalized by an
orthogonal matrix, T. The same matrix T also diagonal-
izes S, since By is related to S by a rational fraction.
Because S is unitary, its diagonal form can be written
as exp(2in) wheren is a diagonal matrix whose elements
are the eigenphase shifts. Note that when the eigenphase
shifts are defined in this way, they do not necessarily
vanish in the absence of a potential but rather assume
values consistent with the boundary conditions at the
origin. The mixing parameter is just the angle of
rotation on which T depends. It follows from Egs. (8a),
(10), and (12) that By is related to S by

By=i(14Se2%)(1—Se~2#)—1. (48)

From the foregoing discussion, S can be represented by

S=T exp(2in)T.

15 For a discussion of eigenphase shifts and mixing parameters,
see for example W. Kohn, Phys. Rev. 74, 1763 (1948); J. M. Blatt
and L. C. Biedenharn, ¢b:d. 86, 399 (1952); L. C. Biedenharn and
J. M. Blatt, ibid. 93, 1387 (1954).

(49
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Therefore, from Eqs. (48) and (49) Bs can be written as

By=—T cotn—8)T. (50)
The orthogonal matrix T can be written as
cosy  siny
T=( ) (51)
—siny  cosy

where ¢ is the mixing parameter. Solving Egs. (50) and
(51) for ¢, m1, and 54, we obtain

¥=3% cot™'[ (Byaa— Bp11)/ (2Bs12) ].

m= 6+C0t_l[—% (3922 - Ban) cos2y+ Bare sinZ;lz
—3(Bosa+Bo11)] (52b)

n2=0-4cot ™[ —~3(Bssa— Bo11) cos2— Byya sin2y
- %‘(3022‘{'3911)]. (52C)

It is clear that by choosing appropriate combinations
of upper and lower bounds on the elements of By in
Egs. (52), we can derive upper and lower bounds on ¢,
71, and N2.

(52a)

6. NUMERICAL EXAMPLES

In order to test the practicality of the method, we
have applied it to the problem of one-dimensional
scattering by an attractive square well which is asym-
metrically placed with respect to the origin, that is,
V (x)=0 for x<0 and for x>a, and V (x) = (—#2/2m)U
for 0=x=a, where U is a positive constant. (It should
be emphasized that our method is no! restricted to
potentials which vanish identically as |x] — .)
Equations (4) and (6) then give

11 '
V(x)=-—(h2/4m)U(l 1), 0sx<¢ (53a)

=0, a<x< o

(33b)

Selp)

aal : :
(U=1.0; : O
: Uat=001)

F16. 3. Upper and lower bounds on 8,(u) for ke=0.1, Ua?=1.0.
The lower bound, 8.:(x), also applies to 22=0.1, Ua?=0.01. The
corresponding upper bound, 8., (x), cannot be distinguished from
801(u). The lower bounds on a were actually chosen from the
numerical data rather than from the curves.
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where the range of x is now 0 to . The trial function
within the region of the square well was chosen to be

2P

2 by(x/e)?
=02, ...

u (%)= 0=x=a.

b

(54)

2P+1

2 by(a/a)”

p=13,-.-

The illogicality of the unnecessarily restricted form
of power series was not recognized until after the
numerical calculations had been completed, and it was
not then considered worthwhile to repeat the calcu-
lations with a less restricted form.

For all x> @, u; was chosen to have the form given
by Eq. (14). u, must of course be continuous in slope
and value at x=g.

The comparison potentials which generate non-
positive and non-negative matrices AY were taken to be

V.(x)=—#/2m)Ul, 0=x=<a

=0, a<x<o (55)

and

V.(2)=0, 0Z5x=< o, (56)

respectively. p was chosen as

e=pol, 0=2x=<a, ¢=0, a<x<e,

where po is a constant. The eigenphase shifts 6.:(u) and
80;(u) (in discussing the example, we will use subscripts
¢ and O rather than 1 and 2) corresponding to the lower
bound are just the phase shifts associated with the

even and odd solutions, respectively, of the scalar

-6 -5 -4 3 .2
By "By,
(Ua2=0.01) (Ud®:1.0)

F1c. 4. Upper and lower bounds on 8(x) for k¢=0.1, Ua*=1.0.
The lower bound, 80:(), also applies to k¢=0.1, Ua?=0.01. The
lower bounds on 8 were actually chosen from the numerical data
rather than from the curves. Both bounds were derived from the
same curve and could have been chosen equal.
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differential equations

&) (x)
—;xz—-l- K (x)+ (2m/H*)uped(x)=0, 0=xZa (57a)

&’ (x)

——+Ep(x)=0, a<zx<owo, (57b)
dx?

while the eigenphase shifts corresponding to the upper
bound are obtained from the same equation under the
substitution

po— ppot (B2/2m)U. (58)

The phase shifts corresponding to Egs. (57) are given by
Ser(u)=m/2—ka+cot [ (ka/ka) cotka], (39a)

d01(n) = —ka-+tan™'[ (ka/ka) tanka], (59b)

k= (B4 2mupo/H2)1. (60)

If we plot 8.:(u) and do;(r) against 2mpupea®/%2, we
obtain curves each of which lies entirely below the
corresponding curve for the exact eigenphase shift.
If instead of Eq. (60) we define « by

k= (K*+2mppo/ 1+ U)3,

we obtain curves which lie entirely above the corre-
sponding exact curves. These pairs of bounding curves
are then used to obtain lower bounds on @ and on 8 in
accordance with the procedure described in Sec. 4.
The particular value chosen for po plays no role what-
ever. (u and g appear only in the combination ug.
Choosing po larger would then give smaller values of o
and of B4, but of course the bounds on es'Byes would not
be affected.)

We will now present some numerical results obtained
with the use of the Bendix G-15 digital computer at
the General Telephone and Electronics Laboratories,
Bayside, Long Island. Bounding curves on 8.(u) and
do(u) calculated from Egs. (59), (60), and (61) are

(61)

F16. 5. Upper and lower bounds on 8,(u) for ka=x/4, Us?=n*/4.
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TABLE I. Values of 8 and lower bounds ay; and 8s; for three
choices of ke and Ud?, obtained from Figs. 3-6.

ka Ua? 0 an Bo1
0.1 0.01 3.08359 5.0 50
0.1 1.0 3.08359 40 4.0
7 /4 2.775 33 3.3

plotted in Figs. 3 and 4 for k¢=0.1, U¢*=1.0 and in
Figs. 5 and 6 for ka==/4, Ua*=7n*/4. The lower
bounding curves in Figs. 3 and 4 apply also to ka=0.1,
Ua?=0.01, but in this case the upper bounding curves
are so close to the lower bounding curves that the two
curves cannot be distinguished from one another on
the scale of the drawings. Values of § and lower bounds
on op and By consistent with those curves are listed in
Table I. In each case, § was somewhat arbitrarily
chosen to provide approximately equal lower bounds on
ag and Bs. For each choice of ka and of Ug?, three choices
were made for ey, and upper and lower bounds were
calculated on the corresponding values of es'Bses. The
three choices of e were

) () = )

The corresponding values of e;'Bses are Bn, Bsg, and
Bi1+ B2o+2Bi,. While it has been noted that three
different values of ey are required in order to obtain
bounds on all three independent elements of By, no
criterion has been given for selecting these values. It
is probably desirable to bound By, and Bs, separately
but the remaining value of ey could, in principle, be
selected to provide the closest bounds on Bi,;. However,
in the calculations presented here no attempt has been
made to optimize the choice of e,.

The calculations were based on the trial function
given by Eq. (54) with terms up to 23, so that there were
four linear variational parameters. Due to the two

g Y -
2k
1/k
Boulp) Sozim)
-10 -5-By, / © 5 10 1S
— H ol —9_’-

F16. 6. Upper and lower bounds on &(u) for ka=w/4, Ua?=22/4.
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attributed to the poor choice of the form of the trial
function. The trial function used in calculating an
upper bound on By with 2 parameters is compared with
the exact function in Fig. 7.

Finally, bounds on the eigenphase shifts and mixing
parameters are listed in Table IV. These quantities
were calculated from the bounds on combinations of
the elements of By listed in Table II, using Egs. (52).

TasLE III. Bounds on By, for ka=n/4, Ua*=x%/4 for different
numbers of parameters. The values of 8, as:, and Bs: are as shown
in Table I.

u(x\r
o5}
Uo
Ugt
() . X . x{a
W 3.2 0.4 0.6 Y] 1.0
U,
-0.5} Vet
ok
MRS

F16. 7. Comparison of trial function with exact function. The
trial function, which contains two free parameters, was used to
calculate an upper bound on By; for the case in which Za=x/4,
Ua*=n/4.

boundary conditions at x=a, this corresponds to two
free parameters. The free parameters were varied to give
the best bounds. The bounds obtained on the various
combinations of the elements of By are listed in Table
II. The bounds are seen to be very much closer in the
case in which ka=0.1, Ua?=0.01 than in the other two
cases. This result is to be expected, for considering &
to be fixed, this case involves a less effective potential
than either of the other two. Note that for the second
and third sets of values, the potential is by no means
negligible as can be seen (Table IV) from the exact
values of the phase shifts and the mixing parameters;
for zero potentials, one would have 7,=90° 7,=0°
and y=0°.

The effect of increasing the number of parameters
is shown in Table III, which shows bounds on B, for
the case ka=m/4, Ua*=7?/4, calculated with 2, 4, and
6 free parameters. The bounds must improve as the
number of free parameters is increased, and they do,
but not as rapidly as might be expected. This result is

TasLE II. Upper and lower bounds on combinations of the
elements of the susceptance matrix for three choices of k2 and
Ua* compared with the exact values. Two parameters were
used in the calculations, and lower bounds on s and By were
determined from Figs. 3-6.

Number
of free’ Upper Lower Exact
parameters bound bound value
2 1.76488 1.23977 1.58228
4 1.69009 1.45289 1.58228
6 1.65803 1.49891 1.58228

Quantity Upper bound Lower bound Exact value
ka=0.1, Ua?=0.01
By, 0.1080314 0.1080083 0.1080210
Bjo —17.1726221 —17.1726309 —17.1726230
Bu+Bsys+2Bi; —16.9785186 —16.9786503 —16.9786300
ka=0.1, Ua?=1.0
By 487112 4.48705 4.71216
By, —12.95737  —13.08907 —12.98583
Bu+By+2B:; —0.64432 —1.14168 —~0.85319
ka=n/4, Ust=+*/4
By 1.76488 1.23977 1.58228
B:s —1.22869 —1.31261 —1.25519
Bu+Boy+2B1s 2.32112 1.75493 2.09091

It would be a trivial matter to also obtain bounds on
the elements of S, but the title of the paper notwith-
standing, we have not bothered to do so.

From the foregoing results, it is clear that useful
bounds can be calculated on the independent quantities
which determine the scattering matrix in a multi-
channel problem, even with relatively extreme values
for the depth and range of the potential. Furthermore,
since diagonal comparison potentials can be used, the

TasLE IV. Upper and lower bounds on the eigenphase shifts
and mixing parameters for three choices of k¢ and Ua? com-
pared with the exact values. These quantities were calculated
from the bounds on the combinations of the elements of By listed
in Table II, using Eqs. (52).

Quantity ' Upper bound " Lower bound Exact value
ka=0.1,
Ua*=0.01
v —0°83290” —0°833.20”  —0°8’33.08"
Ne 92° 50’ 56" 92° 50’ 50” 92° 50’ 53"
0 0° 0’ 34.28” 0°0’ 34.24" 0°0’ 34.26”
ka=0.1,
Ua*=10
¥ —10° 34’ —12°16 -11°23%
Ne 167° 12/ 165° 7’ 166° 18’
" 1°0’ 0° 41’ 0° 51’
ka=n/4,
Uat=7%/4
¥ —10° 48’ —-2°4 —15° 56
Ne 137°27 116° 3’ 130° 24
70 27° 3% 1°30 11°34/

calculation requires no more than the exact solution
of related single-channel problems. Thus it is anticipated
that the method presented here can provide useful
results in a number of multi-channel problems for which
there would otherwise be no practical approach.
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In a recent paper by this author, the singular wave function matrix of Mgller was used to obtain the
scattering solution for the nonrelativistic Coulomb operator. In the present paper this singular wave function
operator is defined differently. This definition is deduced from the relation of the characteristic form of the
Green’s function to the branch cut in the continuous part of the spectrum of the Green’s function. As a
consequence of this interpretation, the calculation difficulties of the previous paper do not occur. This
method is also used to obtain the scattering solution for the attractive square-well potential.

N a recent paper the scattering solution of the three-
dimensional nonrelativistic Coulomb operator was
calculated from the following formal solution.!

e

Ye® = lim ———p. (A)
0 Etie—H
In Eq. (A), Eis the system energy, H is the Hamiltonian
operator, ¢z is the incident plane wave, and the
superscripts 4+ and — refer to the diverging and
converging wave solutions, respectively. In the position
space representation, the relevant part of Eq. (A) is
given by Eq. (B).

w  r dRp () (r')dr eiE T
YD) =ie Y | —— . (B)
i=o K24ie—k?

Since the discrete part of the spectrum is not needed,
it has been omitted, as was discussed in I. In I, the
convergence of the integral was forced by the introduc-
tion of the factor,
] e—Xr
- lim — —,
OGN

under the integral sign. After the integration was
performed, and the limit,

evaluated, it was necessary to compare the relative
largeness of two terms in order to determine which
term should be retained. [See the discussion following
Eq. (4al).] In this paper, Eq. (B) is evaluated more
straightforwardly. This more consistent calculation is
suggested by the structure of the characteristic form
of the Green’s function? G and its relation to the
eigenfunction expansion of G. The structure of this

1 Robert A. Mapleton, J. Math. Phys. 2, 482 (1961). Future
reference to this paper is denoted by I. Equations of this reference
are written as Eq. (xyI).

? Robert A. Mapleton, J. Math. Phys. 2, 478 (1961). Future
reference to this paper is denoted by II. Equations of this reference
are written as Eq. (xyII).

first form of G can be preserved in the second form of
G by utilizing the relation of the wave boundary condi-
tion to the branch cut in the continuous part of the
spectrum of G. This relation is used to rewrite Eq. (B)
(exclusive of the r’ integration) in a different form;
then the quantity,

R® = 44eG,

is calculated by integration over the k variables of this
new form. R® now explicitly contains the same sign
of the imaginary component of the energy as the
corresponding characteristic form of G*. As a conse-
quence of this fact, the ¢ integrals are convergent, and
only that solution which is appropriate to a given
boundary condition emerges; i.e., no argument such as
the one following Eq. (4al) is necessary. This method
is best described by the calculation.

A. ATTRACTIVE COULOMB POTENTIAL

The quantities of Eq. (B) are written for convenient
reference. There are some slight changes from the
notation that was used in I.

¢k1=JV(k)Lt(kf)Pl(COSGr_k),
dr*=N*(R)L*(kr') Py(cosb,,),

a=(kao)™!, N(k)=

1 |' ) ]
21rI‘(1—1'a)L1-—c’2’"‘] '

The notation, 6, signifies the angle between the
vectors a and b.

dk=dkk? sinf,dfider,

T (+1—ia) .

La(kr) = ——————(i2kr) "
@t

X F1(l+1—ia, 204+2; —i2kr).

The confluent hypergeometric function of the variable
v’ is expressed in terms of the two linearly independent
solutions of the confluent hypergeometric equation that
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are used in II.

1Filac; 5)=W, (a,c; 2)+W2(ac; 2),

e=1l+14+ia, ¢=21+2; z=1i2kr,
(2+1)ler pob
= — diet 1~ (t4z)@9),
2xi — (=, x) (x,x)

dlet t<“—°’ (t—z)™.

(=r, %) (—x, —7)

2=

(21+1)!/(w>

27 o

The initial and terminal values of the phases are placed
below the corresponding factors of the integrand. The
functions W,. are defined so that the following
behavior is exhibited :

r— oo
rle=® W, — diverging ;
rie=*" Wy — converging.
The preceding relations are used to define the functions,

L,
=L+ L,

In this expression the superscripts have the pre\}iously
assigned meaning. The procedure of II is used to
establish the two identities.

W1(ke™) = Wqy(k)e®e2,

Wa(ke %) =W (k)e@re—2),

Now, with the aid of another identity,?
Fila,c; 8)e 2= Fi(c—a, ¢; —z)e"?,
a=l+1—ia, ¢c=214+2,

it is readily verified that the two additional relations
are valid.

z=—i2kr,

k' = ke™,
[N 2Ly (') LD ()= | N (B) 2Ly (kr) L (k') ;
k=ke ™

[N(E) [2Ly(k'r) L (B = | N () |2Lo(kr) L (k7).

With this information and Eq. (B), the quantity, R®),
is defined by Eq. (1a) below.

[l P,(cos&)
R® =+A4ie Y.
=0 241
dkR2| N (k) |2
X f ————L,(kr)Lz&’ (kr),
—w K2 ie— k2
0=0, . (1a)

*W. Magnus and F. Oberhettinger, Special Functions of
lllgzlgh)emamal Physics (Chelsea Publishing Company, New York,
) P-

ROBERT A.

MAPLETON

In the derivation of Eq. (1a) the integration over the
solid angle of k space was effected. It is easily demon-
strated that R¥ is still symmetric in » and #’. The %
integral of Eq. (1a) must be interpreted correctly since
the negative real % axis is a branch cut with the phases
defined by the following scheme.

x, above cut
k<0, argk= [

—m, below cut

There is no contribution to the % integral from the
branch point at

k=0,

and this fact can be verified by using Taylor’s results*
for the Whittaker functions which are related to Wi,s.

"It should be observed that this phase scheme is con-

sistent with the restrictions of II which are quoted for
reference.

diverging wave, O<argk<m,

converging wave, —=<argk<O0.

The k integration is performed by utilizing the smallness
of e. [See the discussion following Eq. (4aI) which
relates to this. ] With this integration effected, Eq. (1a)
is given by Eq. (1b).

= Py(cosf
R® =442 Z———-—VI/V(‘Y)Isz(vr)Lz‘*’(*rf)
=0 2141
v = (K3ie)} (1b)

In Eq. (1b), it is understood that ¥ has the same
superscript as R®, This function, R¥, which projects
the incident state into the scattering solution, contains
the same value of ¥ as the corresponding characteristic
form of the Green’s function G®.

Attention is directed to the fact that Eq. (B) is
obtained by calculating the position space representa-
tive of Eq. (A) using Dirac transformation methods.58
However, it is the relation between the two forms of
the Green’s function that provides the clue to trans-
forming the expansion of Eq. (B) into the form given
by Eq. (1b). Thus, without this knowledge, the pro-
cedure for the calculation of Eq. (A) is not well defined,
as is amply illustrated in I. However, the procedure of
calculation is unambiguous once Eq. (A) is interpreted
by means of Eq. (1b). The calculation of ¢® is now
continued.

The plane wave exp(zq-r) is represented by the
Rayleigltf expansion as in I, and the angular integrations

¢W. C. Taylor, J. Math. and Phys. 18, 34 (1939).
5 P. A. M. Dirac, The Principles of Quantum Mechanics (Oxford
Umversxty Press, New York, 1947), 3rd edition.
A. Lippman and Juhan Schwinger, Phys. Rev. 79, 469
(1950). [See Eq. (2.32).]
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are effected. The result is given by Eq. (1c).

© ilPI(COSO)
Y =16m% 3 ————|N(¥)|?
=0 241

X Ly(yr) f L () ),
[i]

r\}
jl=(-—) Juyi(gr), 6=0:k.
2gr

(1c)

The next step in the calculation is the transformation of
the integrand of Eq. (1c) by the use of the two differen-
tial equations labeled by (L) and (J).

ar d
d—[rz——Ll(i) (‘yr):l

L dr

+ [y 4 2ayr—1(+1) 1L, (yr)=0. (L)

d d
T i) [#Lor=10+DYitan=0. @
d dr

T

Multiply (L) by j; and (J) by L.®; subtract these
two equations, and divide the result by

(y*—¢);

integrate this relation over the interval (0,), and
rearrange the terms to obtain the following two
relations.

[ drr? Ly (yr) f1(qr)
¢

20y ®©

/ drr L' (yr) 71(qr)
0

72_q2

r? d d
+ lim []'l—-Ll(i)— Ll(i)—jl].
0 y2— g2 r dr

The integrated terms vanish at the upper limit in
accordance with the discussion following Eq. (1b).
This last relation is used to get Eq. (1d).

161rae'y]N('y) | 2w i’Pz(cosﬂ)
=0 2/+1

¢(:i:) =4

.Y2_q2
0

XL;(’yr)(- 2017/ drrLy® 5,
0

d d
+ lim rz[j,—Lz‘i)——Ll(i)*jl]). (1d)
0 dr dr
The term which is evaluated at the origin is omitted

until later in the calculation. The relations between
Wi and the Whittaker functions are written for

reference.” 8

(21+1)! '
Wi(a,c; ) =——¢ibrr—r(ti—ia)
T (I+14ia)
X (—i2yr)~HOW_, (—2)
(241! - _
=————V(c—g,c; —p)eilhrrrirl-ia)]
T(+1+4+ia)
(214-1)!
Wa(a,c; 2) = —————eilyretitial
r(l+1—ie)
X (12yr)~HOW, w(2)
(2i+1)! . .
=——————‘—‘\I/(a,5; z)eﬂ(H'l-ha),
r(+1—ia)
W“, -m(z) = W#_m(z), a= l+1+w’
¢=2+2, z=idyr, p=—ia, m=I+}.

These relations are consistent with the expression which
is given below.?

1F1 (a,c; Z) = W1+ Wz

eil2yr—7(+1—ia)]

=24+ D —————TF(c—a,c; —2)
A T(+1+ia)
eir(l+1+z'a)
+——V(a,c; 2) -
T (4-1—ia)

There is the following integral representation® for the
Whittaker function.

W—I‘.m(—z) = (—-1:277)”*]-1)8511
X[ ditia) (14 f)(ia)gityre
0

Re(l+4—ia)> —1,
Re(i2yr)<0.

Imy>0,

(Re signifies real part and Im imaginary part.} This
leads to the integral representation for W.

QI+1)1

Wilae; 3)=—
[T (+1+ia)|2

ei[Zyr—w(l+l-—ia)]

0
X/ dii—io (14 ) Himgizyre,
0

7E. T. Whittaker and G. N. Watson, 4 Course of Modern
f:alys;‘;g (The MacMillan Company, New York, 1946), Chapt.

, p- 339.

8 A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Higher Transcendental Functions (McGraw-Hill Book Company,
Inc., New York, 1953), Vol. I, p. 264, Eq. (4).

9 Reference 8, p. 259, Eq. (7).

10 Reference 8, p. 274, Eq. (18).
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A similar expression is derived for W,.
2i+1)!
="t
[T (414ia) |2

ix(l4+1+1a)

Wa(a,c; 2)

L3

Xf dtt(H""a)(1+t)(l—‘¢¥)e—i27rt,
]

Re(l434ia)>—3, Imy<O,
Re(—i2vr)<O.
The calculation of ¢ is effected first.
The factors of L (yr") that are independent of r

are absorbed into a factor F. An integral that was used
in I is written for reference.

/

(2¢)%!
[()\—iK)’(1+2t)2+q2]“+“,
y=K+ie/2K=K+i\, a=\—iK)(1+20).

/ drrtji(gryeer=
0

Let ¢1? be that part of Eq. (1d) exclusive of the
contribution from the origin. This function is given by
Eq. (2a).

Vi P=FT, a=q/,
32| N(v) |2 = 11(4a)?
T -’ 1=0 T (I+1—1a)
X Pi(cosd) Li(yr),

© Jpgli—ia) (14 f)U+ie)
T= . (2a)
o [(1+2t)2— az](l+1)

In the derivation of Eq. (2a) the relation,
A—iK=—~i(K+i\)=—1y,

was used. The change of variable =v/(1—1) is made,
and T of Eq. (2a) is given by Eq. (2b).

T= ( 1— az)—(H—l)

1 diii—ia)
X .
o {{t+1—0a)/(1+a) ][+ (1+a)/(1—a) [}V
(2b)
The factor of the integrand,
[+ (1+ae)/(1—a) 70+,
is now expanded in the convergent power series.
14a\~HD  1—g\(HD o (—1)*(n+I)!
(2™ £ e
1—a 1+a n=0 nlil!
1—a\"
(=)
1+a
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This expansion is used to rewrite Eq. (2b) as Eq. (2¢).

0 —— n l ! — n
T=(14a)-2+0 3 (=D)r(+n)lr1 a)
i Ilm!  \l+a

1 dif(tn—ia)

+ .
o [t+(1=a)/(14a)]¢V

2c)

The integral in Eq. (2c¢) is first evaluated subject to
the restriction |a| <1. A contour integral is constructed
by joining the end points of the loop integral,

)
f a
1

to the integral over the unit circle |¢| =1. The phase
of ¢ above and below the branch cut 0<¢<1 is selected
according to the following scheme.

—2n,
argt= I:
0, below cut

above cut

With this specification of the phase of ¢, it is evident
that
l!ii.r} arg[— (1—-a)/(14+a)] — —=.

The Cauchy’ residue theorem is applied to this closed
contour integral to give the following result.

1 dtf(n—ia)

o [H+(1—-a)/(1+a) ]

_ 2wl (I+n+1—ia) /1_a,.—1-.- (n—ia)
UM (- 1—ie) (1—e)\1+a )

d¢e€(n—t'a)¢

_i(e—mra— 1)~ /;2, [1+(1—a)/(1+a)g—"¢](l+1)'

The integrand of the remaining integral is expanded in
a convergent power series, and the order of summation
and integration is interchanged as before. After some
simplification, the result can be written as Eq. (2d).

1 dit+n—ia)
o [t+(1—a)/(14a)]@D
_Zﬂr(‘l-i—n-}—l-ia)(-l)"e—mﬂ_a (n—ia)
P (1= ia) (er—1) \1+a)

43 (—D)m(+m)! /1—-a>"‘. 20

m—0 l!m!(n—m—ia)\l+a
Equation (2d) and the two relations! listed below are

1 Reference 3, pp. 1 and 8.
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used to rewrite Eq. (2c) as Eq. (2e).

b g na
= =T ()T (1—ia)e™,

e~ —1 sin(wia)
oFy(ab,c; 5)= (1—3)"%F\(b, c—a, c; z/[z—1)).
T=T,"+T,
(+)=I‘(ioz)l‘(l-l—l—inz)/1+a)"°l

11(4g)+D \1—q
X oF1(~1, 141, 1—ia; — (1—a)¥/4a),
w (—1)"(+m) !/1—a>"'

a0 Lim(— m—ia)\1+a

XoFi(l, 141, 1—m—ia; 3 (1—a)).

2w

1

T’ = 2—2(+D)

(2e)

The contribution from the term of Eq. (1d) that is
evaluated at the origin is now calculated. For this
purpose, L;*? is expressed in terms of

Y(c—a,c; —3),
L = (2 D)elrrn=o) (= i2yr) ¥ (c—a, ¢; —2).
The leading term of ¥ is'?
@21
- b
T (H-1—1a) (—i2yr)@+D

and the leading term of j;(gr) is'3

(2gr)1!
Qi+1)1

J1—

This information is used to obtain the quantity C for
the contribution from the origin.

C= l,}_ff.} r*[ji(d/dr) LY — L (d/dr) ]

QI+ 1)l D gle—a
AT 1—ia)y @D

After multiplication of C by the remaining factors of
Eq. (1d), the result can be written as F/220+D(iq),
This term, exclusive of the factor F, can be combined
with 7" of Eq. (2¢) to define To™.

TyH) = 22041

w (—1)"‘(l+m)'./1--a ™
= lzmz(—m—ia)\1+a)

X[eF1(1, 141, 1—m—~da; H{1—a])—8mo].

oM. Mores ond H. %géh(gggﬁ, Methods of Theoretical Physics

(McGraw-Hill Book Company, Inc. New York, 1953), Vol. II,
pp. 1573-1574.

The solution ¢, is written as Eq. (2f).

Y= lim lim F(T,\P+T.P), ¢<K. (2f)
0 ¢—K

It is evident that T2 does not contribute to ¢y
since each term of T contains an integral power of
1—gq as a factor, which factor vanishes in the preceding
limit. It is now a simple matter to obtain Eq. (2g) as
the final result.

4y =
¢<+>=r(1+ia)(5) 2 Pi(cost)Li(Kr)

wa 4y @
= (—) 2F1(ia,1§'i[K"—K'r])eix'r7 (2g)
sinh (7)) \B
a=(Kao))™!, B=1—¢¥/K? ¢<K.

This agrees with Eq. (4bI).
The derivation of the solution for the case that

la|>1.

is sketched. In the power series expansion of Eq. (2c)
the relevant factor is rewritten as

o) -G
t=(a—1)/(at+1),

the factor ¢~ is not needed, since for real-y this pole
approaches the ¢ axis from below in the interval

0<tl.

These changes alter 1P of Eq. (2e) by the additional
factor,

At the pole,

ere,

Since T, vanishes in the limit, a — 1, the alterations
of To™ are unimportant. It is now evident that the
result is

era‘p(-{-)’v (B = 1._K2/q2)

with ¢ defined by Eq. (2g).

The converging wave solution can be calculated in
the same manner. The essential difference is that W,
is used in place of W,. One readily derives the following
expression for 70,

TO=TO+T,", |a|<1,
_I‘(—ia)I‘(l+1+ia)/1+a)—""
D@ \1—g

X2F1(—1, 141, 14ia; — (1~ a)?/4a),
= (=1)"(+m)!r1—ay
mnol!m!(—m—ia)\l+a>

X[ZFl(lv l+1, l_m—ia; %[1——0‘])—8"‘0]'

T,

Ty = —2~20+D
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If the limiting process, ¢ — 1, is performed, the quantity
FT® can be written as Eq. (4cI). Another point of
interest is the following relation.

Ty +T,O=0, Imy=0.

Thus, if both signs of € are admitted in the factor F, the

function
F(T{D4T,9)

agrees in form with Eq. (4al). Another example of the
application of Eq. (A) to obtain the scattering solution
is presented in Sec. B.

B. ATTRACTIVE SQUARE-WELL POTENTIAL

The differential equation for the Green’s function of
this scattering problem is

{V+Udn()—n(r—a) I+ K*}G=6(r—1'),

and the radial part of this equation is

1d
(z—az) {Uo[n(f)—n(f—a)]
r2dr
(+1) s(r—r)
_ +K2lG= )
r? r

U0= 2Vo/do, K?= (Zm/ﬁz)E

7 is the Heaviside unit step function, V is the depth
of the well, and E is the system energy. For each region,
r2a, the Green’s function is given by

w (2+1
=X

=)

)Pl (C050r,r,)Gl (f,f’) .

The Green’s function, G;, is now constructed for the
diverging wave case.*>:'6

r<a

Gi=—iKU(r>)Vi(r<),

U;= Cl(+)jl(af) +Dl(+)hl(l) (af),

Vi= AP ji(ar), *=K+U,,
AP =D (Ka)J(K,a)— ji(Ka)H, P (K,a) JR; 7,
C!H =1 (aa) HP (K )

— 1@ (Ka)H P (aya) JR:,

(+) [hz(l) (Ka) jz(ad)HzH') (K a)]Rg"l,

Ri=mW(Ka)— jilea) H/P (K ),

Ro=1® (@)~ ji(aa) HiP (a,a),

Ji(K,e)=Kj/(Ka)/aj/ (aa),
HD(K,a)=KnV' (Ka)/aj (as).

W E, C. Titchmarsh, Eigenfunction Expansion Associated With
Second Order Differential Eguations (Oxford University Press,
New York, 1958), Vol. II Chapter XV.

1 Reference 13, Vol. I, p. 826

16 N)athan Marcuvitz, Communs. Pure and Appl. Math. 4, 263
(1951

(3a)
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r>a
Gi=—1iKU.(r>)V.(r<),
=P (Kr),
V.= 71(Kr)+BPh® (Kr),
B =[ji(ae)J(K,a)— ji(Ka)]R ™.

In Egs. (32) and (3b), %™ and j; are the spherical
Hankel functions of the first kind and the spherical
Bessel functions, respectively. The superscript (+)
signifies that %,V is used, and the primes indicate
differentiation with respect to the argument. The
eigenfunction expansion form of G is now derived for
the region, #>a. (Only this region is treated since the
results will suffice to support the conjectures of this
paper.) It.is emphasized that the Green’s function in
question requires that ImK >0.

One proceeds as in II. The substitution, K= (A\)}, is
made, and the following contour integral is formed on
a circle at infinity in the complex A plane.

(3b)

1 ANG P (N)

, , 7=Kitie
27

e
O<argA<2m, r>7,
It is not difficult to show that this integral vanishes.
Then, corresponding to Eq. (2bII), the following result
is derived.
1 AAGHQ)

—F—+R

Gi(v)=— "
1JC) ‘Y-)\

R is the bound state contribution from the poles on the
negative A axis. This term is omitted as in Sec. A. C; is
a contour that encircles the branch cut, 0<A< «. The
leading terms of the Hankel and Bessel function at the
origin are!®

A=0, fi<c )Y, B« (\)-GHDA,

With this information, one demonstrates straight-
forwardly that there is no contribution from the branch
point at A=0. The contour integral on the path C; can
now be written as the sum of two integrals.

1 [ dGPO)

21 (o2} 72'— A

~1( r° a\}
=——~[ —hl(l) (Ah’)[]z(k’f’)
2r U ¥2—2
© gAN}

—— kO (Nevir)
o YI—M

XL ji(Nemis’)+BiH (et (Merir) ]

B W\ hO (\b) ]—
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For real values of 2z, the following relations are used
to simplify the last integral.®
Ji(zexir)=ex"ljy(z),
nmi(zer™) = — ¥l (3),
hl(l) (Zeir) —_ eitlhl(2) (Z),
B (ze) = =ity O (3),
D (2)= ju(2)x in(z).

-With the aid of this list of formulas, Gi¥ can be
written as Eq. (3c).

© At i ]
G () =— [ 22 2 s
21r 0 ‘Y2~—)\
+ BP0 A\ B O (\Y)
+ B (N ()},
B (A\e'?)=B," V(7). (3¢)

The quantity B, is derived from B;*P by replacing
Y by B®. If this calculation is repeated for the
converging wave case,

—2r <argh <0,

the same result is obtained, apart from the sign that pre-
cedes ie. Furthermore, since the expression in Eq. (3c)
is symmetric in r and 7/, Eq. (3c) is valid for r27’. The
relation of B; to the phase shifts 6;, is now demonstrated.

D® (N)=Do+iD,,
Dy=aj( (aa) ji(\a)—Mji(aa) ji' (M),
Di=aj/ (aa)ni(Ata) — NV (aa)n’ (\2a),
=Dy iDy(Dy+iD2)
Dz—l—iDl: | D2
$ind;=Dg| D |71 cosd;=D,| DD |~

B, =1 sind;e?,

B\ =

B©) = —1 singe~,

These are the conventional phase shifts.!”” The change
of variable A=%? is made; the angular part of G is
recovered, and some algebraic manipulation is per-
formed to obtain Eq. (3d) for R®,

R® (y)= 4G (y)
» 2141 2 r* dkk?
J

=d1ey, —P;(cos,, )~
=0 4ir T ./2_ B2

X [ji(kr) cosd—ny(kr) sind;]

X[ji(kr") cosdi~—mny(kr') sind,].

1 L. I. Schift, Quanium Mechanics (McGraw-Hill Book Com-
pany, Inc. New York, 1949), Chap. 5.

(3d)
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The sign of the imaginary part of v is defined as in
Sec. A. Again, as in Sec. A, the following two relations
are easily verified.

k' =ke'™,
L71(kr) cosdi(k)—ni(kr) sind;(k) b, @ (kr')e—it1®)
=[7i(k'r) cosdi(k)—ni(k'r) sind; (k") Jh, 0 (k'7")eids*)
k' =ke i,
[7:(kr) cosd,(k)~—ni(kr) sind (k) Jh,® (kr')eids®
=[7i(k'r) cosd; (k") —ni(k'r) sind; (k") T, @ (k'r")e~ 81",

The % integration now covers the entire real % axis with
the phases above and below the branch cut, — « <k <0,
defined as in Sec. A. The smallness of ¢ is exploited and
the integration is performed. Equation (3e) displays the
final result for R®.

« 20+1
R®=+4ey Y ——Pi(cosh, )
=0 4x
X[i(yr) cosdi(y) —ni(yr) sindy(v)]
X @ (yr)exitrm hl(d:)=hl(;)_ (3e)

The calculation of ¥ is easily accomplished, and
the result for ¢ is presented first. The plane wave

exp(iK-r")

is represented by the Rayleigh expansion, and the
integration over the solid angle of 7’ space is effected.
The radial integral 7® is given by'?

0

T® = / drr*hy® (yr) 51 (Kr)

a?

=— K2[7h<t+1)‘1’(70)j1(Ka)
i
— K (va) juryn(Ka)].

The upper limit vanishes by reason of the condition,

Imy>0.

The quantities, v, 2™ and £® are expanded in a
Taylor’s series about the point, K, and the terms that
contain ¢ are discarded in view of the limiting process
€— 0 which occurs subsequently. The relation!3

na (2)71(2) —m(2) jasy (2) = —272
is then used so that the expression for 7P becomes

1

T = =
v(¥?*—K?) e

All of these results are used, and the limit process ¢ — 0
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is invoked ; the result is Eq. (4a).

P = 3 Q1P (cosB)[ju(Kr) cossi—mi(Kr)

Xsind; Je®*t, 6=0,x. (4a)
Similarly, the converging wave solution is given by
Eq. (4b).

YO = f; (214-1)i* P (cosO)[ ju(Kr)
im0

X cosd;—n;(Kr) sing; Je=i%%.  (4b)

These last two results and the results of Sec. A support
the interpretation that has been given to the position
space representative of the operator in Eq. (A). Several
other facts concerning the calculations of this paper
deserve clarification. ,

The scattering solutions of Sec. B,y®, are unique
functions of the wave parameter, K ; their normaliza-
-tions are correct, and their asymptotic forms contain

MAPLETON

the same incident state from which they are calculated.
In contrast to these correct properties of the solutions
of Sec. B are the corresponding anomalies in the
solutions of Sec. A; viz., these solutions are not unique
functions of the wave parameter K ; their normalizations
are incorrect, and their asymptotic forms do not
contain the same incident state from which they are
calculated. These anomalies are discussed in I and
elsewhere.1®

This article is concluded by stating a working rule for
the calculation of the representative of Eq. (A) for the’
three-dimensional case. “The positive (negative) sign
of ie gives the diverging (converging) wave solution
provided that the incident state is projected into the
diverging (converging) wave components of the eigen-
function expansion.” This rule differs somewhat from
the conventional rule in which only the sign of fe
is specified.’®

18 S, Okubo and D. Feldman, Phys. Rev. 117, 292 (1960).
(1;5%- Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398
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Admissibility conditions for wave functions are derived from general quantum-mechanical principles.
The conditions apply in general curvilinear coordinates to functions that describe general N-particle systems.
They restrict the behavior of wave functions so severely as to suggest that the Hilbert space of ordinary
quantum mechanics cannot be enlarged unless the fundamental principles of quantum mechanics are
modified. One of the conditions implies that all particles must be either fermions or bosons, i.e., that no

particles obeying intermediate statistics can exist.

I. INTRODUCTION

LTHOUGH the predictions of wave mechanics
depend on the admissibility conditions that are
imposed on wave functions, there has been no general
agreement among different writers™™ as to what condi-
tions should be used. The conditions that have been
proposed apply only to single-particle functions, only
to functions of Cartesian coordinates, or only to
functions describing systems with special Hamiltonians.
We shall show that such limitations are unnecessary.
There are, however, more serious difficulties. The
various sets of conditions differ in physical content
because they include requirements adopted for reasons
of mathematical convenience rather than physical
necessity.

There has recently been a renewed interest>™ in
this problem because the behavior of field operators
in quantum field theory depends on the behavior of the
wave functions from which they are formed. Dresden'
has suggested that it may be necessary to enlarge the
Hilbert space of ordinary quantum mechanics (i.e.,
relax admissibility conditions) in order to give consistent
definitions of the field operators.

We shall show that certain conditions must be
imposed on wave functions because of the following
general quantum mechanical principles: (1) Momenta
must be represented by Hermitian operators; (2)
The standard commutation relations for coordinates
and momenta must apply; (3) An observable must lead
from one admissible wave function to another within
a domain which is everywhere dense; (4) Matrix
mechanics and wave mechanics must agree in every

*E. C. Kemble, The Fundamenial Principles of Quantum
Mechanics (Dover Publications, New York, 1958), pp- 79, 196.

*W. Pauli, Handbuch der Physik, edlted by Gelger Sheele,
(Verlag Juhus Springer, Berlin, Germany, 1933), Vol. 24, p. 121.

3 G. Jaffe, Z. Phys. 66, 770 (1930) and references cited therein.

4T. Kato, Trans. Am. Math. Soc. 70, 195 (1951).

5. M. Cook, J. Math. and Phys. 36, 82 (1957).

¢ J. M. Jauch, Helv. Phys. Acta 31, 127, 661 (1958).

7 J. M. Jauch and I. I. Zines, Nuovo cimento 11, 553 (1959).

8 M. N. Hack, Nuovo cimento 9, 731 (1958).

8. J. Kuroda, Nuovo cimento 12, 431 (1959).

(1;’T A. Green and O. E. Langford III, J. Math. Phys. 1, 139

60

' M. Dresden, Lectures in Theoretical Physics, edited by

W. E. Brittin and B. W. Downs (Interscience Publishers, Inc.,
New York, 1960), p. 389.

particular; and (5) In the case of a system of identical
particles, the same observable that leads from ¢ to ¢
must also lead from Py to Py, where P is the general
permutation operator.

Our conditions are applicable in general curvilinear
coordinates to functions that describe general N-
particle systems. They restrict the behavior of wave
functions so severely as to suggest that Dresden’s
proposed enlargement of Hilbert space cannot be
obtained unless the fundamental principles of quantum
mechanics are modified.

One of our conditions implies that wave functions
must be single valued. This is, of course, a standard
condition on wave functions, but a number of incorrect
statements have appeared in the literature concerning
the reasons such a condition must be used. Schrédinger'?
originally used this requirement because he believed
that wave functions were directly associated with some
experimentally observable property of a physical
system. Pauli®® realized that since wave functions are
only indirectly associated with observables, there is no
a priors reason why they must be single valued. How-
ever, he argued that multi-valued functions give rise
to sources and sinks of probability current and so are
physically inadmissible. It is this argument of Pauli’s
to which Blatt and Weisskopf* refer, although they
attribute it to Nordsieck. The argument appears in
other current textbooks,'® although Pauli'® later
recognized that it was incorrect. He noted that there
exists a large class of multi-valued angular momentum
eigenfunctions with well-behaved probability currents.

Pauli then gave another argument in which he
concluded that only single-valued functions of position
in ordinary space are physically admissible. The
essential point of Pauli’s second argument is that
double-valued functions generate angular momentum
matrices that do not faithfully represent infinitesimal
rotations. Pauli considered only single- and double-

12E, Schrﬁdinger, Ann. Physik 79, 361, 489 (1926).

13 Reference 2, p. 2

14 J M. Blatt ‘and V. F. Weisskopf, Theoretical Nuclear Physics
(John Wiley & Sons, Inc., New York, 1952), p. 783.

15 R. M. Sillitto, Quantum Mechanics (Edinburgh University
Press, Edinburgh, Scotland, 1960), p. 51.

16 W. Pauli, Helv. Phys. Acta 12, 147 (1939).
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valued functions as possibilities because Schrédinger!?
had shown that only these behave properly under time
reversal. One can also exclude all other functions by
noting that it follows from purely matrix methods!®
that angular momentum eigenvalues must be integer
or half-integer multiples of % and that only single-
and double-valued functions are associated with such
eigenvalues.

Pauli’s second argument has been generally accepted,
although Bohm!® has argued that logically one can only
demand that wave functions satisfy conditions that
insure that the average value of every observable is
single valued.- We show that if multi-valued wave
functions are used in quantum mechanics, a violation
of the fundamental commutation relations results.

In the case of systems of identical particles, one of
our conditions implies that all particles must be either
fermions or bosons, i.e., that no particles which obey
intermediate statistics can exist. Our argument leading
to this result does not depend on field theoretical
assumptions (as does an argument of Pauli’s®) or on
the questionable assumption that ¢*y must play the
role of a probability density function (as does an earlier
argument due to Pauli?*). Tolman? and others have
noted that it is possible to define probability densities
in other ways, and have speculated that particles
obeying intermediate statistics might exist. We shall
show that the existence of such particles would violate
certain general quantum-mechanical principles.

II. SINGLE-PARTICLE WAVE FUNCTIONS

Consider a particle whose state is described classically
by the Cartesian coordinates x;, xs, 3 and their
conjugate momenta 1, ps, 3. In wave mechanics, «; is
diagonal while p; is represented by the operator P;
= —4%0/0x;. Let V denote the gradient operator, and
let f denote a vector whose Cartesian components fi,
f2, fs, are arbitrary real (and therefore Hermitian)
functions of the coordinates only. The operator P;
must be Hermitian, so it follows that f;P;+P;f; is
Hermitian and, hence, that #(f-V+V-f) must be
~ Hermitian. It is easily seen from the definition of the
Hermitian property and the formula for the divergence
of a scalar multiplied by a vector that this operator is
Hermitian only if the relation

/ V- @ ehdr=0 )
R

17 E, Schrédinger, Ann. Physik, 32, 49 (1938).

18T, I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc., New York, 1955), 2nd ed., p. 141.

¥ D. Bohm, Quantum Theory (Prentice-Hall, Inc., Englewood
Cliffs, New Jersey, 1951), p. 389.

20 W, Pauli, Phys. Rev. 58, 716 (1940).

2 See e.g., G. Temple, Quantum Theory (Methuen and Com-
pany, Ltd., London, England, 1934), p. 104.

2 R. C. Tolman, Principles of Statistical Mechanics (Oxford
University Press, New York, 1938), p. 318.
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is satisfied. Here ¢ and ¢ denote any two wave func-
tions, while R denotes the region of space which is
accessible to the particle. Let ¢ be an outwardly-
directed unit vector, normal to the surface .S which
bounds R. If we choose f so that ¥*ef is continuous
everywhere in R and on S with continuous first partial
derivatives everywhere in R, then we may use the
divergence theorem in the form given by Kellogg® to
obtain

/ Y*¥of-0dS=0 )
s

from Eq. (1). Since f may vary in an arbitrary way on
S, it is clear that ¥*¢ must vanish there. By taking
¥=¢, we obtain the usual requirement? that wave
functions vanish on any surface which bounds the
accessible region of space.

We may obtain other admissibility conditions by
lightening our restrictions on f. Suppose we choose
f so that y*of is continuous everywhere in R and on S
with continuous first partial derivatives everywhere
in R except possibly on a surface g(x1,45,25) =0 which
separates two regions of space. We may use the diver-
gence theorem together with Eq. (1) and the fact that
¥* ¢ vanishes on S, to obtain the relation

liino[ 1//*<pf-'rdS-—/ ¢*¢f-'de]=O, (3)
¢ o=le| g=—1e|

where v is a unit vector in the direction of Vg. The
integrals in Eq. (3) appear with opposite signs because
v is outwardly directed on one of the surfaces but is
inwardly directed on the other. Since f may vary in an
arbitrary way on g=0, it is clear that y*¢ must be
continuous across this surface. We have only to take
¥=¢ in order to see that the amplitude of a wave
function must be continuous across g=0. Now, if a
function possesses a discontinuous phase, its gradient
will possess a discontinuous amplitude. But the momen-
tum operator (since it represents an observable) must
lead from one admissible function to another, so we
obtain the usual requirement?® that the phase as well
as the amplitude of a wave function must be continuous
across every surface which separates two regions of
space.

Now, suppose that we express the position of the
particle in terms of some general curvilinear coordinates
q1, g2, ¢s such that all of space corresponds to the
interval g, < gx < b where ai and by, are constants. The
Jacobian determinant |dx/d¢| may vanish on either
or both of the surfaces gz=ax and gx=b;. This means
that these surfaces may have zero area, so they do not
separate two regions of space. We shall now consider
the behavior of wave functions near such degenerate

8 0. D. Kellogg, Foundations of Potential Theory (Frederick
Ungar Publishing Company, New York, 1929), p. 119.

24 Reference 18, p. 30.
% Reference 18, p. 29.
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surfaces. We select f so that ¢*of is continuous every-
where in R and on S with continuous first partial
derivatives everywhere in R except possibly on gi=a;
and gx=bi;. We may use the divergence theorem
together with Eq. (1) and the fact that ¥ vanishes on
S to obtain the relation

lim [/ ¢*¢f-nd5—-/ ¢*¢f~nd5]=0, C))]
0 Qr=bk—¢l qk=ai+|€|

where # is a unit vector in the direction of Vgi. Now,
if the surface element d.S with unit normal n is moved
through the distance dr=3 ,(8r/d¢n)dg,, the volume
element dr which it sweeps out is dr-9dS. But, dr is
also given by |dx/dq|dqidg.dgs. Upon equating these
expressions for dr and using the fact that Vg.-dr/d¢n
reduces to the Kronecker symbol 8., we find that
ndS=|0x/3q|dQ:Vg:, where dQidgr=dqdgdgs. We
may substitute this expression for 9dS into Eq. (4) to
obtain the relation

lim [ [ Y*o
<0 qr=bx—|el
-~ / Ve
qr=ai+|e!

1f qk=ak‘ and ¢,= by refer to different surfaces in space,
then f may vary arbitrarily and independently over
these surfaces. Hence, it is clear that the condition

dx
- ( qu . fko
aq.

ox
—_ ‘ qu : fko] =0. (5)
g

ox

lim y*|—
dq

qk—~>ak, bk

lVQk= 0 (6)

must be satisfied. For the usual spherical polar co-
ordinates, the condition at =0 which follows from
Eq. (6) is just Dirac’s condition?® that ¢ cannot possess
a singularity as strong as r~. The conditions at =0
and #== are that ¢ cannot possess a singularity as
strong as (sind)—%. It should be noted that these condi-
tions, restricting the behavior of ¥ near any point or
any line, are stronger than the conditions required to
make ¢*¢ locally integrable. The condition for large 7
is that ¢ must approach zero more rapidly than r—.

We now inquire whether ¢ must be a single-valued
function of ¢ if this coordinate is periodic in the
sense that gr=a: and ¢,=¥b; refer to the same surface.
Since f may vary in an arbitrary way over this surface,
it follows from Eq. (4) that the product of any wave
function with the complex conjugate of another must
be single valued. We shall now go on to show that the
functions themselves must be single valued.

A wave function is single valued if it returns to its
original value when a particle is moved from an
arbitrary point around an arbitrary closed curve back

%P, A. M. Dirac, Quantum Mechanics (Oxford University
Press. New York, 1958), 4th ed., p. 156.
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to the original point. Thus, it is clear that ¢ is single-
valued if the line integral

0= / Vg dr (7)
[+

vanishes for an arbitrary closed curve C. We may use
Stokes theorem to write Eq. (7) in the form

0= ] (VXVY)-nds ®)

where 9 is a unit vector normal to the surface bounded
by C. Now, VX V¢ vanishes provided that y satisfies
conditions which insure that the commutator [ (3/dx;),
(8/9%;)] vanishes for all 7 and j. The vanishing of this
commutator is required if P; and P; commute, i.e., if
p: and p; are simultaneously observable. This implies
that Q must vanish, and hence that ¢ must be single
valued.

Finally, we show that each component of a spinor
wave function must satisfy the conditions which have
been derived for the total wave function. For this, it is
only necessary to prove that the operator which leads
from the spinor ¥ with components ¥y, « - -, . to the
spinor ¢ with components 0, - -+, 0,¢x, 0, - - -, O repre-
sents an observable. If we regard the spinors as column
matrices, then o=y, where Q is a square matrix whose
general element is 840, Since € is Hermitian and satis-
fies the algebraic equation 2?=Q, it represents an ob-
servable.?” Hence ¢ (whose only nonvanishing com-
ponent is ;) must be admissible if y is admissible.

III. N-PARTICLE WAVE FUNCTIONS

In the interest of clarity we have discussed only
single-particle wave functions in Sec. II. It is clear,
however, that the entire discussion applies also to
N-particle functions when one works in a 3V-dimen-
sional configuration space.

Let V denote the gradient operator in the 3N-
dimensional configuration space for the system, and let
f denote a vector whose Cartesian components fi, - - -,
fan are arbitrary real functions of the coordinates only.
Further, let R be the region of configuration space
which is accessible to the system, and let Sbea (3.V —1)-
dimensional hypersurface which bounds R. Let

g(xly' o 7x31\')=0

be a (3.V—1)-dimensional hypersurface which separates
two regions of configuration space. Finally, let ¢4, - -,
gsnv be generalized coordinates which describe the
configuration of the system, and let a,<qx<br corre-
spond to all of configuration space. With these general-
ized definitions, we have only to use the divergence
theorem and Stokes theorem in 3.V-dimensional space?®

27 Reference 26, p. 38.

28 J. L. Synge and A. Schild, Tensor Calculus (The University
of Toronto Press, Toronto, Canada, 1956), p. 274.
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in order to see that all of the conditions derived in
Sec. II for single-particle functions apply also to
many-particle functions.

Wave functions describing systems of identical
particles must also satisfy conditions which insure that
the general permutation operator P commutes with each
of a complete set of commuting observables Qy, - - -, Qq.
The following argument, due to Bargmann,® shows
that this is necessary in order to insure that the same
operator which leads from y to ¢ also leads from Py to
P¢. If Q is any operator, corresponding to an observable,
such that ¢=Qy, then Pp=PQy. If the particles are
equivalent then we must have P¢=QPy. Upon equating
the two expressions for P, we see that @ and P must
commute. Since @y, - - -, Q¢ all commute, we may choose
a representation in which they are all diagonal. Now,
only a diagonal matrix can commute with each matrix
of a complete diagonal set, so we see that P must be
diagonal in the representation in which @, - - -, Q¢ are
diagonal. Since this may be any complete set of commut-
ing observables it follows that P must be diagonal in
every representation. Only a constant multiple of the
identity matrix satisfies this requirement. This implies
that wave functions must satisfy conditions which
insure that

Py=Cs¥, ©

where Cp is a number which may depend upon P, but
not upon ¥. An arbitrary permutation can be expressed
as a product of permutations involving only pairs of
particles. Let P;; be a permutation that interchanges the
coordinates, including spin, of the ith and jth particles
of the system. The defining relations for P;; are

Py (’L:]) =‘l’(]’1)

Pab (i) =¥ (i ). 10)
Equations in (10) imply that
Py (i,5) =¥, 5), (1)
but Eq. (9) implies that
P (4,5)=Cinp (4, 7), (12)
from which it follows that
P (i,5)=Ci (i, 5). (13)

Equations (11) and (13) imply that C,? must be unity,
and hence that C;;=z1. Finally, we note that C;
cannot depend upon the indices 4 or j. This is clear since
the identity PaPij=PiiPu leads to the requirement
that C;;=Cy;. Since C;; cannot depend on 4, 7, or ¢, we
conclude that it can only depend on the nature of the
system of particles, and that there can exist only two
classes of particles, corresponding to C;;=-+1 and
C;;=—1, respectively.

V. Bargmann, lecture notes (unpublished).

DAVE PANDRES, JR.

IV. CONTINUUM WAVE FUNCTIONS

Although the conditions we have obtained in this
paper are consistent with the usual restrictions imposed
on wave functions, generally they are not fulfilled by
eigenfunctions corresponding to eigenvalues which
belong to a continuum. For example, neither plane
waves (momentum eigenfunctions) nor Dirac delta
functions (position eigenfunctions) satisfy our admis-
sibility conditions. However, these difficulties are
easily resolved. As Dirac® Hhas remarked, we can
measure such quantities with an arbitrary degree of

_precision, but not with an infinite degree of precision.

This implies that we can prepare a system in a state
which approximates a plane wave or a delta function
arbitrarily closely, but can never prepare a state which
is described exactly by either of these functions. We may
gain some physical insight into the meaning of this by
considering the measurement of the position of a
particle. If we observe the particle with electromagnetic
radiation, we must use photons with an infinitesimally
short wavelength to measure the position of the particle
exactly. But the energy of such a photon would be
infinite so the measurement is physically impossible.

Dirac has described the situation by saying that
states corresponding to eigenvalues which belong to a
continuum are mathematical idealizations of what can
be achieved in practice. It is not surprising that such
idealizations will sometimes violate the boundary
conditions which apply to states that actually occur in.
nature. On the other hand, one can only agree with
Dirac that such idealizations play a very useful role in
the theory and one could not very well do without them.
It therefore seems clear that we must admit into wave
mechanics any functions which can be represented as the
limit of a sequence of functions which satisfy our
boundary conditions. This point of view is consistent
with Schwartz’s® theory of generalized functions and
with von Neumann’s®? argument that the domain of
an observable need not include all of Hilbert space
although it must be everywhere dense.
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The generalization is developed, for # functions of # variables, of the Kac-Rice theorem on the occurrence
of zeros of a random function, and 1s applied to a particular kind of vector integral equation in a single
independent variable (time) by discretizing the time axis. In this way the functional probability for the
solution of the equation is obtained. This technique is applied to the stochastic integral equation representing
the motion of a tagged point in a fluid in turbulent motion.

INTRODUCTION

HE problem of describing the motion of a tagged

point in a continuous fluid in turbulent motion

can be reduced to the problem of obtaining the statistics
of a function r(a,t) defined by

r(a,t)=a+f u[r(a,r),r Jdr

when the statistics of u(x,?) are known, where u(x,?)
is the Eulerian velocity field specified in laboratory
coordinates, and r(a,!) is the position at time ¢ of a
material point located at a at ¢=0. The difficulty of
the problem is that each realization of u(x,t) generates
a unique r(a,f), so that the r are statistically dependent
on the u, and it is not clear how one should go about
obtaining the statistics of u(r,f) from those of u(x,).
The author has been unable to find a treatment of such
problems in the literature.

In this paper this difficulty is resolved in the sense
that a method is described for obtaining the functional
probability of r in terms of that of u. This is done by
showing that the distribution of the solution of the
equation is the distribution of the zeros of the set of
simultaneous equations formed by discretizing the
time axis.

For applications, however, a serious difficulty
remains. The functional probability is far more informa-
tion than is needed or wanted in physical problems. To
obtain the distribution for position at a single time, it
is necessary to integrate in function space over all paths
that lead to the point in question. The author has been
able to carry out such an integration only in problems
which can be done more easily by other methods,

* The work on which the present paper is based in taken from
the author’s PhD. Thesis, “Some problems connected with the
motion of small particles in a turbulent fluid,” June, 1957,
available from the Department of Mechanics, The Johns Hopkins
University. The investigation reported there was supported by
the Mechanics Branch, Office of Naval Research. Subsequent
work contained in the present paper was performed at the Garfield
Thomas Water Tunnel, Ordnance Research Laboratory, The
Pennsylvania State University, with the support of the Bureau
of Naval Weapons.

t Associate Professor of Aeronautical Engineering, The Penn-
sylvania State University.

but functional integration has arisen in other prob-
lems—? and is under consideration by other authors.

1. EXTENSION OF THE RICE-KAC THEOREM

Under fairly general restrictions, a well-known
theorem by Rice* and Kac’ states, that for a random
function f(x) for which

P(¢n; x)dédn (1)

is the probability that the amplitude and slope satisfy
the inequalities

S () <E+dt
1< f/(%) <n+dn,

then the probability that f(x) has a zero in the interval
x, x+dx is given by

)

dx/ wlnl P(0,n; x)dn. (3)

—%

We need a more general theorem applying to a set
of n functions of » variables

Jilxy, - -5%0)

giving us the probability that the f; simultaneously
have zeros in the intervals x;, x;+4dx;.

Now, if 2,9 is a set of zeros, then we can write, close
to the zeros, .

Sl 2 ) =0= fi(xs,- * -, x0)+ fin(21, -+ y20)
X (@0 —x)+0(|a0—x]?), (5)

Fa® — 20| 2= (20— ) (20— x),

i=1, -, 4)

where we have expanded f; at a zero in a Taylor series
about an adjacent point. Ignoring higher-order terms,
the solution for x;—x,? is given by

f’”'_l(xh' : ',xn)fi(xl,' " ')xﬂ)=dk(xh' * ',xn) (SaY) (6)

and we are led to consider d, not only close to a zero,

I R. P. Feynman, Revs. Modern Phys. 20, 367 (1948).

* E. Hopf, J. Rational Mech. Anal. 1, 87 (1952).

3N. Wiener, Acta. Math. 55, 117 (1930), note especially
pp. 214-234, )

4 8. 0. Rice, Am. J. Math. 61, 409 (1939).

¢ M. Kac, Bull. Am. Math. Soc. 49, 314 (1943).
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but elsewhere. fi; is defined by
Jei T fi5= 0 fui=0fi/0x; (7)

that is, it is the inverse of f;; Here we must make
a basic assumption, which is that neither of the deter-

minants
feill=0 | fi72[#=0 ®

is ever zero. This permits us to solve (5) to obtain (6),
for instance, and will be used again later. Equation (8)
is essentially a restriction that the transformation
defined by the f; is one to one.

Examining (6), we find that, if x; is a zero of the set
fi, then the set d; is zero, a conclusion we can reach
because of (8). Conversely, if the set d; is zero, then due
to (8), the set f; must be zero, and hence «; is a zero of
Jfi. We can thus state that the set d;=0 if and only if
the set x; is a zero of f;. Now we must examine the
limiting behavior of (6). We have in mind equating the
probability of d; being near zero to the probability of
a zero of f; being near x;; the question is, how near?
If £ is a zero of f;, and in the limit d; — x;—x.9, then
the “nearness” in the two probabilities is the same.
We can expand (6) about a zero, obtaining

di(xy," -+ %n) = 2= 2 L4+0(| 2~ 20 [?). )

(Kronecker’s delta),

So that as |x;i—x0| — 0, d:— x;,—x#, which is not
surprising in view of our definition of d;. Hence we can
write
W(xy,- - - Xn)dxy- - dxs
=prob{the set fi(x1,- - -,x.) has a zero in the
interval x;, x;4dx;}

=prob{0 di(x,- « - ,2a) <dx}. (10)

Now, the latter quantity is fairly easy to compute.
Let us write

prob{&:<di(xy,- -, %a) <EitdE;
74 < fi,i(%1, 0+ %0) <mijtdnij}
=Q(Elx' ° '15"; ML * " yMany X1, ‘,xn)dfd"l (11)

(we will use the symbol without subscript to indicate
the volume element, dé=d¢;- - -d&,). If we write

prob{¢: < fi(xy, - -« %) <titdis,
745 < fii (%, - - 20) <nij+dnis)
=P(§-11 v 1?"7"117 Ct My X1, 'yxﬂ)d;-dny (12)

then we must define {;=1,;£; (from the definition of d,),
and ‘

Q(Ely' ’ ';Eﬂ)nllr' “ o Man; X1,0 'yxﬂ)dsdn
=P(’71i£i7 “ M€, S Man X100 )xﬂ)
X |l | d&dn,

where |{|5:j]|| is the absolute value of the determinant,
i.e., the absolute value of the Jacobian of the trans-

(13)

JOHN L. LUMLEY

formation. The quantity we wish, given in (10), is

W(xlv e )xﬂ)dg

+-c0
—a f 000,

=d€/ P(O, ) ')07"711" *ylan; X1,0 ':xﬂ)
X | llnsil] | dn.

We will indicate the »? multiple integral by a single
integral where no confusion is possible. Expression (14)
is the n-dimensional analog of the one-dimensional
expression (3), and reduces to it for n=1.

<011, *  Mnas X1, - 1xn)dn

(14)

2. GENERALIZED RICE-KAC THEOREM FOR
VECTOR FUNCTIONS

In what follows we will apply the generalized Rice-
Kac theorem obtained above to a set of vector equa-
tions. This application is straightforward, since it
requires only a convention for ordering. Suppose, for
example, that we had a set of # vector functions of m
components, the arguments of which were » vectors of

m components each:

All we need do is define a new set of functions and
arguments:

(£)s=fo—vy mip*

(X6)p =X (e—1y m1-p™

P:l’ ...’m;k=1’ e, n

16
p=1, -, m;k=1,---, n (16)

The adoption of such a convection, however, tends
somewhat to obscure the physics. We will instead use a
notation which maintains the distinction. The reader
can easily convince himself that the proper form for
(14) is given by (with an appropriate interpretation of
the notation)

W(Xlr' ° ’xﬂ)dz
+0
=d£ P(O’. . .,O,Hu’. . ',Hnn;xl,' . -,xu)

- X | [Ha |aH  (17)
in which boldface lower-case letters indicate 7 vectors,
boldface upper-case letters indicate mXm matrices,
the determinant {|H,j| is a block determinant, each

block mXm consisting of #n? blocks, and dH is the
volume element in m?»* dimensions,

d(Hu)nd(Hn)m' . d(Hrm) mme

If we define a gradient operator as

(V)p=0/3(X:), (18)
we can write the gradient matrix as
v fi=Fy; (Fi))pe=03(£:)p/9(x;)e- (19)
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3. APPLICATION TO VECTOR INTEGRAL
EQUATIONS

Let us consider

((f)= f ex(r) tyr Y (20)

although for our fluid mechanical problem we will
have no need for so general an equation. r and g are
m vectors. Let us divide the time axis by a mesh,
$;1<ti<liy1,i=1, - -+, n and write the discrete analog
of (20):

LOED o [ OVRRED oL OYNPTIRCD

where we have written A;=¢;—¢;_;. Writing r(¢;)=x;,
and

fi(xl,' o )xn)=xi_ Z g(xk)ti)tk)Ak:»

k=1

(22)

we have a set of # vector functions {each having m
components) of »# vector arguments (each having m
components). Asking for the probability that there is
a zero of this set in the vicinity of the points x; is the
same as asking for the probability that the solution to
(21) lies near the set x;. Except for the discrete approxi-
mation, this is the functional probability for the solution
of (20). Thus we wish to compute the expression (17)
for such a set and the first quantity to be computed is
the determinant of the gradient matrix ||F;ll. If we
presume (as we must) that we have all statistical
information about g(x,t,t') for deterministic arguments,
then P(0,- - - ,0,H,y,- - - ,Hnu; Xy, - -,X,) can, in principle,
be written down.

Now, the determinant ||F;;|| will be made up of #?
blocks, each for a fixed pair of values of /; the 7, j
block can be written as

Fij=18:i— > V;8(Xi,ti,t) Ak

k=1

= 15;','— Vg(xiytiatf)Aia (23)

where the subscript has been dropped from WV, since
only one of the vectors appears as argument, and no
confusion can arise; §;; is Kronecker’s delta, and 1 is
the unit matrix. The determinant is

Fll Fln
IFll=] :

Fnl et an .

Now, we are particularly interested in physical
systems, which are in general characterized by having
their present state depend on past time only, equivalent
to writing (20) with the upper limit / the running
variable. In such a system, g(x;?,¢,)=0 if j>1i, so
that F;;=0 if j>i¢. This means that (24) may be
evaluated in a particularly simple way by Laplace’s

(24)
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‘expansion,® since all the blocks above the diagonal are

zero, and only the diagonal blocks contribute. Thus,
making this restriction,

IFall= II1 || Fal | = IIl det[1— V§(Xaylasta) Aa]

(no sum on a). (25)

Now, each determinant in this product is a character-
istic equation for the matrix VgA,, with unity eigen-
value.” Hence it can be written as

det(1—-vgaA)=1—I,+1,—I;-- -, (26)

where each term I, is the nth principle invariant of
VvgA; (i.e, the sum of the principle minors of order »),
and hence is homogeneous of degree » in its terms,
and in particular, in A,. Hence, we can write

det(1—VgAL)=1—V-8A,+0(AL2), (27

V-g being the first invariant, the trace. Hence, we
can write

|Faill= lj:x [1—v-g(x:ti,t) A+0(A2)]
=exp( Zn: In[1—v-g(x,ti,t)A:4+0(A2)])

=exp(— él [v-g(x,tit)AA+0(A2)]) (28)

expanding the logarithm ; as the mesh is drawn finer and
finer, this becomes

nFi,-u=exp(— f V'g[r(t),t,t]dt>.

In the particular case of V-g=0 (which will prove
to be of importance physically as that of an incompres-
sible fluid) we have

29

[ Fasf| =1 (30)

so that the integration in (17) can be carried out
directly, giving the result that, for this particular case,
the probability of the solution to (20) lying in a narrow
band about a particular “test function” is the same as
the probability that the two sides of (20), evaluated at
the “test function,” differ by an amount that lies in
the same narrow band.

4. MOTION OF A TAGGED POINT IN A FLUID—
THE EULERIAN-LAGRANGIAN PROBLEM

For the motion of a tagged material point in a fluid,
(for simplicity a=0)

gxhr)=u(xr) r<¢
=0 T>¢ (31)

8 See e.g., E. A. Guillemin, The Mathematics of Circuit Analysis
(John Wiley & Sons, Inc., New York, 1949), p. 7.

"H. Jefireys and B. S. Jeffreys, Methods of Mathematical
Physics (Cambridge University Press, New York, 1956), Chap. 4.
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the Eulerian velocity field. If, furthermore, the fluid is
incompressible V -u=0, so that

IFesll=1 (32)
and the conclusions following (30) hold. That is, since
P(oa' ) ';O)Hll: e ,H'm; S TR 7xn)
will be nonzero only on those points where

[H.il =1,

o0
P(O: o :0;H11; toe 7Hﬂﬂ; b S PR ,Xn)

X |[|H||dH
=R(0;' ° '70; Xy, - '7x”)

W(xl,' ° ,Xn)=

—%

(33)
where
R((ly e )(ﬂ; Xy, 'yx")d(
=prob{{;<i(xy, - - X)) <Titdl}  (34)
and m=3.
Now, R(0,---,0;xy,---,x,) is the integral of the
characteristic functional

R(O,' : '10; b STR ',X,,)

1 e

= (zw)sn /_ﬂo E{eXp[’l:ﬁ;fk(xl,- . ',Xn)]}d¢, (35)

where E{ } is expectation. If we substitute from (31)
and (22) we can write

R(oy' " )0) S PR ',X,,)

1

(27r) 3n

+0
[ eotita

X E(expl—ige T u(xpls)A,Td6, (36)

LUMLEY

where a sum over k is understood. The expression (36)
can be evaluated if the Eulerian characteristic func-
tional is known; in the limit it is simply the probability
density that for a chosen r(2),

)= / tll[l'(T),T]d’r on an interval [0,7]. (37)
0

Since r(?) is fixed, this is an Eulerian quantity.

5. CONCLUSIONS

We have shown how in an incompressible fluid, the
functional probability density that a test function is the
displacement of a tagged point over a finite time may
be obtained from the characteristic functional for the
Eulerian velocity field. For such a fluid, the functional
density for displacement is identical with the probability
density that a test function satisfies the kinematical
equation in the same time interval. In order to obtain
physically useful information, it is necessary to integrate
over all paths which end at a point of interest in order
to obtain the ordinary density at a given time. It is
possible to make an assumption for the characteristic
functional of the FEulerian velocity field which is
kinematically consistent, if not dynamically so (the
Gaussian); it is still not possible to carry out the
functional integrations without other assumptions.
Those which suggest themselves to the author (spacially
uniform velocity field, or temporally uncorrelated) are
not physically meaningful, for turbulence problems, and
give results that can be obtained directly in both cases.
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Space-time symmetries admissible according to the Einstein-Maxwell equations are analyzed from the
standpoint of the groups of motions in Rainich geometry. Necessary and sufficient conditions for a motion are
expressed in terms of the Ricci vierbein of principal directions. Normal Rainich geometries, for which the
Ricci congruences are orthogonal to four sets of hypersurfaces, are studied in some detail. First integrals to
the Rainich conditions are presented for the latter class of geometries. A new solution to the Einstein-
Maxwell equations is derived in the form of a spatially homogeneous Rainich geometry.

L INTRODUCTION

HE gravitational behavior of classical electro-
magnetic radiation is governed by the Einstein-
Mazxwell equations. If the square of the Maxwell stress
tensor is not zero, the electromagnetic field is said to be
non-null and the Einstein-Maxwell equations imply that

=1R,*R,>0. (1.1)

When this non-null condition is satisfied, the whole
content of source-free electrodynamics and Einstein
gravitational theory can be recast in a purely geometri-
cal form, as originally shown by Rainich! and investi-
gated more recently by Misner and Wheeler? and other
authors.®%

Such Riemannian manifolds, the so-called Rainich
geomelries, take a simple description in terms of the
invariants associated with the Ricci vierbein of principal
directions.® Let us denote the four unit vectors of the
Ricci vierbein by Aqj,, where the Latin subscript labels
the vectors [¢=0, 1, 2, 3] and the Greek subscript
labels the coordinate components of each vector
[u=0, 1, 2, 3]. Then it can be shown that the metric
tensor and the Ricci tensor of a Rainich geometry are
given by the expansions

3
Bur= Z eaAa“‘Aulv (1.2)
a=0
and
3
Rl“’:P Z eafa)\alu)\alv (13)
a0
in which
8" NauM by =Naluhb)* = €adap (1.4)
&= —1, 61=62=63=+1 (15)
fo=hHh=—1, fi=fa=+1, (1.6)

and the p in (1.3) is a positive scalar invariant.
One set of additional requirements must be imposed
on a Riemannian manifold if it is to be a Rainich ge-

1 G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925).

2C. W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957).
3 G. Rosen, Phys. Rev. 114, 1179 (1959).

4 L. Witten, Phys. Rev, 115, 206 (1959).

5 L. Witten, Phys. Rev. 120, 635 (1960).

ometry. Let the linear operators

da=Ng)*3/ 02" 1.7
represent differentiation in the Ricci principal directions
and define the associated structure coefficients by writing
the commutation relations

3
[84,05]=0.0s—3:0:s=2_ C.ase. (1.8)
c=0

From (1.7) it follows that the structure coefficients are
computed according to the formulas

Ccabz_cha=ec()\c]u,v_)\clv,u))\u[“)\bl v (1.9)

In terms of the intrinsic notation established by (1.7)
and (1.9), four of the structure coefficients must be de-
rived from a scalar invariant e, the so-called complexion
of the electromagnetic field. More precisely, we have
the conditions

C123=a(¥1 C032=ala

Cso=0x¢ Cin=8s.

(1.10)

The Ricci vierbein of principal directions A4, satisfies
(1.2), (1.3), and (1.10) if the Riemannian manifold
fulfills the conditions of a Rainich geometry. However,
the Ricci vierbein is not uniquely determined by a given
Rainich geometry, because (1.2), (1.3), and (1.10)
preserve their form if we make the replacements

Noju — Nop’ = (coshg)Noju+ (sinhg)A1y,
Mju = M= (coshg)Nyj+ (sinhg)Aoy,
Azju = Az)’ = (COSO)Ngjut (SINO)As
A = g1’ = (cosO)Az),— (sinf)As),

with ¢ and @ arbitrary differentiable functions. The
transformation N — N\’; defined by (1.11), is called an
internal gauge transformation, and a specification of the
functions ¢ and 6 is called an internal gauge. Later we
shall describe special internal gauges which facilitate
the analysis of Rainich geometries.

A set of important relations is readily derived from
(1.3). Substituting this equation into the contracted
Bianchi identities

(1.11)

(Ry—3R5,%),,=0 (1.12)
and making use of the definitions (1.7) and (1.9), we
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eventually obtain equations for p,

do(Inp) =2(C202+C203)
d1(Inp) =2(Ca12+Ca3)
92(Inp) =2(Co20+Ci21)
33(Inp) =2(Co30+C1a1).

Once we have solved the above conditions for a
particular Rainich geometry, the associated electro-
magnetic field can be expressed in terms of the Ricci
vierbein A, and the scalar invariants p and «. The
electromagnetic field tensor is

(1.13)

3
P
Fu= 62(5) [ (cosa) (Nojuh1j»—NopsA1)

+ (sina) (s Aoy —AapAg) ), (1.14)

where ¢ and G denote well-known physical constants.

II. GROUPS OF MOTIONS IN RAINICH GEOMETRY

In the preceding section we have reviewed the general
properties of Rainich geometry, the geometrical formu-
lation of the Einstein-Maxwell equations. Now we shall
study Rainich geometries which can be characterized
by a group of motions.® Symmetrical solutions of the
Einstein-Maxwell equations are associated with Rainich
geometries of this type.

The infinitesimal generators of a group of motions are
the linear operators

X ) = B8y /gm 2.1)

where the superscript (r) labels the linearly independent
solutions to Killing’s equation

ky;v(r)+ky;p(r)=0. (2.2)

If the superscript (r) enumerates a complete set of
linearly independent solutions to (2.2), then the com-
mutator of two distinct X’s is expressible as a linear
combination of a certain number of the X’s and the
group is said to be complete.

The Rainich conditions preclude Riemannian mani-
folds which support more than four (linearly inde-
pendent) X’s, as shown by applying well-known exist-
ence theorems to some of the results below, in particular,
the condition (2.16). Thus, the order of a complete
group of motions in Rainich geometry is less than or
equal to four. Furthermore, a group with four X’s must
be intransitive, that is, the rank of the matrix 2™# is
always less than four. The Reissner-Nordstrom solution
(for an electrically charged masspoint at rest) is an ex-
ample of a Rainich geometry with maximal symmetry,
characterized by four X’s that generate displacements

% Lie’s theory of continuous groups was first applied to Rieman-
nian geometry by Killing, Fubini, and Ricci. The basic theorems
have been surveyed by L. P. Eisenhart, Riemannian Geometry
(Princeton University Press, Princeton, New Jersey, 1949),
Chap. VI.
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in time and rotations about three mutually perpendicu-
lar spatial axes. Other static Rainich geometries with
maximal symmetry, and several with symmetry less
than maximal, appear in the literature.”8 An example of
a nonstatic Rainich geometry with maximal symmetry
is obtained from the spatially homogeneous Rainich
geometry (reported below) by setting bo=5b;=1 in the
line element (4.10).

Rainich geometry assumes its most tractable form in
terms of the invariants associated with the Ricci
vierbein. In order to determine how a group of motions
influences the analytic properties of a Rainich geometry,
we shall translate Killing’s Eq. (2.2) into equivalent
conditions on the Ricci vierbein. Our main results
concern the invariants X7, where

3
[aa,X(r)]E Z Xab(r)ab- (23)
b=0
Let us also introduce the expansion
3
k“(")z Z Ka“»‘alm (24)

a=0

and recall (2.1), (1.7), and (1.8). Then according
to (2.3),

3
Xab(r)EaaKb(T)_l-Z CbacKc(r)— (2-5)
c=(

Theorem 1:
eaXapM+€X 5" =0. (2.6)
Proof : As a consequence of (1.9) and (1.4), we find
eucabc"'ebcbac: ()\clu; v+>‘v|v;ﬂ)ka|“hbl " (27)

Thus, (2.6) follows by putting (2.4) into (2.2) and
invoking the definition (2.5).

Corollary:
Xaa(r) =0. (28)
Theorem 2 :
XatP=0 for fo#fs. (2.9)
Proof?: The identities
k#: ”(r).._k“;”(r)=kf(r)R“W1 (210)
and
Ryvar+Ry¢“7+R1“yf=O (2-11)
imply that a solution to (2.2) also satisfies
kl‘;l’ﬂ(r)zk‘r(r)Raynr- (2.12)

Integrability conditions for the Jast equation take the
form

kf;u(')va17+k7;v(r)Ruvwf-l-k‘r;w(r)Rvuv‘r '
+kf;¢(’)vaur+k(7) T-R[urwv;r=0- (2.13)
*W. B. Bonnor, Proc. Phys. Soc. (London) A66, 145 (1953).
8 A. K. Raychaudhuri, Ann. Phys. 11, 501 (1960).

¢ Equivalent expressions for some of the steps in this proof have
been given by G. Ricci, Rend. Lincei 14, 489 (1905).
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Contracting » and ¢, we obtain
Ben PRk, PR, HER,,. =0, (2.14)

a relation which indicates that the manifold of solutions
to Killing’s Eq. (2.2) is constrained by the Ricci tensor.

Next, multiply (2.14) by Aq*As® and sum over u and
w. Recalling (1.3), (1.9), (2.1), (2.4), and (2.5), we find

P(fa"fb)xab(r) _fa‘sab(X(r)P) =0. (2.15)
Hence (2.9) follows from (2.15) by taking a#b. For
a=b we have:

Corollary:
Xp=0, (2.16)

In view of (2.8) and (2.9) most of the X, vanish.
The surviving components of X.;”, which are not
necessarily zero, are

X_(r)EXOI(r)=Xw(r)

and 2.17)

X+(r)§X23(r)=_X32(r)_
Putting (2.8), (2.9), and (2.17) into (2.3), we have

Theorem 3: Necessary and sufficient conditions for the
X’s to be the infinitesimal generators of a group of
motions are

[ao’X(r)]_.X_(r)al_—_O
[al,X(r)]_er)ao:O
[32,X(r):|_x+(r)33=0
[05,X " ]+X,3,=0

where X (7 and X, represent arbitrary scalar
invariants.

(2.18)

Proof: The necessary quality of (2.18) is obvious.
That (2.18) provides sufficient conditions for the X’s
to be the infinitesimal generators of a group of motions
follows from the converse of Theorem 1, proved by
reversing the proof of Theorem 1.

Now we can prove

Theorem 4: In a special internal gauge, a symmelry
gauge related to X7, the necessary and sufficient con-
ditions for X become

[84,X (" ]=0. (2.19)

Proof : No reference to the internal gauge was required
in order to derive (2.18), and therefore (2.18) must be
valid in every internal gauge. Consequently, under an
internal gauge transformation (1.11), X_® and X,
transform according to!°

X_(0 5 X_('=X_("_X g
X M- X+(r)’=x+(r)_X(r)0_

1 We have taken a shortcut in order to get (2.20). Since the
transformation character of X_( and X, does not depend on
the theorems which precede (2.18), a strict derivation of (2.20)
should be based on the relations (1.11), (2.17), (2.5), (1.7), (1.9),
and the internal gauge invariance of (2.4). Of course the result
is the same.

(2.20)
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Hence if the ¢ and 8 are solutions of the equations

Xg=X_("

X(’)0=L(’) (221)

[r fixed],
the internal gauge transformation (2.20) produces
X =X, =0 [rfixed], (2.22)

and (2.19) follows from (2.18) and (2.22) by dropping
the primes.

An internal gauge which gives (2.19) is called a
symmeiry gauge related to X . Generally speaking, it
is not possible to gauge out X_ and X, for several
values of (#) simultaneously.

Corollary: In a symmetry gauge related to X we
have

XOCape=0. (2.23)
Proof: Using (2.19) and (1.8), compute
3 3
Z (X(r)cabc)aa= Z [:X(r)gcabcaa]=
a=0 a=0)
[X('),[ab,3¢]]=0, (224)

which implies (2.23).

As an application of (2.19) and (2.23) we shall con-
sider a motion in a “symmetrized” Ricci principal
direction, that is, a motion which is everywhere parallel
to the vierbein vector A, in a related symmetry gauge.
The infinitesimal generator of the motion is expressed as

X =K (2.25)

So from (2.23), (2.19), and (1.8) we obtain conditions
on the structure coefficients,

ImCas=0

Com»=0 [a5#m] (2.26)
C,,,,,.b=ab In | Kml y
where
9nKn=0. (2.27)

If the index m in (2.26) and (2.27) is set equal to zero,
we obtain the conditions for static Rainich geometries
in a related symmetry gauge

aOciabz:= 0

Caos=0 [a5=0] (2.28)
Coos=0s In| Ky},
where
30K =0. (2.29)

A comparison of (2.28) and (1.10) shows that a need not
be identically constant for static Rainich geometries.
However, the conditions in (2.28) do require
d0=033¢=0, that is, the normal to the a=constant
hypersurfaces is necessarily contained in the negative
blade at every point.?
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III. NORMAL RAINICH GEOMETRIES

In this section we investigate Rainich geometries for
which the Ricci congruences are normal. Although
mathematical difficulties cohibit the detailed analysis of
most Rainich geometries, normalcy of the Ricci con-
gruence permits immediate integration of the conditions
in (1.10) and (1.13). Later we shall consider groups of
motions for this special class of mathematically tractable
Rainich geometries.

The congruences associated with the Ricci vierbein are
the four sets of curves which are, respectively, tangent
to the vectors Agy,. A congruence is said to be normal if
its curves are orthogonal to a set of hypersurfaces. If
the four congruences of the Ricci vierbein are normal,
the Rainich geometry is said to be normal, and the
Ricci vierbein takes the form

Nalp = eeado,/dxh 3.1)

where the four ’s and the four ¢’s are scalar invariants.
Observe that the w’s and ¢’s are not uniquely determined
by the normalcy of the Ricci congruences, because (3.1)
retains its functional form under the replacements
*— *
Wg—> w.,* (d:'a/ do*)wa (3.2)

da— 0¥ =04*(0a)
where each ¢,* is an arbitrary monotonic function of the
corresponding o.. However, the normalcy conditions
(3.1) are not preserved under an internal gauge trans-
formation (1.11), and thus (3.1) presupposes a particular
internal gauge, the normalcy gauge. It should be
emphasized that all Rainich geometries are not normal,
in the sense that all Rainich geometries do not admit
an internal gauge transformation which brings the
vierbein into the form (3.1).

With the help of (1.4) and (1.7), the normalcy condi-
tions (3.1) can be rewritten in terms of invariants,

(3.3)

Next, the structure coefficients can be computed from
(1.9), (3.1), (1.7), and (3.3). In this way we find

Cabc= (Babac—‘sadab) In ] wal
or, equivalently,
Can=0, [:b9£ a;éc:l

Coab= _Caba=ab lnlwal ;

3a¢n,= 8.;5/0).,.

(3.4)

(3.5)
[a=b]. (3.6)

Notice that Egs. (3.5), the integrability conditions for
the existence of ¢’s satisfying (3.3), are sufficient con-
ditions for a normal Rainich geometry.

Now by virtue of (3.5), the four structure coefficients
in (1.10) vanish. Therefore the Rainich conditions (1.10)
are trivially satisfied, and for normal Rainich geometries
we have

3.7

The geometrical significance of a=constant Rainich
geometries has been discussed previously.?

a=const.
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Geometrical coordinate conditions prepare the way
for the integration of Egs. (1.13). We choose the o
invariants as our coordinates, =7, and (3.1) becomes

xal)s‘=' en“’aauu- (3.8)
Then the metric tensor (1.2) reduces to
8adb= eawazaab- (3.9)

This special coordinate system also makes the d’s of
(1.7) take the form

- 8a= (1/w4)3/d04, (3.10)
so that (3.6) becomes
Caab= _Caba="'__'a‘, [a#b]. (3.11)
wawp do'y
Integrating (1.13), we obtain the results
przwlz =7 (0’0,0’ 1) (3. 12)
pw22w3 =74 (0’2,03) (3 13)

where w_ and = are arbitrary positive functions of the
indicated coordinates.

Equations (3.7), (3.12), and (3.13) constitute first
integrals for a normal Rainich geometry; Eq. (1.3)
expresses conditions which remain to be fulfilled. Using
the coordinate system of (3.8), let us calculate the Ricci
tensor associated with the metric (3.9). This somewhat
lengthy computation gives the left side of (1.3). Then
Eq. (1.3) splits up into the conditions

3 a(0we)  (awe) (Qrwa)
>
c(#a,b)=0 We Walle
3 e.,a azwc ec‘a cgwu
> [ +
c(>a)=0 We We
3 ep(dwwe) (Brwa)
y "

b(##a,c)=0

]=0,’ [a=b] (3.14)

]+ﬁm=0 (3.15)

[ANAN

where the 9’s are given by (3.10). All solutions 0f(3.14)
and (3.15) satisfy Egs. (3.12) and (3.13), a fact which
facilitates the integration of (3.14) and (3.15).

The best-known example of a normal Rainich ge-
ometry is the Reissner-Nordstrom solution.!*> With the
Ricci vierbein in the form (3.8) (normalcy gauge and
o’s as coordinates), the Reissner-Nordstrom solution is

2m  e\}
wo= (l—'—+'—‘)

a1 0’12

2m  &\7}
w)1= (1—‘_+'—‘)

o o (3.16)
wWe=01

w3=01 Sindz
p=¢€/ast,

1 K, Reissner, Ann. phys. 50; 106 (1916).
21, Nordstrom, Proc. Amsterdam Acad. 20, 1238 (1918).



SYMMETRIES OF THE EINSTEIN-MAXWELL EQUATIONS

where m and e are constants. It is easy to verify that
(3.16) satisfies Eqgs. (3.12)-(3.15).

Let us consider normal Rainich geometries which
support a motion in a Ricci principal direction. In this
connection, we assert the results:

Theorem 5 : Normalcy gauge is a symmetry gauge for
a motion everywhere parallel to 2 member of the Ricci
vierbein. A . Furthermore, an appropriate transforma-
tion (3.2) achieves

X™=9/d0pm
X(my,=0.

(3.17)
(3.18)

Proof: Equation (2.25) gives the infinitesimal genera-
tor for a motion everywhere parallel to Aj,. Necessary
and sufficient conditions for X to be the infinitesimal
generator of a motion are stated in (2.18). The structure
coefficients of a normal Rainich geometry are given by
(3.5) and (3.6). Combining these equations, we have

K. Kn
(wma(]—)am—l_ (_amwo)ao'— X_61= 0,

Wm wo

K, K
(wmal—)am+ (——amwl)al— X_80= 0,

W w1

(3.19)

K. Kn
(wmaz—)am+(—3mw2)32— X,93=0,

Wm w2

K., Kn
(wmaa—)am+ (—-—6,,.w;;)83+x+62 = 0

Wy w3

Since the 8’s are linearly independent operators,
Egs. (3.19) imply

X_=X,=0, (3.20)

which shows that the motion is expressed in a symmetry
gauge [see (2.22)]. From (3.19) we also deduce the
relations
Omwa=0, [a7#m]
0a(Kn/wm)=0, [asm]
nKn=0.

(3.21)

In terms of the ¢ coordinates introduced above,
Eqgs. (3.21) become

Owe/d0m=0, [azm]

(8/80 m) (Yoom) =0 (3.22)

where y=K,./wn is a function of o,. Therefore an ap-
propriate transformation (3.2), defined by don/do*=17,
achieves

3/30m*=70/00m=K ydm=X™

W ¥ =YW,

(3.23)
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Dropping the stars, (3.17) and (3.18) follow from (3.23)
and (3.22).

Of the four infinitesimal generators associated with
the Reissner-Nordstrom solution (3.16),

X©=9/9c,
a coso3\ 9
XM= — (singg)—— ( >—
dog tanoq/ do;
(3.24)
a sinoz\ 9
X® = (cosez)— — ( )—
60'2 tano. 80'3

X(3>=6/603,

we observe that X©® and X® generate motions parallel
to the vierbein members Ay, and As),, respectively. In
accord with (3.17) and (3.18), the «’s in (3.16) do not
depend on oy and 3. The quantity p in (3.16) is a func-
tion of oy as a consequence of (2.16) and (3.24).

IV. SPATIALLY HOMOGENEOUS RAINICH
GEOMETRY

The preceding theory suggests new solutions to the
Einstein-Maxwell equations. As an illuminating ex-
ample, we shall study a normal Rainich geometry which
supports motions in the three space-like Ricci principal
directions, Ny, with 2=1, 2, 3. If we choose appropriate
a’s as coordinates, then (3.17) and (3.18) states that

dw./00;=0, [i=1,2,3] (4.1)
As a consequence, Egs. (3.14) are automatically
satisfied. Moreover, Egs. (3.15) reduce to

3 80200,'
=l Wwj

aofwlwzws(aowi w;)]—fipwlw:,w3=0, [i= 1,2, 3]

where, by (3.10), do= (1/wo)d/ds.

+o=0
(4.2)

To integrate the total differential equations (4.2),
first recall the general result (3.13). In view of (4.1) and
(2.16), the quantities on the left side of (3.13) are
functions of oo, and therefore (3.13) implies that

pwaw?=a*=a positive constant. (4.3)

Equation (4.3) is a first integral for the system (4.2).
Next, let us define a new time coordinate,

7 wodoo
t=a / + (a constant). (4.4)

wow3

Introducing (4.4) into (4.2) and making use of (4.3),
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we have the system of equations

3wzw3d(1dw,- 5)
4.5

— = +1-0
=1 w; df\wxw; di

dl (% dt

d fw; dw;
( )—f,-w1=0, [i=1; 27 3] (46)

Equations (4.6) are easily integrated. With a suitable
adjustment of the constant in (4.4), we find

© w1=a, sint

= (tangt)?
We=— tangt 2
sin¢ 4.7)
az
w3z= —(tan%t) b3
sing

in which the o’s and the &’s are constants. After a
computation we learn that (4.5) imposes a simple con-
dition on the integration constants in (4.7), namely,

boby=1. (4.8)
Finally, by virtue of (4.3), we write
(sing)*
4.9)

P b2 (tands)2(ortba)

with the constant d;=asas/a.

Equations (4.7), (4.8), and (4.9) describe a new
solution to the Einstein-Maxwell equations, a spatially
homogeneous Rainich geometry. The line element for the
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geometry is found by combining (3.9), (4.4), and (4.7),
3
(ds)*=3_ eqwo?(do,)?
==}

b2 (taniz)?(betba)
(sinz)t

' (tanjt)e

(d)*+ (sint)2(dx,)?

11283
(tf:l.l’lzt)2 (dx3)2 (410)

dx2)2+
(sinf)? (sint

where we have made a scale transformation for each
spatial coordinate,

[i=1, 2, 3]. (4.11)

Two independent constants remain in (4.10), 4, and
either b, or b3 (=1/b;), and they provide an intrinsic
parametrization of the solution. Notice that singularities
appear in the line element (4.10) at {=0 and ¢=m.

The associated electromagnetic field is found by
putting (3.8), (4.7), and (4.9) into (1.14). Remembering
that we have made the coordinate transformations
(4.4) and (4.11), the nonvanishing components of the
electromagnetic field are found to be

Y= Qi05,

¢2 cosa
F01=—F1n"—"— sinf
Gt
(4.12)
F P ¢? sina
23=—Fg=—
(G)¥,

where the constant e is at our disposal [see (3.7)]. Thus,
the electric field in the x, direction oscillates against a
constant magnetic field in the x, direction.
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An alternate form for the continuum-state relativistic Coulomb wave function is developed which
expresses the spin dependence in terms of the usual Dirac plane wave spinor. The computational convenience
of this form is indicated by a direct derivation of the Sommerfeld-Maue approximation.

L. ALTERNATE FORM FOR CONTINUUM-STATE
SOLUTION OF DIRAC EQUATION FOR
A COULOMB POTENTIAL

HE continuum-state solution of the Dirac equation
for a Coulomb potential has been given by
Darwin as an eigenfunction of asymptotic momentum
and polarization. A solution of this character is not
obtainable in closed form. In this paper it is shown,
however, that the Darwin solution can be written in a
more convenient form in terms of the usual Dirac
plane wave spinors.
The Dirac equation for a Coulomb potential is
written'

(iptmyp=(aZ/r)vap. (1

Darwin’s solution which asymptotically exhibits the
character of a plane wave plus an outgoing spherical
wave has the form?

WA-m 4 1GQjim ()
"”4"( oW ) Z QP )v)(ﬁ‘nﬂ,mxf))’
r=2~1 (2)

where the summation extends over j>1, —j<m;<j,
and /=j+%. In Eq. (2) we have introduced the
following notation:

IT(y+iv)]
T(2y+1)

Fg= ii_ei5z+€lw+vwlz (ZW)WIM

W+m T(2v+1) { }"J
{ Ja={e (v +in) Fr(y+1+iv; 2y+1; +2ipr)
e (y— i) 1 Fi(y+1—iv; 2v+1; — 2ipr)}

,iG‘ = ,l:eiad—ilrfyrlz (2?1.) ¥—1

©)

{—(j+%) for I=j—3
K=
+(+3) for I=j+%

* Supported in part by the U. S. Atomic Energy Commission.

fNow at Bartol Research Foundation, Swarthmore,
Pennsylvania.

! Natural units are used in the following with A=c=1.

* See, for instance, A. I. Akhiezer and V. B. Berestetsky, Quan-
tum Electrodynamics, AEC-tr-2876 (Pt. I). The normalization in
Eq. (2) is chosen such that the coefficient of the plane wave
asymptotically approaches one.

- ([(j+m,-)2j]*Y;,,,.,._;) )
T A\LG=m)2 Y 1y
( LG+1—my)/ (2j+2)]*Yz,m,-—s) r @
=LG+1+m;)/ (242 Y 144
1=j+3)
Vi =(=1)"Yy,m,

Ylm = Ylm (07 ‘P) )

de=n—jmy—argl'(y+iv) )
y—iv k—1v'
e2fﬂ= — T= e
k41 y+iv
s (%)
v=(k—a2Z2)}
k=|x|=(G+3)
v=aZW/p, vV'=aZm/p.]

The two component matrix » represents the “large
component” of the Dirac plane wave spinor®

() () ®

= (Z), vhp=1 )
ap
w= W-{-mv. 8)

We seek to express the spin dependence of ¢ in
terms of the spinor #. To this end it is sufficient to
consider a system of coordinates in which the polar
z axis is oriented along the direction of the asymptotic
momentum vector p (Fig. 1). Since the results to

z

F1c. 1. A convenient choice
of coordinate axes.

& The usual representation for the Pauli ¢ matrices is used in
the following with o, chosen to be diagonal.
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follow will be expressed in vector form, they will be
independent of the orientation of the coordinate system
used here.

Equation (2) can be written

() ()

e=4r 3 [Qitm, (P HGCLjm; (F)

9
with
ilmj
- (10)
x=4r IZ [ﬂjlmit(P)”]Fxgﬂ’mj(f)
fim;

For the geometry of Fig. 1, Qi () assumes the form

sz,-zm,-(ﬁ)=sz,-zm,-(o,¢s)=(%‘)}(_ (K/T”;I;m_i_). (11)

The eigenvalue m; in Eq. (10) thus has the two possible-

values 3 and —%. The corresponding spherical spinors

are o =( (’KI/%)*PI )
. (1/4m|x])¥(x/ &) ) Plete

(12)
‘ _( (1/4m || )P e e )
PN (el /RS
It follows that
o= iG.(A || P~ B(e/ |«| )Pz‘e"'*’)
# \B[x|Pir+A/|x])Pilete 13
- F( AIK‘Pz'—B(K/lxl)Pr‘e“*’)
X Z T\ B Pe= A/ k] Prieie |
We note that ¢ can be written
A A
¢=a( )+Ob( )=(G+Ob)s, (14)
B B
where _
0=3 iG.|x| Py b=F iG,—lf—l—Pl‘ (15)
p2 Y [
and 0 B
0= . 1
(e“’ 0 ) (16)
Further, with
o —m\ 1
e D) o
W+m W+m/ \—~B

x can be written
W-—m\is 4 W—m\ts 4
=) (L)) ()
W+m/ \~B W+m/ \—B

= (¢c~0d)w, (18)
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where

W+m\?
c;:( ) ZF‘!KIP(',
W—m :

it

d (W+m if_‘,F KP !
B W-m) 7 x| o

(19)

Setting k= |«|, the term a in Eq. (15) is expressible as
a sum over % alone.

=% ec‘ixwﬁig i(Gelx| Psvi+Giel x| Pi-y)

(20.1)
a= Z = Z (inkPk+iG_kkPk-l).
&k Fownl
In a similar manner,
=Y bi=3. (iG Pt —~iG_iPrY) (20.2)
k Kol

o fWtm\t
=2 cx=p, (———) (FukPy_s+F_3kPi)  (20.3)
&

—m

o fW-+m\t

d=) di=X (-——*——) (FePr—F_2Pdl). (204)
P

=1 \W—m
The functions F, and G,, as defined in Eq. (3), can
be simplified by use of the Kummer transformation,*

et Fi(y+1-+iv; 294-1; 2ipr)

=en\ Fi(y—iv; 2y+1; —2ipr),
whence

{ Ya=er—if— (x—iv )WF1(y—iv; 2y+1; —2ipr)
= (y—iohFily+1—iv; 2v+1; —2ipr)}.
With exp[—1 argl'(y+1»)] written as
Tly—w)/|T(v+iv)|,

I'()

1Gr= 2 exp(vr/2—imy/2+ikrtin/2) (ix) e =R
X{~ (£k—iv')1Fi(a; B; %)
+arFi(at+1;8; %)} (21)
W+m\}
(22
W—m
T{a) .
=~ exp[vr/2~iny/2+itkw-tin/2](ix) e
()]
X{— (£k—iv)1Fi(a; 8; )
—aiFy(et1;8; %)}, (22)
4 Higher Transcendental Functions, Bateman Manuscript

Project, edited by A. Erdélyi (McGraw-Hill Book Company, Inc.,
New York, 1953), Vol. 1, 2 253,
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Here
=2
= } (23)
a=y—iy, B=2y+1.
We introduce for convenience the further notation:
I'(a) 3
fr=—b(— 1)o——e* 27 1e~21% F 1 (a; B; %)
r(s)
I'(a)
Gr=iv (— 1) f——err 2pr = Fy(a; B3 2) b (24)
T
I'(a)
Ae=al(— l)"r )e"”x"‘e‘”’lFl(a-l-l ;8 %),

in terms of which

== fkk(Pk‘!‘Pk——.l)‘*‘fkk(Pk“Pk—l)"l'Mk(Pk—Pk—l)
bk""‘Ek(Pk]"‘Pk~ll)+§'k(Pkl+Pk—1l)+7\k(Pk1+Pk~11)
o= bk (Pit Piot) —{ ik (Pr—Pi) Ak (Pr—Pi-1)
&= (Pi—it— PO+ x(Pr—tt+ Pit) =M (Pra'+ Pi).

(25)
By means of the relations

(1-cosd)
-*-——.—-—k (P t—1F P, k)
sind

PyldPr 4= (26.1)

and ;

k(Py=Pi_1)= — (1z=cosf) (Pi—t' F Pi'), (26.2)
¢ and x, as expressed in Eqs. (14) and (18), can be
written

-

o= {—[1+cosd-+0 sinf 1Y £x(Pe_v — P¥)
=i

~[1—cos8—0 sinf] f A t-E0) (P +Pi) 3o
o1
L (27)
x={—[1+cos§+0sind 1Y &(Prs'— P')
k=l

‘—[1—cosf—0 sinf] i A=) (Pra"+ P )}w.
]

The primes in the above denote derivations with respect
to the argument of the Legendre polynomials.
1t is seen from Eq. (27) that the coefficients which
relate ¢ and x to the respective spinors v and w differ
solely in the sign of {:. After some rearrangement and
use of the relation®
arFy(e+1;8;2)=(B—1)Fi(e; 8—1; %)
+(@—B+1)1F1(e; B8; %),
¢ and x are obtained in the form
o= {N-+(1—cosb~O sind)[L+i(v—r)M J}v
x={N+ (1—cosd~O sinf)[L+i(v+ v )M J}w,

& Reference 4, p. 254.

(28)

b

321

where -
=23 &(Pia—Py)
L+i(vv )M (30)
=3 [(E—ME0) Poei — (B NTF L) P
It follows that
» T'(a)
N=2Y (—1)* er*i2x g2\ F\ (a; B; %)
=R ,
X (Prt/— Py (31)
© T(a)
M=% (—1)—e"lxrle = F (a; 8; x)
Tl T
X (Pry+Py) (32)

© T'(e)
L=Y (= 1)l———gri2yrlg—=l?
k=1 r'(g)

X{L(y—E)1F1(a; 8; x)— 2v1F1(a; B—~1; %) 1Pry
+L(v+kE) 1 Fi(e; 8; 2)—2viF1(e; B—152) 1P}, (33)
By means of Eq. (16) and the geometry of Fig. 1,
the factor (1 —cosf—0O sinf) in (29) can be expressed in
vector form;
(1—cos#—0 sinf)=1—#-p—io-FXp
=0 (p—7)a-p. (39
From (9) and the above

EA) G

(W+m)’iM< (=)o b=Pero ) (35)

(v+v)e- (p—#opw

The first term here has the desired form in that it can
be written directly in terms of the plane wave spinor %
defined in (6). The second term can be expressed in a
similar manner via relations (5) and (8) and the
following:

W

vV =aZ(Wxm)/p=aZp/(WFm)  (36)
I;:)m:;w, I;;p,;w=v 37N
(v—v)e pr=aZw, (v+v')e-pw=aZv. (38)

We obtain
y=[N+iaZMe- (p—#)+La- (p—Fa-pJu  (39)
where
0 o
* (o 0)’ (40)
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and the coefficients L, M, N are given by Egs. (31),
(32), and (33), with

Py= P (D). 41)

Considered in terms of an expansion in the Coulomb
parameter oZ, the coefficients N and M are of order
unity while the coefficient L is of order (aZ)?. The
latter is demonstrated in Sec. IT below. It follows that
the three terms on the right in (39) are, respectively,
of order unity, (aZ), and (aZ)2

The function ¢ expressed by Eq. (39) has the
asymptotic character associated with description of an
incident electron state. In particular, it has for large »
the form of a plane wave plus outgoing spherical waves.
A function ¢’ with the asymptotic character associated
with a final electron state can be determined from (39)
via time reversal.

The adjoint of the function ¢’ can be written

V' =u[N'+iaZM'a- (p+7)+L'a-pa- (p+7)], (42)
where
» I'(a)
N'=2Y e’ ™ 2x11e2 2k, F i (a; B %)
=R
X (Pre—t'+Py') (43)
« I'(a)
M=% e’ 27 g2 F  (a; B; x)
=1 T'(8)
X{(Pra'—Py) (44)
= I'(a)
Ll= eyr/2x'y—le—z/2
=37

X{L(y—B)iF1(a; B; %)= 2y1F 1 (a; B— 15 2) 1Py’
—L(y+EnFi(e; B8;x)—2viF1(e; 8—1;x) Py}  (45)
Pr=Pi(p-?).

For large r, ¢’ has the form of a plane wave plus
incoming spherical waves.

II. SOMMERFELD-MAUE APPROXIMATION

In the following, the wave function ¢ in the form
(39) is used to derive the Sommerfeld-Maue approxi-
mation for a Dirac electron in a Coulomb potential.®
It was shown by Bethe and Maximon that the latter
approximation is obtained from the Darwin series by
neglecting terms of order a?Z2/* as compared to unity.’
We here verify this result. We show in fact that the
Sommerfeld-Maue function follows directly from ¢ as
the result of approximating ¥ by % in the latter function.
This approximation is precisely stated by the equation

= (B2—a2Z%)t=k(1—a2Z22/ k)t =F. (46)
We first show that the coefficient L vanishes in this

8 A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935).
7H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954).
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approximation. Substitution of (46) in (33) gives

T'(k—1iv)

L=2 Z (= 1) b————em/2gk—le=12k
k=1 T'(2k+1)

X{1F1(k—iv;2k+1;x) P — 1 F1(k—1iv;2k;x) P’

- 1F1(k—1:1/; Zk; x)Pk_l’}

© T(k—iv)
%2 Z (_ l)k evr/2xlc—le—zl2k

k=1 T'(2k+1)

X[ F1(k—1iv; 2k+1; x)— |Fr(k—iv; 2k; x) Py
T (k+1—1iv)
e""2xke—=2(2k+2)
T (2k+3)

X1 Fy(k+1—iv; 2k4-2; x) P).

+3 (~ 1)k
k=0

(47)

Since Py’ vanishes, the above can be rewritten in the
form

T'(k—iv)
L~y (1)
= T'(2k+1)

evrﬂxlce—zﬂ

X {(2k/%)1F1(k—iv; 2k+1; x)
— (2k/%)\F1(k—iv; 2k; x)

(k—1iv)
+ Fr(k+1—iv; 2k4-2; 2)} P/, (47")
2k+1
By use of the recursion relation®
LB—1)/x][1F1(e; 8; %)= 1F1(e; 8—1;2) ]
=—(a/B)1F1(a+1;8+1;2) (48)

the coefficient of P,’ in Eq. (47’) is shown to be iden-
tically zero. Whence

L=0. (49)

Subject to the approximation (46), the coefficients NV
and M given by (31) and (32) can be written

N=2 Z (_ l)k ( - ewr/?xk—le—z/?
k=1 I'(2k+1)
XlFl(k"’LV; 2k+1 ) x)(Pk-l'——Pk') (50)
M Z ( 1)1: ( — evarﬂxk-—le—xﬂ
= T(2k+1)
XlFl(k—iv; 2k+1, x)(Pk_1,+Pk,). (51)

The latter sums can be simplified by eliminating the
complex parameters of the hypergeometric functions.
To this end we introduce, after Gordon,® the following

8 W. Gordon, Z. Physik, 48, 187 (1928).
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contour integral representation® for 1F
1Fi(k—iv; 2k4+1; x)

T(1—inr) 1
= _Ll}ﬂ_) f (—s)irt(1—s)k—it

T(k—iv) 2mi
X F1(k; 2k+1; x[1—s])ds.  (52)
From (50) and (51)
2P (1 —1v
Naw— _E%__,}_,)eﬂn—z)f (-—s)“"‘(l«s)""
™ XN(s)ds  (53)
1_
o — F( e}(nr—z)[ (._.s)w—-t(l s)—-:v
2wy
XM (s)ds, (54)
where
N($)=5 (= ) (s 1~ s
(s E‘( ) T +)([ s])
X F(k; 28+1; 21— s Dk(Pii/—Pi) (35)
r'(%)
M(s)= ké( 1)’c - )( a[1=s]**
X1Fi(k; 2k+1; a[1— s D(Pi—it'+Pi)). (56)
The function N (s) can be written '
(k
N(s)= Z (=)t v ( [1—s]*
xcl“ﬂp(k+1-2k+3- [1—s7)
2oy AT
4+ Fy(k; 28415 2[1—5T) }Pk’ (37)
N(s)= 2: (i )( a[1—s]*
k=0T (2k+1) ’
XFy(k+1; 26+2; [ 1—sVP.  (58)

Equation (58) is obtained from (57) with the aid of the
recursion relations®

1Fi(a; B—1; 2)—1F1(a—1;8—1; 2)
=[z/(B—1)11F:(a;8;2) (59.1)

and

6—.
-i[ (a3 8415 9= m)]
-1

= F1{e; 8; 2)—1F1la; 8—~1;2). (59.2)

% The path of integration passes through the point s=1 and
closes around the origin in a positive direction.
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As an explicit function of r and 8, N(s) is written
1 9 o I'(k+1)
2ipr(1—s) @ cosg =0 T (2k+1)
X1 F1(k41; 2k+2; — 2ipr[1— 5s]) Pi(cosd). (60)

The hypergeometric function here can be expressed
as a spherical Bessel function via the relation'
WFi(k4-1; 2842, —2iy)

=2, B\ (k+1; 2k+2; 24y)

= 2y/m}Gy) el (k+3+Dj(9),  (61)

whereupon the series in Eq. (60) is directly summable;

Qipr{1—sD*

N{s)=

£ I8 -
=0 T'(2k+1)
X Fi(k+1; 2842; —2ipr[1—57]) Pr(cosh)
=exp{—ipr[1—s](1—cosh)}. (62)
1t follows that
N(s)=}% exp{—ipr[1—s](1—cos)}. (63)

Using relation (26.2) and the result of (62), we obtain

for M (s)

M (s)=[2ipr[1—5](1—cosf)
Xexp[—ipr[1—s](1—cosf)}. (64)

Substitution of (63) and (64) in Egs. (53) and (54) gives

I'(1—i»)

e —

evrl2eipr cosd
271

04
X[ (_ S)ir—l (1_ s)—-iveipra (I—cos) J ¢ (65)
1

ei’pf cosl

~
~—

T(1—4v) ,

i 2ipr(1—cosd)

o .
Xf (__ 5) ip—1 (1 — s)—iv—leipn (1—cosb) J ¢ (66)
1

The integrals involved in the latter relations are
expressible in terms of hypergeometric functions by
use of the standard integral representation'

P s = L TOTA)
kL ey ——

H .
X [ ert (1~ 1)t (~ )=t
1
Re(B—a)>0 (67)
1 See, for instance, W. Magnus and F. Oberhettinger, Func-
tions of Mathematical Physics (Chelsea Publishing Company, New

York, 1954).
1t Reference 4, p. 272.
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and the recursion relation®

BL1F1(a+1;8;5)—1F1(a;8;2)]

=zF1(a+1;8+1;2). (68)
One obtains
N=I(1—iv)e=lteirr @, F (iy; 1; ipr[1~cos8])  (69)
Mz __%I‘(l_iy)evrlzeipr cosd
X1F1(1+iv; 2;ipr[1—cos8]). (70)

The wave function ¢ in the approximation of Eq. (46)
is obtained after substitution in (39) of the result (49)
and the above values of N and M.
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Y=T(1—iv)e2 exp(ip- r)[iF1(iv; 1;ipr—ip-1)
—%iaZa- (p—#)1F1(14iv; 2;ipr—ip-1) Ju. (71)

The result can be rewritten in the more familiar form

" of the Sommerfeld-Maue wave function;

y=Niexp(ip-r)[1—(/2W)e-V,]

X1F(ivy 1; ipr—ip-r)u, (72)
with
Ny= I‘(l—iu)e"“
V. 1F(iv; 1;4ipr—ip-r) (73)

=aZW (p—#)Fi(1+iv; 2; ipr—ip-1).
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Superselection Principle and Pure States of n-Identical Particles
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Wightman’s assumption of -commutative superselection rules is proved to be equivalent to Jauch’s
assumption of existence of a complete set of commuting observables. The analysis of coherence is carried out
by using the Gel'fand representation theory and the general structure of the complete sets of compatible
observables is given when the Hilbert space is separable. The above equivalence provides the physical
grounds to incorporate both assumptions into the axiomatic foundations of quantum theory as a single
“superselection principle.” To illustrate how this principle works, the problem of determining the physically

realizable states of an assembly of n-identical particles is analyzed and solved.

INTRODUCTION

HE possibility that the set 9 of the bounded
Hermitian operators representing observables of
a quantum system were actually reducible was first
raised by Wick, Wightman, and Wigner.! Later, in a
natural attempt to provide the simplest substitute for
irreducibility, Wightman? put forward the “assumption
of commutative superselection rules,”i.e., the commutor
9 is Abelian.® More recently, a careful analysis of the
theory of measurement compels Jauch to state the
following assumiption®: "’ has a maximal Abelian
subalgebra, or equivalently, 9 contains a complete set
of compatible observables. Needless to say, this last
hypothesis is profoundly rooted in the quantum
philosophy, and that as such, its proper place has to be
looked for in the very postulation frame of quantum
theory.

In this paper we present (Sec. I) a simple proof of
the equivalence of the Wightman (W) and Jauch (J)
assumptions in a Hilbert space of arbitrary dimension;

* Present address: Department of Mathematics, New York
University, New York.

! G. C. Wick, A. S. Wightman, and E. P. Wigner, Phys. Rev.
88, 101 (1952). .

2 A. S. Wightman, Sug;l. Nuovo cimento 14, 81 (1959).

3 For symbols and definitions see following material.
47. M. Jauch, Helv. Phys. Acta 33, 711 (1960).

this equivalence strongly supports the existence of a
“superselection principle,” according to which the von
Neumann algebra generated by the (bounded) observ-
ables of any specific quantum situation must be hyper-
reducible. In carrying out the general discussion of
(in)coherent subspaces, extensive use is made of
the Gel'fand representation theory. Whenever the
underlying Hilbert space is separable, the complete
sets of compatible observables appear as direct integrals
of maximal Abelian real W* algebras in the elementary
coherent subspaces.

Section II presents an interesting application of the
superselection principle. After some preparatory results
on the structure of the group algebras of finite unitary
groups and their commutors, a specific problem is
undertaken: to determine those subspaces 7,C3C,
=J0:Q3C1® - - - ®3ICy (n factors) satisfying the following
two conditions: (a) 7. reduces both the symmetric
group G and its commutor §’; (b) G’ is hyper-reducible in
T.. From the foregoing considerations it follows that
7, are exactly those subspaces compatible with the
superselection principle if one requires from the
observables to commute with permutations. This is
obviously the case if the physical system under consider-
ation is the quantum assembly of n-identical particles
(indiscernability principle). As a result, we prove that
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and the recursion relation®
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no pure states other than symmetric or antisymmetric
ones are compatible with the superselection principle.
At this point, we should emphasize that the “proofs”
one usually finds in many textbooks concerning the
symmetry or antisymmetry of wave functions are
quite unsatisfactory from an operational viewpoint.
Indeed, if ¥ and P are arbitrary elements of 3¢, and G,
respectively, it is plain that the expectation values
W, Q¥) and (Py,QPy) are equal for every observable
Q, as it follows from the relations PQ=QP (mathemat-
ically equivalent to indiscernability) and P*=P-.
Therefore, ¢ and Py are physically identical (even if
Y#=+Py!). In order for the physical equivalence
criterium to imply ¥ = = Py, it would be necessary that
the set of observables were irreducible in 3C,, a fact
which would violate the indiscernability principle.

Finally, an Appendix is devoted to discuss the nature
of the set @ of observables, from a physical and math-
ematical viewpoint.

L. EQUIVALENCE OF (W) AND (J) ASSUMPTIONS:
SUPERSELECTION PRINCIPLE

Let 3C be an arbitrary complex Hilbert space, £(3C)
the W* algebra of all the bounded linear operators in
3¢, and © a W* subalgebra of £(3C). (A self-adjoint
algebra of operators is said to be a von Neumann or
W* algebra if it is closed relative to the weak neighbor-
hood topology).>® The commutor X’ of a subset
XC £(3C) is defined as the subset of £(3C) consisting
of those operators which commute with every element
of X. It can be proved that X' is a W* algebra and that
the bicommutor X"’ is the minimal W* algebra contain-
ing & (i.e., the weak self-adjoint closure of ). Therefore
0= 0. A W* algebra @ will be called maximal Abelian
if @= @'. Finally, we shall say that the W* algebra ©
is hyper-reducible if © is Abelian, i.e., ©’C0O (these
algebras are in particular discrete or of type I).57

Theorem 1.

Let © be a W* algebra; then the following two state-
ments are equivalent :

a;: 0 is hyper-reducible,

as: O contains a W* subalgebra @ that is maximal
Abelian.

Proof ?

ar=a;: In fact, if €C0O, and €=¢/, then O'C€’
=@ 0; therefore ©'C 0.

a1=as: If the Abelian W* subalgebras of © are
partially ordered by inclusion, Zorn’s lemma states
that there exists some maximal element, say @, contain-

5 J. Dixmier, Les Algébres d’opérateurs dans V'espace Hilbertien
(Gauthier-Villars, Paris, France, 1957).

¢ C. E. Rickart, General Theory of Banach Algebras (D. Van
Nostrand Company, Inc., Princeton, New Jersey, 1960).

7I. E. Segal, Memoirs Am. Math. Soc. No. 9 (1951).

8 A=>B means “if 4, then B.”” Similarly, A(=)B expresses
that A =B and B=4.

OF n-IDENTICAL PARTICLES 325
ing ©; the maximal character of € in the above
ordering implies that €’} ©CC; this relation, together
with ©'CeCC €’ and its consequent €'C O, prove that
C=C’; s0 a1=>a,.

Therefore, ai{=)az, Q.E.D.

It is not difficult to realize that from this rather
simple theorem the equivalence of (W) and (J) assump-
tions is easily shown.? It suffices to take O as the W*
algebra generated by the (bounded) observables, and to
note that any Abelian W* algebra can be considered as
generated by a set of commuting self-adjoint operators.
As mentioned in the introduction, this equivalence is
basic to state a physically grounded superselection
principle.

In the rest of this paper we shall deal exclusively
with quantum theories in which the superselection
principle holds. A well-established fact is that whenever
the Hilbert space of state vectors is separable, it can be
decomposed into a direct integral of coherent subspaces
(coherent=minimal invariant with respect to the
observables).!? Although in the general case a similar
reduction theory is not available, it is yet possible,
nevertheless, to display the main features concerning
(in)coherence. Since the Gel’fand representation theory
will play a relevant role in this analysis, we summarize
its essential results concerning the structure of Abelian
W* algebras!:

Let 3 be an Abelian W* subalgebra of £(3C). The
set Z of all nonzero homomorphisms A of 3 into the
field of complex numbers, with the weakest topology
which makes 4A(A\)=A(4) continuous (A€ 3 fixed, A
variable), is called the carrier space or spectrum of 3.
The following statements are true:

a) Z is a Stonian compact Haussdorf space.?

b) There exists an involution and norm-preserving
one-to-one linear mapping 7 of ¥ onto the B* algebral!3
C(Z) of continuous complex-valued functions on Z.
(Gel’fand isomorphism.)

c) Let A3, and fa=71A. The range of fa(\) as
A runs over Z coincides with the spectrum of 4.

It is now an easy task to go through the problem of
(in)coherence. Let us take ¥ as the commutor 9 of
the W* algebra 9"’ generated by the system 9 of
observables of a quantum system. From the afore-
mentioned properties it follows in a straightforward

?We are tacitly assuming that 9=(9")a, i.e., that every
self-adjoint element of 9” belongs to Q. See the Appendix for a
more detailed discussion of this point. We are indebted to the
referee for his suggestion that this sort of discussion would be
desirable.

1], von Neumann, Ann. Math. 50, 401 (1949). Cf. also ref-
erences 4 through 7. .

11, M. Gel'fand, Mat. Sbornik 9, 3 (1941); Uspekhi. Mat.
Nauk 12, 249 (1957). See especially reference 6.

12 A, Haussdorf space is said to be extremely disconnected or
Stonian if the closure of every open subset is also open. See M. H.
Stone, Can. J. Math. 1, 176 (1949).

13 See reference 6, Chapters IIT and IV.
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way that the three following statements are equivalent :

1) E3 reduces 9, (E*=E=F?).

2) E is a self-adjoint idempotent in 3.

3) 7E is the characteristic function ¢x of a clopen
(= open and closed) subset X of Z.

Consequently, if X; and X are disjoint clopen subsets
of Z, then (7¢x,)3 and (rl¢x,)3C are orthogonal
subspaces of 3¢ which are mutually incoherent relative
to 9, and conversely. Therefore, in order for E3C to be
coherent, it is necessary and sufficient that X be
relatively connected. But Z is Stonian; so X must
consist of a single isolated point. Consequently, the
coherent subspaces are in one-to-one correspondence
with the isolated points of Z, and so, 3 will break up
into the direct sum of the coherent subspaces if and
only if the set of isolated points is dense in Z; from
property (c) it easily follows that this condition is
equivalent to requiring that all the operators in 3
(which are clearly normal) have pure point spectra
(i.e., the eigenstates of one such operator span the
whole 3C). If this were not the case, such a decomposition
would not be possible any more. However, there exists a
particularly relevant case, namely, when 3C is separable,
in which a generalized decomposition can be carried
out."

In fact, under this assumption of separability, the
following propositions can be proved:

b1: There exist a non-negative Radon basic measure
v on Z, a v-measurable field of separable Hilbert spaces
H(), and an isometric linear mapping ¢ of 3¢ onto
O= S299M\)dv(\), such that o30~1 is the W* algebra
D of diagonalizable operators in . [» as well as the
field (-) are essentially unique].

be: If @ is any W* algebra such that 3CaC¥,
then there exists a »-measurable and v-unique field of
W* algebras @(A\)C £[H(A)] such that

@ @
a@a“=/ a@(\)dy(\) and a@'a“1=/ @' (M\)dv()).

Z z

In particular

a&'a"l=/® LLON) Jdv(r).

zZ

From &, b,, one easily realizes that the »-measurable
subsets of Z now play the role that the clopen subsets
did before with respect to (in)coherence. However, the
topological properties of Z imply, in particular, that
any v-measurable subset of Z is equivalent (in the
v-measure sense) to a clopen subset; in other words,
any bounded v-measurable function on Z coincides
(v-almost everywhere) with a continuous function.
Consequently, we meet again the parallelism displayed
before between topology and (in)coherence, as it was

1 See references 4 and 10. For a detailed analysis of b1, b2, the
reader may profitably consult reference 5, especially Chap. II.
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to be expected for simple reasons. The Hilbert spaces
$(\) are called elementary coherent subspaces, although
they cannot be properly considered as subspaces of JC
except in the case that » be discrete at the point A, or
equivalently that A be an isolated point of Z. We must
admit, therefore, that the theory of generalized de-
compositions does not lead to any new result as regards
the analysis of (in)coherence. Nevertheless, it will be
most useful to render explicit the structure of the
complete sets of commuting observables. In fact, if ®
is such a set, then

aE .Q_IC(R”E@/: e/C Q,”= 3I,

where 9’ is the W* algebra generated by the observ-
ables. Therefore, there exists (proposition &;) a »-
measurable field of W* algebras €(A\)=€’(\) such
that

UGU"=/® C\)dv(p).

z

Conversely, if @(-) is a »-measurable field of maximal
Abelian W* algebras, then

GEU“I/&) e)dr(\) }a’

z
is a maximal Abelian W* algebra contained in 9".

Finally, it is plain that o®o!= SZORA)dv(M),
where ®R()). are sets of commuting self-adjoint operators
determining @(X). From the mathematical viewpoint,
however, a greater simplicity is reached if we take the
complete sets of commuting observables as being
maximal Abelian real W* algebras, i.e., if we assume
that any self-adjoint operator in the weak closure of
® belongs to ®. In that case, ®(\) are also maximal
Abelian real W* algebras in (), and conversely.

II. PURE STATES OF n IDENTICAL PARTICLES

Theorem 2. Let 3¢ be a complex Hilbert space and
@ the group algebra of a finite group G of unitary
operators in JC, i.e., the subalgebra of £(3C) consisting
of all the linear combinations of elements of G. Then
the following statements are true:

¢1: @ is a W* algebra.

c2: It is possible to endow @ with a structure of H*
algebra,’ i.e., a scalar product (4,B) can be defined
for any 4, BE @ such that @ becomes a Hilbert space
and (4,BC)= (B*4,C).

cs: As an H* algebra, @ is the direct sum of its
(mutually orthogonal) minimal two-sided ideals Q;
(i=1,2, --+, s). The identity E; of @; is a self-adjoint
idempotent and belongs to the center of @. Each @i

16 This structure is, of course, compatible with the structure
quoted in ¢; in the sense that the adjoint of any A€ G when
considered as an operator acting on the left in @ coincides with
its adjoint as an operator in JC.
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admits a decomposition as a direct sum of mutually
orthogonal minimal left-ideals I;1,0:, * < ,Lr,. (Although
I;; are not uniquely determined, unless ri=1, the
length r; of the decomposition is ﬁxed for a given @Q..)
Each I is of the form ®@E;;, where E;; is an irreducible
self-adjoint idempotent, and E;;@E is one dimensional ;
finally, there exist some elements T';%&1Ia such that
Tip=Ta;*, TisTaj=Ei.

¢i: @' is completely reducible; the subspaces E;;3C
are minimal invariant relative to @'.

¢s: A subspace 3¢/C3C reduces @ and @' if and only if

SC,=( Z Ei):’e’

icJ’

where J' is any subset of J=(1,2,. - -,s).
¢s: A subspace 3¢”C3C reduces @ and @/, and @ is
Abelian in 3¢” if and only if

x"=( X E)%K,

=¥ i

where J' is any subset of {#€J:r;=1}.

Before proving this theorem, let us present an
important consequence of it : Let =3C, =3 QIR - - -
®3C;, and G the symmetric group: P{y;®¥:,® -
., ) =y, QY., ® - - - @Y, where ;&3 and PEG
is the permutation (1,2,---,n) — (1/,2,---%'). But @
is a faithful representation of a two-sided ideal of the
abstract group algebra of G. (If dim3C, 2 s, @ is actually
isomorphic to the entire abstract group algebra.) So,
if we combine ¢s with those classical results!®!? on the
structure of this abstract algebra which state that
r;=11f and only if E; is either the symmetrizer S or the
antisymmetrizer 4, we reach the following fundamental
result: In order for a subspace 7,(C3C, to reduce both
G and ¢’ in such a way that G’ be hyper-reducible in 7, it
is necessary and sufficient that 7. be any one of these
three subspaces: S3C,, 43C,, and (S+4)3C,.. Both S3C,
and A3C, are coherent with respect to @', while
(S+A4)3¢, is obviously incoherent as a direct orthogo-
nal sum of two subspaces (S3C, and A3C,) which are
mutually incoherent. Therefore, since §' can be con-
sidered as the W* algebra generated by the observ-
ables of a quantum assembly of n-identical particles,
this result can be interpreted as saying that the
unique pure states of the assembly which are compati-
ble with the superselection principle are the symmet-
ric or the antisymmetric ones. As said in the intro-
duction, that constitutes (in our view) a satisfactory
proof of an old feature of quantum mechanics.

Proof of Theorem 2.
¢1: Let {A1,4,--+,A,} be a linear basis of @, so

18 B. L. van der Waerden, Modern Algebra (Frederick Ungar
Publishing Company, New York, 1950).

17 H. Boerner, Darstellungen von Gruppen (Springer Verlag,
Berlin, Germany, 1955).
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that any A€ @ can be uniquely written down as

2 Nids,

=1
and let {3C,} (y&K) denote the collection of all the
finite subspaces 3¢, 3C reducing @. Let BEQ'; it is
clear that every 3¢, reduces B. If B,, @, denote,

respectively, the restrictions of B, @ to 3C,, then
B,£@,"; but dim3¢, < «, so B,&@,, i.e.,

By= Z )\i,-yA 3,7

=1

As dim @, may likely be less than #, we need to prove
that a unique consistent choice of the coefficients A;,y
is actually possible: In fact, there always exists a subset
K'CK such that

= Z @:;Ca

acK’

[note that any cyclic (relative to @) subspace of JC is
finite dimensional]; therefore, and because of the .
finite dimensionality of @, we can assert the existence
of some BEK’ such that dim@s=n. It is clear that
Aig (1=1,2,- - - n) are unique ; but 33D Ko (a%6, «=K')
belongs to {3C,}; therefore A;.=M\;s is a consistent
choice for all €K', and consequently,

n
B= Z Ai.ﬂAi’

=1

QE.D.

¢2: Let us consider § as an abstract group with
elements @1,8s," * -,m, and let @ be its abstract group
algebra. Since G is, in particular, a compact group,
and @=L,(G)we can readily apply that well-known
general result which states that @ is an H* algebra!s;
because of the finiteness of G, we can further assert
that G is a unitary group in @. Consequently, @ is
*_isomorphic to a two-sided ideal of @, and hence, @
is an H* algebra, Q.E.D.

¢3: These properties are essentially the Wederburn
classical structure theorems and their proofs can be
found, for instance, in reference 18.

¢s: It suffices to prove that FE;;3C are minimal
invariant with respect to @’. But this conclusion is a
simple consequence of both the irreducibility of Ej
and the proposition ¢;. [In fact, let us assume E;;3C
to be reducible under @'; then there would exist two
subspaces E;;/3C and E;;/’3¢ (E;j, E;;’’ being mutually
orthogonal self-adjoint idempotents) with E;/+4E;"’
=E;;, such that they would reduce @’. This last
property would imply E;/, E;'€@"(=@), and
therefore, E;; would not be an irreducible idempotent.}

¢s: Because of ¢3 and ¢, we have just to prove that

181, H. Loomis, An Introduction to Abstract Harmonic Analysis
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1953).
See also reference 6.
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if E;;3C 3¢, and 3¢’ reduces @ and @', then Eu3CC3¢’
for any k#j. But Tu;E;3CCEg3C, and Tu*TuiE;3C
=E;j3C; therefore Tu;E;3C is a non-null subspace in
3¢’'MEx3¢, and hence E;3¢Cac’.

ce: Since TinTis? TaeiTese if k¥4, and E,QF; is
isomorphic to the field of complex numbers whenever
r1=1 (as it easily follows from cs), ¢; is obviously true.

ACKNOWLEDGMENTS

We are especially indebted to Professor Sanchez
del Rio for his valuable discussions as well as to the
Junta de Energia Nuclear for its financial support.

APPENDIX

That the equivalence (W)(=)(J) cannot be logically
inferred from Theorem 1 without any further knowledge
about 9 is revealed by this example:

Let 3¢ be 3 dimensional, with {¢1,¢2,¢3} as an
orthonormal basis. Define 4 and B as the self-adjoint
operators given by
Bor= o123,

‘Boa=2¢z,

Api=¢1, Aprs=—ess

B¢3=2¢1"‘2¢3-

It is easy to verify that if §={4,B}, then ' is Abelian;
but 4B BA ; therefore 9 has no other Abelian subsets
than {A} and {B}. Since both 4 and B have no simple
spectra, {A}"'>={A4} and {B}”s<{B}’. Consequently
(W) is logically weaker than (J).

AND NUNEZ-LAGOS

However, the set @ of all the bounded observables
of a quantum system is by no means arbitrary ; endow-
ing it, in a natural way, with a definite mathematical
structure has actually been the subject of many sound
investigations, mainly by Segal® and Mackey,?® whose
results we hurriedly summarize:

Mackey’s analysis leads reasonably to the assumption
that every projection in any coherent space must
represent an experimental “question,” and so, that
2=1(2")sa; therefore (W)(=)(J) whenever Mackey’s
postulational approach is adopted.

However, Segal’s method gives 9 the following more
general structure; 9= (9).., where @ is a C* algebra.
Fortunately, a remark of a physical nature will enable
us to consider 9 as being a W* algebra, retrieving
thereby the equivalence (W){(=)(J): let {4} be an
arbitrary nondecreasing bounded directed set of
elements of 9. If A=lim4,, it is plain that the expecta-
tion value of 4 in any physically realizable state can
be experimentally measured with unlimited accuracy
by means of 4,’s. On the other hand, these expectation
values uniquely define A4, since this is true for 4/’s.
So, it is perfectly natural to assume that 4 is an
observable, i.e. AE2, and as a consequence, it follows
that @ is a W* algebra.2

91, E. Segal, Ann. Math. 48, 930 (1947). I. E. Segal, Lectures,
%ugn&x)n)et seminar on applied mathematics, Boulder, Colorado
1 .
2 G. Mackey, The Mathematical Foundations of Quantum
}lll ggh)amcs (Harvard University Press, Cambridge, Massachusetts,
# R. V. Kadison, Ann. Math. 64, 175 (1956).
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In this work we start from a formulation of the quantum-ergodic problem developed in a preceding
paper. We prove that the ergodicity conditions which we established there in an abstract and very general
form are in particular satisfied for the class of Hamiltonians for which Van Hove was able to prove a master
equation. Some restrictive assumptions have been introduced to Van Hove’s theory which are necessary
to identify the unperturbed states of Van Hove with the states w,; of the ergodic theory.

INTRODUCTION

S is well known, statistical mechanics can be
founded on two different approaches, the ergodic
method and the master equation method.

The two approaches are not in contradiction, but
according to modern views they correspond to two
complementary aspects of the problem. Ergodic theories
have essentially the aim of establishing existence
theorems for an equilibrium state of a system. The
master equation has the aim of describing how the
approach of the system towards the abovementioned
equilibrium state takes place.

In principle, the ergodic theorems should be more
general, the master equation should hold under more
particular conditions, but should be richer in physical
contents.

The situation has recently, in a certain sense, been
reversed, while notable improvements were made in the
field of the master equation mainly by Van Hove, 2
only minor improvements were made in the field of the
ergodic theories.

More specifically Van Hove has developed, in a
series of papers,'~® a perturbation theory for continuous
spectra (owing to the great number of degrees of
freedom of a macroscopic system, the spectrum of its
Hamiltonian can be practically considered as con-
tinuous) and he succeeded in deducing a master
equation which governs the time evolution of the
occupation probability of the unperturbed states of the
system for a certain class of Hamiltonians and a
certain class of initial conditions.

The aim of the present work is to show that certain
ergodicity conditions of a rather abstract type which
we gave in a preceding paper® (which we shall hereafter

* Present address: Lawrence Radiation Laboratory, University
of California, Berkeley, California.

1 L. Van Hove, Physica 21, 517 21955).

2 L. Van Hove, Physica 23, 441 (1957); 25, 268 (1959).

3 L. Van Hove, Physica 21, 901 (1955).

¢L. Van Hove, Physica 22, 343 (1956).

5 N. M. Hugentoltz, Physica 23, 481 (1957).

¢ G. M. Prosperi and A. Scotti, J. Math. Phys. 1, 218 (1960).
For another formulation of the ergodic theorem see G. Ludwig
Z. Physik 150, 346 (1958), and G. Ludwig ““Axiomatic Quantum
Statistics of Macroscopic Systems,” Reports of the Scuola Intern-
azionale di Fisica “Enrico Fermi,”” Corso X1V, Italy, 1960 (to be
published).

indicate with the letter A), starting from a new formula-
tion of the quantum-ergodic problem, are satisfied for
the class of Hamiltonians dealt with by Van Hove. The
formulation which we have adopted of the quantum
ergodic problem can be summarized in this way:

As usual, we assume the energy spectrum of the
system to be decomposed in intervals, we consider the
subspaces (energy shells) spanned by the eigenvectors
corresponding to those intervals and we assume they
characterize a “macroenergy” (in the sense that by a
macroscopic experiment can only be established to
what interval the energy of the system belongs and
hence in what subspace its state vector is). Further, we
suppose every energy shell V to be decomposed in new
subspaces V, (cells) orthogonal to each other which are
spanned by a system of basis vector {w,;} (v=1,2,--,N;
i=1,2,---5,; 2., 5=S) and we assume that all state
vectors belonging to the same V,, correspond to the
same macroscopic properties of the system. _

We assume that a macroscopic observation has been
made on the system at the time =0, and thus, that
its state vector ¥ at that instant has been assigned to
a determined subspace V.

We define as ergodic those systems for which the
relation

¥ B[ Mu,()—s,/ST
<

1 (11)
ym] 5‘,.2/,5'2

holds. Here M is the time average and ® is an average
on all possible initial states ¥¢’s belonging to the cell u.
More precisely the criterium by which ® is calculated
is the following: one observes that all possibie ¥o’s
belonging to the cell V,, constitute a complex s,-
dimensional hypersphere of radius=1 and one attrib-
utes to every set of yo’s a weight proportional to the
area of the region which they intercept on the surface of
the hypersphere.
If we put

H=Zn EPPM

where E, are the eigenvalues of the energy and P, the
projectors on the corresponding eigensubspaces, the
principal result of A is that relation (I1) is satisfied if
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the other relations

1(1/s,) z z 50 | (s Pro) | "= (5:/5)|
- &K N-15,/8, 12"

1/s5) Z: Zi iZ 20 (riy Powys)* (@yiy Potor)
~ (5,/8)8;7 | 2K (s,2/NS?)  (12"")

are satisfied. These are the ergodicity conditions which
we have mentioned above.

The exposition plan of our work is the following:

The proof of the relations (1.2'), (1.2”) is essentially
contained in the fourth section.

In the first section we recall the assumptions which
Van Hove makes on the Hamiltonian and some results
which are necessary for our work.

In the second section we discuss the conditions under
which it is possible to construct, throughout Van Hove’s
unperturbed states, an energy shell and we make some
hypothesis on the way in which the cells ¥, must be
chosen. We also establish some preliminary relation
which we need in the fourth section.

In the third section we establish another important
preliminary relation. Finally in the last two sections we
discuss the results.

1. PRINCIPAL ASSUMPTIONS AND RESULTS OF
VAN HOVE'S THEORY

As we stated in the introduction, in this section we
shall recall the hypothesis which Van Hove put at the
basis of his perturbation theory for continuous spectrum
and of his theory of the master equation and we shall
summarize some results which will be necessary later on.

We assume the Hamiltonian of the system to be of

the form

H=H,+\V (1.1)

we denote by a= (a®,a,- - - @) the ensemble of the
variables which characterize an eigenstate |a)o of the
unperturbed Hamiltonian

H, l Ol)o’—‘ e(a) I a)u.

We assume the eigenstates of Hy to be discrete and
hence the values of @ which characterize them to be
also so, but distributed with a very large density po
(which, for simplicity, we shall assume as constant).

We assume the states |a)o to be normalized in the
ordinary sense

o(a‘ o Yo="0daa’.

We then introduce the new states |a)= (po)t|a)o; they
result normalized in this way

<(! l al>=p05«a'~

If we accept the approximation in which po is very
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large, we can write
(a|la)y=8(c—a').
We call O any operator; we have then in general
(e 0|’y =04(@)d(a—a)+Q(ax),

where Q(a,e’) is an expression which can contain delta
singularities in the components of @ and o’ but these
must be of a smaller order than ‘

b
Sla—a)y= [ (@@ —a'®).

k=1

We define the two operators Oq and Ong as the
diagonal part and nondiagonal part of O:

04| 2)=0a(a)|a),
(ai Ona i a)=Q(e,a’).

If f(a) and g(a,o’) are functions which change very
little with increments of « of the order of 1/ps, we can
put

(/o) Ea o)== [ dufta)
from which in particular we have

. lao el [ dalall,
Za' o(czlOla’}gg(a,a')%[da[da'(a!O!a')g(a,a’), 1.2

—):., £(a) al O]y [ daf(@)0a(a).

As it is clear from these relations, Oa(e) and Q(o,a’)
are essentially mean values of «(a| O a)oand po ofa| O [
calculated in a neighborhood of a and o'

On the operator V we make the following assumptions:

(i) The diagonal part of V is zero.
(i) If Ay, Ay, - -+, An are diagonal operators in the
« representation, the expression

VA AV (1.3)

has in general a nonvanishing diagonal part, and the
matrix element of its nondiagonal part

(| (VALV -+ - A,V )na] )

does not contain any factor of the form 8[e (a)—e(a’)]
(in particular {a|V|«’) does not contain any factor of
that type).
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(iii) Let us consider the expression

(al VAlV . -A"V\a')

- f day [ da- - - / darnfa] V] o)A (o)

X(all V|012)' * 'An(anxaﬂi Vlal>’
and in this the submatrix

(| VAV AraV|a)

(1.4)

= / dojiy / dajpas f dar_x(e;| V] ejy1)4 j41(es1)

X{ejpa| Vo) - - Ara(ar1)ara| View),
where

1<j<i<n.

We suppose that this has a singularity of the type
8(a;—ay) (i.e., that VA;, V- --A,1V has a nonvanish-
ing diagonal part) then the expressions

(@] (VAzaV - AV | a)Ar(ar)
Xlar| VA raVe - AiaV)adi VA V- - A maV|am),

and

(@l VA V- A0 VA;(VAV - - - A an)A e(aw)
X(a;,‘ VAk,.HV' * 'A;._1V)dlal>,
where
1<i<j<i<m<n,

have no singularities of the type &(cx—am) and
5(ai—ay), respectively.

We define as the irreducible diagonal part
(VAV---4,V)ia

and as the irreducible nondiagonal part
VA,V AaV)ina

of the expression (1.3) the contribution to the respective
diagonal and nondiagonal parts which we obtain if, in
performing the integrations in expression (1.4), we
maintain the variables a, as, - - - @, each outside of a
small neighborhood of any others and out of a small
neighborhood of @ and o' (this corresponds to eliminat-
ing the contribution derived from the diagonal parts
of all possible submatrices).

Then, as a consequence of the postulate (iii), the
nondiagonal part of an expression of the type (1.3) can
be expressed as a sum of its irreducible nondiagonal
part and of the terms which we obtain if we replace in
all possible ways in (1.4) noncontiguous submatrices
with their diagonal parts, and if we calculate the
irreducible nondiagonal part of the complete expression.
The diagonal part of (1.3) can be expressed in a strictly
similar way, the only difference consists in the fact
that, in this case, groups of terms which are placed on
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the two extremities of the expression must be considered
as contiguous and the replacment of extreme sub-
matrices must be made only on a single side chosen
once and for all. We denote the aforementioned de-
composition as -decomposition of the diagonal (non-
diagonal) part of the expression (1.3) in its “irreducible
components,” It is widely used in Van Hove’s theory.
Let us introduce the resolvent operator®

Ri=(H-I) (1.5)

The projector on the subspace corresponding to a value
of the energy between E’ and E”’ can be written?

i
P@%ﬂ=—f~ IR,
2r 'Y(E’,E")

1: B

21r E’

dE(Rg_io—RE4i0) (1.6)

where (E',E") is a path which encircles just the por-
tion of the real axis between E’ and E".
The following formal properties of R; are important3:

(R)t=Rup, 1.7)
(l'—l’)RzRy=Rz—R1r. (18)

If we replace in (1.5) the (1.1) and expand in series of
A, we obtain®

Ry=(Ho—)'—N(Hoy=1)"'V(Ho—1)
+NH(H o~V (Ho— )WV (Ho—1)1— - - -.

Let us put®

(1.9)

D= (R))q. (1.10)

By decomposing every term of the expression of (R;)na
into irreducible components and by making appropriate
partial summations, it can be proved®* that

R1=Dz—)\D1(V‘—XVDlV+ . ')inle- (111)
By introducing the auxiliary quantity
Gi=(VD.V—=AVD, VDV -+ -)iq, (1.12)

it can be proved?5 that D, can be expressed in a closed
form:

Di(a)=[ela) —I—-NG () ] (113)

From the definitions (1.10) and (1.12), and from
(1.13), one can obtain the following important proper-
ties for D;(e) and Gi(a) regarded as functions of 1.3
Di(a) and G,(e) are analytic functions out of the real
axis; the asymptotic behavior of D;{a) is given by the
relation

Dy(e) — 1/11].

1)

One has
(D) T*=Di*(@), [Gia)]*=GCn(e);
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it can be proved that in the half-plane Im/>0 one has
ImG;(a) >0. Across the real axis G;(e) has finite discon-
tinuities (generally only in a certain interval) ; D;(a) too
has finite discontinuities of the same kind and in
addition it can have poles.

For the above properties we can put?

Grriol@)=Kz(a)+iJr(e),
Gpio@)=Kg(a)—iJ5(a),
being
Je(2) >0.
We have then

Dpyio(a)=[e(e) —E—~NKg(a) Fidlg(@) . (1.14)
Let us assume that there are certain intervals of values
of E in which

fg(a)=();

Di(a) will or will not have poles depending on whether
the equation

e(a)— E—NKg(a)=0 (1.15)
has roots or does not in those intervals.

In the former case we call the state & nondissipative,
in the latter dissipative.? This classification exhibits
the profoundly different behavior in the time evolution
of the vector [;,da’|o’) in the two cases (I, is a small
neighborhood of a).

The preceding results, in particular relations (1.11),
(1.13), (1.14), and Eq. (1.15), are the basis of all
developments of Van Hove’s perturbation theory for
continuous spectra.

Now we conclude these considerations of a.general
character and we intend to recall definitions and
properties of some other quantities more strictly con-
nected with the theory of the master equation and
particularly interesting for us.

We suppose 4 to be a diagonal operator in a represen-
tation and its eigenvalue A (a) to be a smooth enough
function of @, and we make the position?

(RiAR)ale)= / del A ()X (), (1.16)
[(V=AVD V4 )A(V=AVDpV+- - ) Juala)
E[da’A (@YW (1.17)

If we substitute (1.11) into (1.16), decompose each
term of the expansion obtained in irreducible compo-
nents, and sum the terms in a suitable way, the follow-
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Ing relations can be proved®:
X 114 (a',a)
=Di(o/) Dy (a')8 (e’ ~a)+A2Dy(a’) Dy (o)

X / don Wy (o o) Xy (e1,)
=Di(e/) Dy ()0 (o’ —a)+A2Dy (') Dy (')
X[Wuw (o ja)+22 / das Wy (e j1) Di(y) Dy (1)

XWu(an,@)+ -+ 1Di(e) Dy (o).

Xuw(co/,) and Wy (o/,a) have the following properties:
Both are analytic for / and /' out of the real axis;
they satisfy the relations

[Xu' (a',a)]* = X['tlt (a',a),
W () T*=Wesn(a @) ; (1.19)

for I or I’ across the real axis Wy (a',@) has finite

discontinuities, whereas X;»(a’,0) has finite discon-

tinuities and pseudopoles (i.e., polar singularities

operlapping finite discontinuities) the position of the

latter is dependent on the reciprocal position of { and /',
The two functions

(1.18)

Xpripr(d,e) and Xpy pa(d,0)

are particularly interesting for us with regard to the
study of their singularity.
As we can deduce from the relation?

Dy(a)—Dy(a)=(—1) f do' Xy (' ye), (1.20)

of the two, the function Xg.; gi(o/,) has always a
pseudopole of the first order in the point /=0, whereas
the function Xg4; gi(e’,@) has no pseudopole of this
kind. If the states a and &' are both dissipative, the
pseudopole /=0is the only pseudopole for X g;:z_i(o,a),
whereas X g, £+:1(a’,2) has no pseudopoles and it has
in this case only finite discontinuities. The origin of the
pseudopole in /=0 for X g4; z-:(c’,a) is different accord-
ing to the nature of the states; in particular if all the
states are dissipative, its origin is in the lack of con-
vergence of the series (1.18). It is useful to note that
asymptotically we have

Xg41 pi(dya) 1
—_— O ——

: (1.21)
X pald,a)) 1ime |2
The two expressions
gzt ()= (1/7) }_1130 X g—iy B+in(e )

and , .
gz (a',a)=(1/x) m 71X Briy B-in(a’,@)
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are particularly interesting for us; in the theory of the
master equation they are connected with the limit
distribution for { — =t = of the probability. An explicit
evaluation of these is possible only when wemakefurther
assumptions on the physical system,

We shall make the following assumptions:

(iv) The following symmetry relation holds

Wu e, 0)=Wuyi(a'); (1.22)
for (1.18); this also implies
Xul (a’,a) = Xm(a,a'). (123)

(v) If we consider two states @ and o, a succession
of states ay, a3, - -+, a, exists for which

e(a) = e(a), ++re(an)=e(a)

and

() = e(a),
WO (' ,a)#0, WO (ay,a2)5%0, .-+, WO(a,a)>%0,

where W (o ,a) represents the zero approximation of
Wy (a',a)l:i.e., / do' A WO (o @)= (VA V)d(a)].

We can prove that this assumption implies, moreover,
that all unperturbed states are dissipative.

On these assumptions we can prove ¢z*(a/,a) and
ge (o’,@) to be equal and, for A smaller than a certain
value A, the relation?

gela’ @)= (1/x) lljlilo X E_iy E_+;.,(a',a)

=AE(¢1’)AE(¢!) (1.24)
fatsat
holds, where
Ag(@)= (3/2m)(Dg-is(@) = DErsio(a)).  (1.25)

2. ENERGY SHELL

In Van Hove’s theory we have no explicit reference
to the concept of energy shell. Such a reference, instead,
is for us essential if we want to identify the states |ao
with the vectors w,: which we considered in the intro-
duction and we think that it would be important also
for a physical interpretation of the results of Van Hove,
Hence we wish to know under what conditions it is
possible to construct a set @ of values of @ such that the
subspace spanned by the vectors |a)o with «€EQ
practically coincides with the subspace spanned by the
energy eigenvectors, corresponding to an eigenvalue
between E, and E,.

From the mathematical point of view, the problem is
to establish under what conditions a set € can be
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constructed which has the following properties:

la)o for (IEQ,
o) |a)o 2.1
P(EyEd)|) {o for a2, )
we have’
|P(E1,Es) | a)ol)?
= o{a| P(E1,Es) | a)o
=—— :dE 0<a\ (RE—io_ RE+50) ‘ a)o
E
gz— AE[Dg_io(@)—~Dryi(@)].  (2.2)

The problem therefore consists in the construction of a
set Q for which

Es
/ dEAg(a)==Ig(a), 2.3)
Ey
where
1@ [1 for a€R,
a)= \
. 0 for o

We shall now make a number of reasonable assumptions
under which the construction of the aforementioned
set § is possible.

In the first place we shall assume that Eq. (1.15)
has only one root E(a) (it always has at least one
root), for the assumption (v), then, in particular
JB@(@)>0 holds; we shall also assume that it is
possible to take AE=E,—E, so large that

AE>NT g(e) (2.4)

(the sense of the symbol >> will be examined in Sec. 5),
and so that the relation

N[K g2(e)— K g1(a) JKAE, hence A9Kg/0EK1 (2.5)

holds.
We call © the set of the values of a for which the
condition

E,<E(a) <E,,
is satisfied. For a=Q, for (2.5) we can then write

Dgyi(@)2[e(a) = E—NK g (@) FiNT gla) T
~[E(@)~EFd/z(@)]", (2.6)

7 Strictly speaking the final equality (as we deduce from what
is said in Sec. 1) holds, not for one single value of « of the discrete
spectrum, but when an average has been made in a neighborhood
of this value. We note, however, that this equality may be
considered without doubt exact when it is used, as we shall always
do in the future, within integral expressions. The same statement
holds for analogous relations established in the present section.
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and hence
Ar(@)=(1/27i){[E(a)— E~iNT g(a) ]
~[E(a)— E+i\2T () T}
1 AT g(a)
T [E@—EP D@ T

under the condition (2.4), (2.3) is therefore satisfied.
Let us now consider some important consequences of
the relation (2.3). We have

@n

Ey

P(El,Ez)fa>o=Zi JE[D (@)~ Disio(@)T|ado

T J &
i B
-l-;— / dE[(Rg—i0)na— (RE+io)na]|ade.  (2.8)

We notice that the two terms in which P(&,Es)|a)
results decomposed in this way are orthogonal:

ool / AE[Ds—io(e)~ Dirin(a)]
X—z— sz[ (RE-io)nd— (RE+io)nd]|@)o
2x E;

1 Eg Eq
o~ / dE / AE' {(Dg—ic—DEiio)
4'7['2 Ey B

X[ (REgr—ioyna— (RE4io)nal}al@)=0.
‘We then have

2

i B
— f AE[ (Rg—io)na— (RErio)nall@)o

Ir Er

= P(Ey,Es) |oll*

Esq 2

ij- dE[DE_;o(a)—DE-}-iD(a)]]a>°
E

2r

- fEiszAE(a)—( [E szdEAE(a))2<<1,

where the last inequality is a consequence of (2.3).
From (1.8) we have

(2.9

lim (2mRg_iyRE+iy)=RE+io— Ri_io
70

therefore (2.9) can be rewritten

1
lim —m”
7— 30 ,".2
n"—+0

E2 Eg
dE [ AE"[(RgixRE4in)n
Ey B

X (Rprr—iy'Rersipnala(@)K1.  (2.10)
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This important relation will be useful subsequently.
Let us now introduce a new system of variables E(a).
B, - .. BUY for characterizing states instead of a®,
a®, -.- o and let us assume that these can be
chosen in such a way that the set Q is described when
E(a) varies in the interval (E,,Es) and 8 in a suitable
set . Let us further assume that we decompose & in
subsets 2, characterized by the relations

aEQ, is equivalent to E(a)E (EE;), PET,,

where the T',’s are appropriate subsets of I', and that
the subspaces spanned by the |a)o’s with aE&=Q, can be
identified with the subspaces V, spanned by the w,’s,
which we discussed in the introduction. We further
agsume that the Jacobian determinant

da,a® ... g

SLE@B®, -+ U]

is practically constant for variations of E(a) of the
order of AE.

We notice now that, owing to the substantial sym-
metry of (2.7) in E(a) and in E, we have

B2 1 for EE (El,Ez),
[ dE(a)As(a)= [ (2.11)
E1 0 for Ee; (El,Ez).
From this relation it follows that
f datz(a)
r' 3a®,a® - - a®) Es
= [ ap f JE(@)As(@)
Ty aEE(a)rﬂ(l),' ° 1ﬂ(b~l)] E
d(a®,a®,. - . a®) 1
/ a8 (@)
» 6[E(a),ﬁ(‘),- o ’B(b—-l)] AE (2 12)
- for EC(EyEs),
0 for E& (EyE:),
and, in the same way,
(I/AE)F (Q) fOI' Ee (ElyE2)7
f daAE(a)g[ (2.13)
a 0 for E€(EyE:),

where u(2,) and u(22) represent Lebesque’s measures of
Q, and @ in a space.
From the relation (2.11) we can further deduce

f daA ()= / daAg(e) if EE(E.,E.). (2.14)
2
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From (2.12), (2.13), and (2.14) we have further,

-+00

/ des
Qr —aw

+o Ag(ap)
=/ dE—~—————f
—o Q
/1 IIAE(aII)

qu E (a,ao)

dalAg(a)

:M(Qv) /ddE Ag(ao) :M(Qy) / 2dEAE (@)
AE E Q) E1
/daIIAE(aII)

&~ ”(ﬂ')ln(ao). (2.15)
a(Q)

To illustrate the meaning of (2.15) we may apply it
to the results of Van Hove. Then this relation shows
that, under our supplementary assumptions, the
probability distribution of Van Hove coincides with
the microcanonic probability distributions as ¢ goes
to 4= 0, not only in a formal way, but also in the strict
sense which we used in our formulation of the ergodic
problem.?

3. A PRELIMINARY RELATION

Equation (1.24) essentially gives us the limit for
71— of the expression

N(Re—irAREtin)a;

we will subsequently need an analogous limit for the
expression

N(RE—irARE1in)na

also. This can be calculated immediately if we bear in
mind the relation

(RiARp)na= (RiARy)a(—AV ANV Dy V—- - - )inaDp
+Di(—=AV4HNVDV — -« ) ina(RiAR)a
+DL(=AVANVDV = - - ) (RidRp)a

X(=AV+NVDpV—--)]maDr. (3.1)

This relation can be proved by considerations similar
to those with which Van Hove proves (1.18).

8 Van Hove’s results are deduced under the hypothesis that in
the initial state |yo)=_f'dac(a)|a), the phases of the c(a) are
randomly distributed. In comparing the point of view of Van Hove
with ours, the question arises whether this hypothesis is consistent
with our assumption that [¢¥,) belongs to the energy shell or to a
particular cell V,; this is clearly true in our case, but this would
not be true if the relations (2.4) and (2.5) did not hold.
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From (3.1), taking into account (1.24), one obtains

',l-if:o [ne| (Rg—iyARE4in)nal’)]

= / dayA {a1)qe(an,e)

X{a| (=AVANVDgyioV— - - )ina| @)D ryio(a’)
+Dezio(a)(a| (—AVANVDgziV — - - )inal ')

X f doyA (a)ge(a,a’)+Dexi(a)

X / day / dozA (1) g (o,02)

Xa|[(=AVHNVDgziV—- - )| as)
X{az| (—AV+NVDgyiV~ -+ *) Jina| & )DEsio(e’),

where the upper and lower signs must be taken always
together.

4. ERGODICITY CONDITIONS

Let us go back now to ergodicity conditions (I2)
and (I2”). We wish to examine whether they are
satisfied for a system which satisfies the postulates of
Secs. 1 and 2 when the energy shell is identified with
the subspace spanned by vectors |a)o with a€Q and
the subspaces V, (cells) with the subspaces spanned by
vectors |a)o with a€Q,. In fact, instead of proving
(I2) and (I2”) directly, we shall prove certain other
relations, more restrictive and formally simpler. If we
assume s,>>NV4, the left-hand side of (I2”) can be ex-
panded and simplified and (I2’) and (I2”) can be re-
placed by the other conditions

P“, = (1/5“) ?“j ;,i (wnj,Pp‘”li) (wh')PPwMJ')
=5/S[1+0G/NY], (a1)

Qv = (1/5“) ;J' ;i (w,,,',P,,wy.') (wvi,PWui’)

: (wui’)Pp"“vl") (w'i’aPo’wni)

=57/S[1+0(x/NY], (4.1")

where x is a number (1) of the order required for the
left-hand side of (I1). If we replace the w,’s by the
|ao)’s, the left-hand sides of (4.1) and (4.1”) can be
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written levels in a neighborhood of E,, we have for (1.6),
i Es+SEI2
b= 2z Z 20 ofa| Pyla’)o ol | P,|a), (4.2') Py=— AE'(Rg'—1o—~RE'+i0)
pois(Q) «€0, o’ En, 2x J goss2
i E+EI2
Qw= 2 2, X el Pyla) = dE'(Rg'—io— R +i0), (4.3)
po(Q) « €9, o’ EQ, o' EQ, o' €Y, 27 JE_sm)2

Xola' | Pola Yo ol | Ppr a0 of@’”’ | Ppr|ado. (4.2")  where in the last expression E is a generic internal point
, in the interval (EJSE—/2, E,+6E/2). In (4.2") and
If we now denote by éE the distance between two energy  (4.2”) we therefore get

1 Eg+3E[2 Ty
e ola| Polado ofd’| Pyla’")o= —a 2 / dE / dE' (| (RE-io— RE4i0) @0 ol | (Rr'—io— ReEr+i0) | a0

Ep—3E/2 E—3E/2

4o E+SE[2
=—— dE f dE" {a| (RE—io—REsio) |0 ol | (RE—io— REr4io) [ )o.  (4.4)

E—3E/2
For the above considerations, by (1.2) and (1.2") we can write
1
— 2 X o] (Re—ic—REsio) | o ol | (RE'—io—RE'4i0) | @)
Po a€QY €N,

o / do / Ao/ (RE—io— Reyio) | @Yo | (RE'—io— REr1i0) Jale)
2% Jou

= / dof (Re—iod 0, RE_i0)a (@) — (RE—iol0,RE"+i0)d (@) — (REtiol 0, RE—i0)a(a)+ (REtiola RE 1i0)a ()],

where Ig, is a diagonal operator which is defined by the relation Io,|a)=1I,(a)|a). Then for (1.16) we have

1 E+5E[2 :
Pﬂy = —— da’f dE/ dE,[XE-ioE’—io (alya) - XE'—iOE'-H'O (C!,,Ct)
2n? ﬂ(ﬂu) Qu E-SE/2 ,
— X ptiobr—io(e o)+ X prioriiold @) ]

1 1 ﬁE
da'f aw aw’ EXW+W'—10 W—W’—m(a 7a) XW+W’-—m W—W'+w(a :a)
—o0 —3E

— X Wi wriio W—W'~io (a ,a) +X wiwitio W—W'+ia(al;a)1

272 l‘(ﬂn) Qs

Since 8F is very small (see Sec. 5), in the preceding relation we can replace the right-hand side by its limit for
OE — 0. Taking into account then (see Sec. 1) that X gy; g+:1{c’,@) has on the real axis only finite discontinuities,
that X gy p_i(a’,0) has a pseudopole in /=0, and taking into account the relations (1.24) and (2.15), we have

) 1 1
va_; #(ﬂ ) LI—I)IJ da'/;w dW[ﬂXW—n,W+17](a ;a) +7IXW+WW-1'I(a Ya)]
Q, v
o[ oot
,;(sz,,) % w(@ S

Reasoning in a similar way as we did for p,,, we can write

1 E+6E/2 B +8Ef2
____/ li(!/ /dallf dalllf / dEll/ dE!I!
167 (RW) J a, E-E2 J-w "_8E/2

X[(RE—io—RE+i0) | &) | (Rpr—so— RE'+io) la”" Mo} (R '—io— R i) @) (@’ | (REr'mio— REr4io) Ja(@)

1

Qur
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1
- P dof (Re—ida, R —iol0,RE —iola.RE—i0)a(@) — (REtiol0,RE —iocl 0,R B il 0, RE 11 —i0)a(a) — - -
w) B + (Resiol 0,Re 1iclauRE 1ol 0, RE 1 100)a(@) ]

1 +o
——— lim m f da f dE [ AE"[ (Ru-sla-Resinla,REr—inTasR g4 iv7)a(0)
= artu(@) o1

+ (Re—ido,RErind0 RE! '+.'»"I 0 REe—i)al@)+ (ReridaRe—idoRE—ig I, REr 4 ir)ale)
+ (Re+indasRe—inl 0, RE +in Ia REr —igr)ala) ],

where we have taken into account the fact that the matrix element (a| Rg;.14 Rg4:| ') has only finite discontinuities
on the real axis as can be deduced from (1.8).
The calculation of gy, is therefore brought back to the evaluation of limits of the kind

IR

4o +oo
lim "’ dE f dE" (Rg—indoRE+inl0,RE —iyr Lo, REr i) a(a). 4.7
b —~o0 —w

Since obviously the relation
(RiA1Rp ARy AsRy)a= (Rid1Ry)ad s(Rir ARy )a+[(R141Rv)naA 2 (Ry- ARy Yna Ja

holds, we see that (4.7) is the sum of the other expressions

+00
lim 7/ / dE / AE" (Rg—ila,RErin)a(@)0.(@) (RE—iyI0,Rpr s iyrr)a(a) (4.8)
and

+o0
lim nn / dE / BE"[(Re-inla,RE+im)nalo, (REv—in To,RE4in)nada(@). (4.9)
Equation (4.8) can be immediately calculated by means of the preceding considerations; we get

1
lim gy’ — dE/ dE" (RE_",IQ,RE-H,'))d(a)Iﬂ,.(a) (RE”—W' ’IﬂrRE'"+m")d (0‘)
7’ —o —w

-0
/ de’ / dEqe(d @) / do'" /—m dE qg (o’ ,a)In,.(a)_( (( ;) Ig(0). (4.10)

ll_.o
For the calculation of (4.9) we notice that for (2.12), (2.13), and (2.14) we have

u( ) _ s [aaststaey tor mEEED,
(4.11)
for EE (El,Ez).
Then for (3.2) we have
li +de R #(@) 1 Ezd
"_1;:1‘1:0 ’7/; ( E—mlﬂrRE+lﬂ)nd “(ﬂ) "ﬂoﬂﬁl E(RE—iqRE+in)nd (4.12)

and taking into account (2.10),

+oo +-o0
lim ‘ﬂ'f]" dEf dE"E (EE—{))IﬂrRE-}-iﬂ)ndIn“(REII_“,'IIIQ,REI'+"”N)nd]d (a)

I‘(Qv) 2 . oo e
%( ) lim 79" f dE / AE"[(Re-isRE+in)nalou(RE"—in' R yin*)naJa ()

—+0
@/ 225

(9') 2 o o Ql 2
S(‘i——> lim '’ dE / GE"[(Re—inRE1in)na(RE/~in' REr i InaJa(e) K (%) . (4.13)

[ (Q) 7"’ —£0 un



338

Equations (4.10) and (4.13) allow us to write
Qw2 () /(@) F=52/S

5. EVALUATION OF ERRORS INVOLVED IN
THE APPROXIMATION MADE IN
PRECEDING SECTIONS

If we want to identify the relations (4.5) and (4.14)
with (4.1’) and (4.1”), it is necessary and sufficient to
prove that the relative errors which were made as a
consequence of the different approximation, are of the
order of x/N%.

With this in view we notice that the approximations
which we made in the preceding section are essentially
of the three following types:

(1) The relations (1.2) and (1.2’) have been used.
The relative error which the replacing of an expression
of the type (1/p0)>.« f(e) with the other fdef(a)
introduces, is of the order of éa/Aa where da represents
the distance between two points of the discrete spectrum
and Ae a variation of @ to which a variation of f(x),
comparable with f(a) itself, corresponds. In our case
Dgyio(@) may be considered the expression in the
integrals that varies faster. We have a relevant variation
of this quantity for variations of E(a) of the order of
A7, where J is a number of the order of the typical
Je(e). Therefore Aa results equal to A2J/(3E(x)/dc)
and hence [obviously 8adE(a)/da~38E] the error which
is a consequence of the approximation we have made
is of the order of

(5.1)

(4.14)

SE/NJ.
(2) The expressions

E
/ W' X wiwepiow—wsio(a,0),
_E

SE

f AW (@) (Rw4 wricARw_w'sio)nd | ')
—3E

have been replaced by their limit for 6£ — 0. The
absolute error that we make when we replace an
expression of the kind

« g(w)

— | ——dw

imJ_cw—10

with e very small by its limit for e— 0 g(0), is of the
order of the variations of g(w) in the interval (—¢, €).
Then the corresponding relative error results of the
order of ¢/d, where d represents a variation of @ (in a
neighborhood of w=0) for which g(w) has a variation
of the order of g(w) itself. In our case e=4E and, as we
may deduce for example from (1.20), d can be identified
by A2J. Therefore the relative error which one makes in
consequence of this approximation is expressed again
by the quantity (5.1).

(3) The relations (2.3) and (2.11) and the others that
have been deduced in Secs. 2 and 3 by means of (2.3)
(2.11) have been used.
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To evaluate the error which we make if we use the
relations (2.3) and (2.11), we notice in the first place
that they are always used in expressions of the kind

/ daf(a) f dEAg(a),

/ dEg(E) / dE(a)Ag(a),

(3.2)

(5.3)

where f(a) and g(E) are very smooth functions, respec-
tively, of @ and E. We note again, therefore, that the
approximations made are in effect two distinct ones.
The first consists of the use of the relation (2.7) and
shows a relative error of the order of

AE/NAK, (5.4)

where AK is a number of the order of K g,(e) — K, (e).
The second appears in identifying the values of the
integrals

1 B2 Az.]E(a)

— dE , (5.5

,,JE [E—E(@ P +IN 5@ )

- f N z(@) (5.6)
[E E@T+DYs@]

with the right-hand sides of the (2.3) and (2.11). This
shows, in expressions of the type (5.2) and (5.3), a
relative error of the order

A2J/AE. (5.7)

To convince ourselves of this, it is sufficient to note
that the expression (5.7) represents the relative error
made in the evaluation of the integrals (5.5) and (5.6)
for the greatest part of the values of @ and, respectively,
of E. It also represents the relation between the measure
of the “exceptional” ensemble, for which the said error
is of the order of one [ this is the ensemble of the values
of a for which E(a)—Ei~NJ or E{a)—E,~N?J and
respectively E—E1~NJ or E—Ey;~AJ] and the
measure of the set to which the integral (5.2) is extended
[or which contributes to the integral (5.3)]. Summing
up, it is possible to identify (4.5) and (4.14) with
(4.1") and (4.1”) if we determine the qualitative hypoth-
esis of the foregoing sections on the density of levels
and the largeness of AE, AK, and J by requiring that
the expressions (5.1), (5.4), and (5.7) be of the order of
x/N*. In symbols
SE/NT
AE/NAK }\'X/N i
NJ/AK

The only cases which need particular consideration
because they are not altogether trivial are (2.10) and
(4.13).

Equation (2.10), when (5.8) is presumed to be

(5.8)
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verified, must be determined on the basis that the left-
hand side is of the order x/N* when E(a)—E: and
E(a)—E, are sufficiently large with respect to A%J
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and‘is of the order of one in the region in which these
expressions are of the order of A\2J. We may substitute
for (4.13) the more exact relation

1 o0 40
lim agm'" da dE f AE"[ (Re—ido.REsin)nala,” (RE ~in 10, RE iy )naJa(@)
.,,ﬂ : ig [ (ﬂn) D s —o

()

n~=+0

2 . 1 Ez E2 X
S(——*“) lim 7117" dE- f dE"I:(RE—inRE+s‘vl)nd(RE”wt'q"RE"+t‘n")nd:]d(a)'[1+O(ﬁ)]
E;

#(@) w() J g,y

7'~ 0

and what we have said above about (4.5) and (4.14)
is confirmed.

6. CONCLUDING CONSIDERATIONS

In this section we will make some observations on the
results of the preceding section and, successively, com-
pare briefly some aspects of the ergodic method and of
the master equation method, and, in consequence,
some aspects of Van Hove’s deduction and of our own.

Bearing in mind all of the hypotheses, successively
introduced on the analytical properties of the Hamil-
tonian of the physical system discussed, we saw in the

preceding section that if the relative errors with which -

pw and g, were evaluated were to be of the order x/N*
as required by (4.1), then the conditions (5.8) would
have to be satisfied. These conditions are rather
restrictive, because, although the value of AE and the
dimensions of the cells are largely arbitrary, N must,
in all cases, be a very large number. We wish to note,
however, that they are excessively restrictive and that
at least, on principle, it is possible to weaken them.

The appearance of the factor 1/N% in the right-hand
side of (5.8) is essentially due to the demand that the
following relation should be satisfied

%’: (Mu,(t)—s5,/S)*

6.1
T (6.1)

~X.

This would not have occurred, had we required the
relation

(Mu,(t)—s./S)?
B

2/52 ’\'X(v= 152" * :N) (62)
Sy

The reason why we chose relation (6.1) instead of
(6.2) is the following. Relation (6.1) gives us the
assurance that with the exception of an ensemble of
initial states of very small weight, the expression

() )

(M'uv(t) - SV/S)2

5,2/ 82

where

is very small and, consequently, the quantities A, are
simultaneously small for all the values of v. Instead,
the relation (6.2) assures us that, with exception made
for an ensemble of initial states of very small weight,
each single 4, is small, but tells us nothing with regard
to the weight of the ensemble of initial states for which
all the A,’s are simultaneously very small. On the other
hand, if relation (6.2) is too weak, (6.1) is certainly too
strong because, in order for us to prove the desired
result (the existence of a class of states, the weight of
which very closely approaches unity, for which the
A,’s are simultaneously small), the demand that (6.1) be
satisfied implies the selection of the most unfavorable
circumstances, i.€., to assume as empty the intersections
of the ensembles of exceptional initial states (for which
the single A,’s are of the order of one) when taken two
by two.

We shall now pass to the already mentioned com-
parison between particular aspects of the ergodic
method and the master equation. We must at first
remark that the systems to which statistical mechanics
are applied are essentially spatially-limited systems and
composed of a very large, but finite number of particles.
The energy spectrum, effective or unperturbed, of these
systems is therefore always discrete, even if the density
of the levels is very high owing to the large number of
degrees of freedom and to the large spatial extension of
the system. The general solution of the Schrédinger
equation is therefore, a Fourier series in time and is
consequently an almost periodic function of the time.
Thus a recurrence theorem holds? which is analogous to
Poincaré’s classical one and the recurrence time 7" is
of the order of 1/3E.

We now note that the master equation describes
essentially the temporal evolution of the system from
a certain initial situation towards a final situation, a

9 P. Bocchieri and A. Loinger, Phys. Rev. 107, 337 (1957).
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state of macroscopic equilibrium.in which the system
itself remains indefinitely. Here the character of recur-
rences of the physical system is in no manner present
and therefore it can describe the temporal evolution of
the system solely in an interval of time which is small
in respect to 7.

The state of equilibrium is defined in classical
statistics as the state, presumed existent, in which the
system remains the greater part of the time. In quantum
statistics, equilibrium is defined as a macrostate which
possesses at a time randomly taken an occupational
probability very close to one. [Mu,(f) has precisely
the meaning of occupation probability of the macrostate
which corresponds to the variety ¥, at a randomly
taken time very close to one. ]

To these differences of conceptual character between
the ergodic method and the master equation method
there correspond important differences even in the
analytical developments which are necessary in order
to prove the relative theorems. A fundamental approxi-
mation introduced by Van Hove in his deduction of
the master equation consists in considering the spectrum
of the system as continuous, when, as we have seen,
is essentially discrete. By this means Fourier’s series
which expresses, for instance, the occupation probability
of an unperturbed state is replaced by the correspond-
ing integral of Fourier, which does not present the

- character of quasi-periodicity of the original series. In
the demonstration which we have given herewith of our
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ergodic theorem, we too have considered the spectrum
of the system as continuous, but we have done so only
to evaluate expressions such as p,, and g, which are
already the result of time averages which were cal-
culated bearing in mind the discrete character of the
spectrum itself. It would have been pointless if instead
of having started from the ergodicity conditions (I1.2’)
and (1.2"),[i.e., from (12') and (12”) of paper A, we had
started from the conditions (10’) and (10”) of the same
paper and deals with the left-hand sides of the latter
in the above cited approximation before calculating he
time average.

A final observation which we wish to make is that
the coarse grained probability used by us is, in effect,
very much coarser grained than the one used by Van
Hove. The Van Hove probability density p:.(a) in a
certain point « is essentially an average in a small
neighborhood of a of the microscopic probability; the
coarse grained probability #,(¢) used by us is the sum of
the microscopic probabilities relative to all the values
of a which belong to the set £, or (which amounts to
the same thing) the integral extended to 2, of p:(a).
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Recently Lowdin, Pauncz, and de Heer, have discussed the calculation of functions of cyclic matrices.
They presented three exact methods for doing this. We show that the last of their methods can be generalized
to a method which is convenient for approximate calculations and which in addition can be extended to
the calculation of functions of higher order cyclic matrices. A number of examples are presented. It is also
shown that by the same techniques it is possible to evaluate functions of a skew circulant matrix.

IN a recent paper Lowdin, Pauncz, and de Heer'
have presented several methods for the calculation
of the inverse, and inverse square root, of a simple
symmetric cyclic matrix. These matrices arise in many
problems which involve the use of cyclic boundary
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conditions, such as in the theory of lattice vibrations or
the tight binding approximation in the theory of metals.
The treatment of these problems in higher dimensions
requires the definition of generalized cyclic mattices.
While these matrices were discussed by Lewis and
Keller? the problem of calculating various functions of
generalized cyclic matrices was only barely touched on
in their paper.

It is the purpose of this paper to discuss a method for
the calculation of functions of cyclic matrices, both for

*R. M. Lewis and J. B. Keller, Phys. Rev. 121, 1022 (1961).
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those arising from one-dimensional problems and those
arising from higher-dimensional problems. Our tech-
niques is a generalization of the method quoted in
reference 1 for the calculation of the inverse square
root of a cyclic matrix. It is probably the only one of
the methods mentioned by Léwdin, Pauncz, and de
Heer which. permits of a simple generalization to
higher dimensions. Furthermore, the results are in
such a form that approximate results are easily obtained
when the conditions are such that these exist. We will
also discuss the evaluation of functions of asymmetric
cyclic matrices, since these present no more difficulty
in theory than do symmetric cyclic matrices.

A cyclic matrix of order # is one in which there are
n independent elements. They appear in the first row
and the elements in successive rows are the successive
cyclic permutations of these.

We begin by considering the cyclic, not necessarily
symmetric, matrix A which we specify in the form

A= (1:51152)' v 1SN)0yc; (1)

with eigenvalues given by

N 2wikj
M= S exp( ), So=1. 2)
e N+1

The problem with which we shall be concerned, is to
find an expression for the elements of functions F(A).
We restrict ourselves to functions F(x) which are
analytic in some neighborhood of the origin and which
are defined on the spectrum of the matrix A. We also
require that the circle of convergence of F(x) contain
all of the eigenvalues of A. For these functions it is
easily shown that

1 ~ 2xi(m—n)k
[F(A) Tunm—— - F (W) exP[————] 3)
N+1 k=0 N+1

since the resuit is true for positive powers F(x)=x*.
As it stands, this formula, while correct, is not useful
for computation unless NV is small, or unless F(\x) has
special features which enable the sum to be evaluated in
closed form. We shall convert this sum into a form
which is more convenient for accurate calculation or for
approximate evaluation.
Let us define a function A(8) as

N
O ESJ' exp(j6), (4)

from which it is obvious that

)‘k=)\(1\f:k1) ' - ©

We shall assume that a Fourier series expansion for
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F{\(0)} can be written

FO®) = 3 4, explis), ©)
where
1 2x
A,~=——/ F{\(6)}exp(—146)d8. 0]
2r Jo

Only positive j are required in Eq. (6) since A(6)
contains only positive powers of exp(i#f) and F(x)
contains positive powers of x. We will only be interested
in F(\r) where )\ is given in Eq. (2). This, however,
can be written as a finite sum in terms of quantities
which we shall denote by 4*;

v N p 2wijk i
)= E) i exp(‘v_*_l), (8)

where the 4* are expressible in terms of the A’s:

A*= 2 Ajprngn. 9

7=()

The rearrangement of the series is legitimate since the
analyticity of F(x) guarantees uniform convergence
within the radius of convergence. Rather than work with
the general matrix element [F(A)Jmas, we will calculate
only the [F(A)Jo, which we denote by U,. All of the
remaining matrix elements can be calculated by using
the cyclic properties. Substituting the expression for
F(\) given in Eq. (8) into Eq. (3), we see that U, can

be written
1 ~ ~ 2ri(j—n)k
£ £ 4 o]0
N+41i=0 k=0 N+1

=A,* n=0,1,2,---, N.

Un=

(10)

Thus we see that the evaluation of the elements of
F(A) is reduced to the evaluation of the Fourier
coefficients and the summation of Eq. (9). Very often
the approximation

Un"’An (11)

will be sufficient for computational purposes since when
F(x) is analytic, the Fourier coefficients will fall off
exponentially with the index. This will be a particularly
effective approximation when V is large.

Similar procedures to those given above suffice to
discuss the important special case when A is a sym-
metric matrix. In this case we can write

A= (1;51152" . )SM)' : ';SQ)Sl)cyey (12)

where M+1 is the number of generating elements in
A. If the order of the matrix N1, is even, then the
element Sy occurs only once, while if V+1 is odd Sx
occurs twice. The eigenvalues are again given by
Eq. (5) but the exponentials can now be combined,
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resulting in the expression

M—1 2wkj 2xM*k
=142 3 S; cos( )+2€MSM COS( ), (13)
=1 N+1 N+1

where ex=3% if NV is odd and ex=1 if ¥ is even. In the
present case we replace the exponentials which appear
in the definition of A() in Eq. (4) by cosines. The
coefficients which appear in the expansion

FOMO)) =340+ 5 A, cosnd (14)
are now
A,= (l/r)/ F{\(6)}cosnbds. (15)
0

As for the case of asymmetric cyclic matrices we can

write
2 jk
), (16)
N+1

an

7=0

N
FQ)= 3 47 cos(

where

Ag*=3A40+ 3 Ajvey

i=1

and the remaining 4* are defined as in Eq. (9). Follow-
ing the steps leading to Eq. (10) and replacing the
exponential in Eq. (3) by a cosine, we find, in the
symmetri¢ case,

Un=l(An*+AN+1—-n*)- (18)

These results are essentially the generalization of Sec.
IV of reference 1.

There are a number of exact results which can be
derived through the use of the formulas given so far.
Let us first consider the inverse matrix, or the matrix
of Green’s functions of the linear difference equation
characterized by A. We first discuss the general, not
necessarily symmetric, matrix. Let us assume for A
the expression shown in Eq. (1). Then the 4,’s are
given by

1 27

2r Jo

eidf
14 S1e#+Spe?9+ - - - +-Syei?

1 dz ,
"o / (1+Siz+Sag®+ - - - +Sns¥)z

19)

where C is the unit circle. Thus we see that 4; is the
coefficient of 27 in

[P@) T =[14S1z+Sw+- - - +Snz" 1,

provided that P(z) has no roots in or on the unit circle.
If we now assume that

S1>8:> - >Sy>0,

(20)

(1)
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then it can be shown? that P(z) has no roots in the unit
circle. Other simple sufficient conditions for P(z) to
have all of its roots outside of the unit circle can be
obtained by using Rouché’s theorem.* For example if

| S +1Sa] 4+ -+1Se| <1, (22)

then the roots of P(z) will lie outside of the unit circle
provided

(1+S1+Se+ -+ - +86) > (SkertSkee - - +Sn).  (23)
In particular, if
N
'21 1S <1 (24)

then the roots of P(z) are greater than one in absolute
value.

Let us assume that P(z) has no multiple roots
(although the extension to the more general case is
trivial). Then we can write

P@= 11 (1+0), (25)

where |g;| <1. In terms of the oy, the value of 4, is

calculated to be
N U);n+l

A= (—l)ﬂ Z

_— 26
=P (= 1) =

Since the only dependence on # is through the term
0x"*! we may find an explicit expression for the 4,*:

N 1 0'[;"+1
A*= (- l)n Z

. (27
k=1 P'(—1/0¢) 1= (—ax) V! N

An expression similar to that of Eq. (27) can be
obtained for the A4,* in the symmetric case. Let us
start from the expression for 4 ,:

y 1 /-2’ cosnfdl i /2" cosnfdb
" 0 0

N P(coss)’
™0 (teicoy 700 T

sl

(28)

where it is assumed that the S; are such that the o; are
all distinct and satisfy |o:| <1 for all 4. This will
certainly be the case if

N

2 |Si <1

=1

(29)

Equation (28) can be simplified by means of partial

3 E. Landau, Darstellung und Begiindung einiger neuerer Ergeb-
nisse der Funktionentheorie (Chelsea Publishing Company, New
York, 1946).

4 Rouché’s theorem states that if f(z) and g(z) are analytic
within and on a closed curve C, and if |f{z)|>|g(z)| on C,
then f(z) and f(z)+g(z) bave the same number of zeros in the
region bounded by C.
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fractions and the resulting integrals evaluated

1 por N o5 do
Ap=— / cosnd Y
TJo i=1 P’(— 1/0‘,‘) 140, cosf

N o5 1 /(1—0;2)*"‘1 »
= - 30
2 iz—:l P'(—1/q)) (1—«7,-’)*\ o ) 0

The series for 4,* can be summed explicitly, leading to
a final result:

N [ 1
iz-l (1=t P'(—1/0)

1 "((l—a,-2)*— 1)"

o= 1YL\ o
_71'2 | . N+1—n
i e g R

(41

=

A number of exact results can be obtained for the

1 - {I'D+n+ JN+1)]

U,=
(146°)T(») i=0 \T[n+j(N+1)+1]

L ThA (D)D) -]

OF ANALYTIC FUNCTIONS

TLGHD) (V1) —n+1]

In the particular case »=3%, the result can be obtained
in terms of Legendre functions® and we find

1 . P Pii(N+l)(ﬂ)
Uo—\—/é{l’;(ﬁ)+2r(§) 2 }

=t T[j(N+1)+3]
r3) = { PyrHiN+) ()
" /B = (Tt j(N+1)+3]

P*(H-l)(N-*-l)—n(ﬂ)
CTLGHD) (V) —nt]

somewhat analogous to the result obtained by Lowdin,
Pauncz, and de Heer. All of these series are rapidly
convergent since the successive terms decrease expo-
nentially.

Another result that can be obtained fairly simply for
A given by Eq. (32) is exp(A). The integrals for the
A’s are easily found in terms of Bessel’s functions of
imaginary argument and the final results are

| o

Un=e Z_:o (Lot i (28) 1 41y (v41-n (25) ],
?

#>0. (37)

8 I. M. Ryshik and I. S. Gradstein, Tables of Series, Products,
and Integrals (Deutscher Verlag der Wissenschaften, Berlin,
Germany, 1957).
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important special case

A=(1,5,00,---0,5). (32)
For example the elements of A’ can be found, where
v#0, 1, 2, - - -. Assuming that 0< [25(<1, and letting

— 14+ (1— 457
=, (33)
25

where —1<8<0, we find

1 2
= / (1425 cosf)” cos j6d8
0

k.

1
Cx (148
_28T(4))
(BT HIT (D)

where the last result is taken from reference 5, p. 383.
Hence

2x
/ (1—28 cosf+p2)* cosj0d9
0

F(”: V+j’ ]+1;62)a (34)

FLv, v+n+j(N+1), n+j(N+1); 8]

Flv, v+ (D V+HD)—n, G+ (V+1D)—n; . (35)

Similar results can be obtained for the sine and cosine
functions.

Approximate formulas for functions of cyclic matrices
can be obtained by expanding F(\:) or F{A(f)} in
powers of the S’s, and then retaining terms only up to

the desired order. The complete formal expansion
of U, is

U= T FO(0)
y==)

Sii1Syite - - SyiN
X 2o e
n IN . [ .
i JrgaieeaN
A2 N =m0 )
]g' . AR

(38)

The lowest order terms in this expansion are explicitly
Uo~F(0)+(S:Sn+SeSw_st- - - )F@(0)+- - -
Ui~SFO(0) 4+ - -

Ur~3S2F®(0)+SoF D (0)+- - -
Us~SiF® (0)+3SPF® (0)+3S152F? (0)+-- - .

(39)

Thus far we have been dealing with what we might
call first-order circulant matrices. These arise in a
natural way from one-dimensional problems in which
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periodic boundary conditions are used. When periodic
boundary conditions are used in higher dimensions,
they lead to the notion of generalized circulant matrices,
which were also discussed by Lewis and Keller.2 The
first-order circulant matrix can be defined as having
elements A,; such that

Sio;
A.‘j=
SN41-t—)

i>j
i>i

(40)

or if we define the Si over all of the integers by the
prescription Se=Skrjv+n, =+, —2,—1,0,1,2, -+,

A;=Sc (41)

In the following we shall assume that there is an ¥ XN
matric function S(k) defined over all d-dimensional
vectors k= (ky,kz,ks, - - ,k4), such that

Sk+n(N+1)]=S(k),

where n is any d-dimensional vector whose components
are integers. The generalized circulant matrix will now
be assumed to be made up of N XN cyclic submatrices
as blocks (rather than just numbers as is the case for
ordinary circulants). The submatrix elements of the
generalized circulant matrix will now be defined by
A(LJ) where I and J are d-dimensional vectors. In
analogy with Eq. (41) we define a generalized circulant
matrix by

(42)

ALNH=SIA-J). 43)

For purposes of explicitly representing the matrix
A(L)) we assign an ordering to the d-dimensional
vectors k= (ky,ks,- - -k4) such that k®>k® ijf and
only if

Ei® =k @ by =fy®, b O=k,®,

B ®>kea® r=1,2, -+, d—1,

where £;® is the j component of k®, With this definition
the component blocks can be arranged unambiguously.
For example, in the theory of lattice dynamics the

following equations represent the steady state ampli-
tudes of a two dimensional simple cubic lattice:

(44)

MePtmn =718 n Umn Y280 Umn (45)
where, for example,

DAmthmn=Umi1n— 2UmntUm_1n
Under the assumption of cyclic boundary conditions,
Um kN, 0n=Ym, niiN=Umn; Jy ="+, ~1,0,1 .- (46)

we see that the ., are the eigenvectors and Mw? are
the eigenvalues, of a generalized circulant matrix A,

Se S; 0 0 Sy
A=|Sy S0 S: 0 0 47
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where
So= (—271"272: L 07 MR 0; 71)cyc,
Sl= (‘Yﬂ, 0’ 0) R O)oye,
SN: (729 01 0’ Tty O)eyc-
The « matrices which appear in the Dirac equations
can also be regarded as generalized circulant matrices.
The elements of the r-dimensional generalized cir-

culant matrix can be represented in the form of a
multiple trigonometric expansion:

ALD)=W+1)"3 A(K)
K

(48)

2xi
(N+1)r

where the matrices A (K) are the generalized eigenvalues
of A and can be written

Xexpl:— aI-J- K], (49)

27

K)= J
A(K) gsuexp(wﬂ)

in which S(J) is the matrix of Eq. (43). The sums run
over all r-dimensional vectors with positive integral or
zero elements, in which the elements range from 0 to N.
It is also readily verified that for any analytic function
F(x), one can write for the elements of F(A)

[F(a)Ju=(NV+1)~ % F{A(K)}

exp[— i (I—J).K], 1)
(1)

provided that the A(K) are such that the Taylor
series for F{A (K)} converges, or equivalently that the
eigenvalues of A lie in the circle of convergence of
F(x). Now the theory for the representation of F(A)
follows exactly as in the one dimensional case. Let us
define A (0) to be the generalization of A(K):

rJ . K), (50)

2mi
A(0)= Y SJ)ex < J-ﬂ). (52)
J P (N+1)r
Assuming now the Fourier expansion
F(A@®)=3 -+ 3 Arexp(iJ-6),  (53)

J1=0 J =0
with :

Aj= (21)"/ r- . -/F{A(O)} exp(—iJ-0)dre, (54)

we see that

FIAR) =E Ar*exp
J

J.K 55
(N+1) ) 3)
where

A=Y .- X Ay+rov+n. (56)

Ly=0 Lyw()
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The remaining analysis follows exactly as in the one-
dimensional case, that is to say, the submatrices of A
are just the Ay*. In similar fashion, when A is sym-
metric, the submatrix blocks of F(A) are

Uo=3(Ar*+4A*winion)

where i=(1,1,-- -1).

The results of the preceding analysis are easily
generalized to the calculation of analytic functions of
matrices which have the form

1 S1 S2 Sa s SN

(7)

—SN 1 S1 Sz SN—l
At=|—Sy1 —Sy 1 S1 Syz2|, (58)
—:5‘1 '—:92 _-SN

which might be called skew-circulant matrices. The
eigenvalues of such a matrix are found to be

A %S @+ 1)rij So=1 59
R I

and the unitary matrix U which diagonilizes A+ has

elements
25+ 1)mik }

(60)
N+1

U= (N+1)7? eXPl

If F(x) is analytic in some neighborhood of the origin,
then the elements of F(A*) are given by

LP(A%) Tme= (N+1)1 T F()
k=0

2k+1)(m— n)ir}. (1)

Xexp
N+1
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The argument from Eq. (4) to Eq. (9) can be repeated
with just a slight modification to yield the result

[F(A*)Jon= U= é (=Didwriovsn,  (62)

where now A4 ,, is defined as the Fourter coefficient

1 2%
A,,.=——/ F{\(0)}e—*™do (63)
27 Jo
and
N
AB)= 2 S; exp(i50) (64)
=0
as before. If now A* is expressed as
At=1+8 (65)

where S is a skew symmetric circulant (notice that A+
itself is not) then

Un=[F(A)Joa=3(4*+Ans1-0*), (66)
where
A*=340+ T (=144
jal
’ (67)
An*= 3 (=) Aniarsn
P S
and A, is now to be defined as
1 2x
Ap=- / F{\(8)} cosmbds. (68)
wJo

The proofs of these results parallel those for functions
of ordinary circulant matrices.
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A generalization of quantum mechanics different from the theory proposed recently by Phipps is con-
sidered. Difficulties connected with the commutation relations of the angular momentum components
defined with the help of the operators p: of the fundamental equations of Phipps are presented as new
arguments in favor of the choice of Phipps of the Hermitian operators to be used in his generalized theory.
The application of the equations proposed in the present paper to the motion of a particle in a central
Coulombic field of forces is considered. In the Dirac theory the spectrum is different from the traditional
one. As the Heisenberg postulate is now obeyed, this result shows that an unusual spectrum is not a con-

sequence of the violation of the postulate.

I. INTRODUCTION

GENERALIZATION of quantum mechanics
which contains the Hamilton-Jacobi theory as

a particular case was analyzed recently by Phipps.?
The application of the new equations to the problem
of the stationary motion of a Dirac particle bound by
Coulombic central forces to a massive center, results
in a highly unusual energy spectrum that was attributed
by Phipps to the local violation of the Heisenberg
postulate. Actually, as we shall show, we can obtain
an unusual energy spectrum without violating this pos-
tulate, if we conveniently modify the initial equations.
The classical equations of the Hamilton-Jacobi
theory and the Schriodinger equation are particular
cases of the generalized equations of Phipps. However,
the quantities which are the energy and the linear
momentum in the classical equations and in the
ordinary quantum equations do not have the properties
of these quantities in the generalized theory. Besides,
as we shall show (in Sec. IT), if we define the angular
momentum operator by means of the classical expression
with the p interpreted as the operator of the Phipps
equations, we obtain a quantity with commutation
properties different from the usual ones. The definition
of the spin operator is in this case impossible. A further
assumption was made by Phipps in order to overcome
these difficulties. It was supposed that in the general
theory, the energy and the linear momentum operators
are quantities connected with the operators H and p
defined by the fundamental equations (1). If this is
done, in fact, the Heisenberg postulate is not violated
for the new operators; the commutation relations of
the angular momentum operator are the usual ones and
the energy is the conjugate of time. However, the
operators p of the initial equations are not Hermitian.
In the present paper another way of solving these
problems is considered. A set of fundamental equations
is postulated so that the classical and quantum equa-
tions are obtained as particular cases of the proposed
equations (in Sec. III). The Heisenberg postulate is
not violated at all, and the angular momentum and
the energy operators are obtained from the classical

1T, E. Phipps, Jr., Phys. Rev. 118, 1653 (1960).

expressions with the help of the operators pi of the
fundamental equations. The introduction of a further
assumption to define the energy and the linear moment
is not necessary. With respect to the reduction of the
equations to the classical ones we must observe that
the Py given by the relations (13) and (20) are not
constants (in apparent contradiction with the Hamilton-
Jacobi theory). If we compare, however, the magnitudes
of the two terms of P given by (20), we see that they
are comparable for distances r of the order of 10~% cm
if the particle in motion is an electron, or 10~ c¢m if it
is a proton. For distances greater than these values
(i.e., 102 cm), P is reduced to a constant term. The
dependence of P on 7 is, therefore, associated with
small distances, far beyond the limits of validity of
classical physics. Therefore, to get classical results as
the constant values of Py, we must consider classical
distances between interacting centers. This is indicated
in the condition (i) in Sec. III.

The application of the new equations to the stationary
case analyzed by Phipps gives rise to an unusual energy
spectrum which is different from the spectrum en-
countered by Phipps; the new spectrum being Bohr-like
in first approximation (in Sec. IV). The values of the
energy lie in the region between —moc? and +moc?
and contain only one quantum number. The spectrum
obtained in the present paper depends on the charge
Ze and on the Planck constant. It is worth mentioning
that the spectrum of Phipps depends only on the rest
energy of the particle in motion and, therefore, cannot
be reduced to the spectrum of the Bohr theory.

II. EQUATIONS OF PHIPPS

The equations proposed by Phipps are
N

!

H(xk;Pk)l)‘I’fz - ’ (la)
at
aSY,
Pk‘I’f= ’ (1b)
0xr

Sy,
Pp¥y=— , (1c)

00Xy
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where k=1, 2, ---, 3u. S may depend on x, X,
and ¢.

These equations are reduced to the equations of the
Hamilton-Jacobi theory if ¥, is taken to be a nonzero
¢ number different from zero. Equations (1a) and (1b)
are the ones of the Schrédinger theory if we take S=#/1.
If, however, neither S nor ¥, are constant, we obtain
a set of equations which constitute the basis of a new
theory. It is easy to show that, in this case, we obtain

[y %m ¥ 5= S8im¥ 1. (2)

Hence, if p is the linear momentum operator, the
Heisenberg postulate is violated because of the factor
S in the right-hand side of the relation (2). It can be
shown that different commutators are obtained for
other operators. If, for instance, we define the angular
momentum operator by the relation

Li¥ = eamxipn¥y, 3

where €xim is the alternating symbol of tensor analysis,
we have, in view of (1b),

EN 7%
Lk‘I’f = €pimXr— . (4)
Xm

The commutation relations of the operators L, are,
because of (4):

aS¥, aSY,
ELk,Lr]‘I’j = fklmerpq[xlsaym - xpsalq

%q 0x,,

aS aS¥; S aSY,
S22

0xm 0%, 0%, Oxp,

where 8, is the Kronecker delta.
In view of the relation

€klr€irs ™ €krs€jly = ~ €kjr€rls
with sum in 7, and of the definition (4), we obtain
[Lk,Lr]‘I’f == SekrpL,,‘Iff—}-xl (GS/ax,,.)
X (Ekler_' erl'mLk)‘I,f- (5)
If we choose the value #/: for S, the relation (5) will
turn into the usual commutation relations of the
components of the angular momentum operator.
It is easy to show that L, is not the only operator to
satisfy (5). We can show that Ny, My, and U, defined by
Nk‘lff= Sek;,,.xza\llf/axm,
Mk\I’f= (150’k/2+ Nk)‘I/f,
Ur¥ ;= (1Sov/ 2+ Li)¥;,
satisfy (5). In these definitions oy are the Pauli matrices.

We can show, however, that (5) is not satisfied by the
operator R; defined by the relation

Rk‘I’; = I:ho'k/z'l' flclmx!(a/axm)S]‘PI'
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The operators M and U, contain a term with the
Pauli matrices so that we are tempted to interpret
iSe/2 as the spin operator of the theory and U as the
total angular momentum. However, if (5) is admitted
for the angular momentum components, this interpreta-
tion is not a correct one. Besides, i1S¢/2 would be a
spin operator dependent on the position x!. These are,
of course, new arguments against the interpretation of
i as the linear momentum operator.

In order to solve these difficulties, Phipps has
introduced the further assumption that H and p are
not the energy and the linear momentum operators of
the generalized theory. These operators are, according
to Phipps, the quantities defined by

H=Hs?
and
m=p5 !,

where s is a real quantity connected with S by
S=(#/1)s.
If we introduce the wave function
V=s5¥,
we obtain, from (1b), the equation
XY = — (7/i)0%/d1.

Therefore, JC is the conjugate of time. We can obtain
from the definitions introduced above the usual
commutation relations of the linear momentum. The
angular momentum operator must be defined with the
help of the quantity .

In Sec. IIT we shall examine another way of solving
the problems considered above by means of a new set
of fundamental equations.

III. GENERAL EQUATIONS

Among the forms of classical mechanics that could
form the basis of the quantum theory, the Hamilton-
Jacobi and Poisson bracket ones have been used exten-
sively. We can ask, however, whether some generalized
form of the Hamilton-Jacobi theory can be used as, for
instance, the one that takes as the Hamilton generating
function not the usual S but some function G(S) of it.
If this is admitted, we can write down the classical
equations of motion in the form

H (xkvi’k’t) =—3G (S)/aty (63-)
p=9G(S)/ o, (6b)
P,=—0G(S)/9X;, (6¢)

(k=1,2,3,---,3n).
It is easy to show that the equations of Hamilton

15),"—“ —aH/axk,
Iy= aH/apk,
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are not altered. According to (6b) and (6c), P; and X;
are the canonical transforms of p, and x; by means of

80— Prd X =38G(S).

Now, if classical equations like these are to be used
as a guide to a quantum generalization, the form of
G(S) as well as the ordering of factors which appear in
it and in its derivatives must be chosen before the
transition to the quantum equations. Although this
order is unimportant in the classical theory, it is
fundamental in quantum theory because the quantum
operators in general do not commute. Once these choices
are made, the quantum equations are obtained when
a wave function operand is adjoined to the right in
Egs. (6). In this way it would be possible to obtain an
infinite number of equations, one for each G(S) and a
chosen order of the operators. In order to reduce the
infinite number of possibilities one should impose some
reasonable conditions to the equations obtained in this
way, as follows:

(i) When the wave function is taken to be an
arbitrary nonzero ¢ number, the postulated equations
should reduce to some form of the Hamilton-Jacobi
equations, for distances between interacting centers for
which these equations are known to hold.

(ii) Another type of reduction should bring the
equations into predictive agreement with ordinary
quantum mechanics.

(iii) The postulated equations, to constitute a
nontrivial generalization of quantum mechanics, should
possess new solutions not present either in classical or
quantum mechanics.

In the work of Phipps, the Egs. (6) are satisfied as
well as the assumed conditions by means of the choice

G(S)=S.
In the present paper we shall consider another choice
G(S)=anS,

where a is the imaginary constant —4%. The derivatives
indicated in (6) are now calculated with this G(S) and
are written in the form

H(xkspkyt) =—aS$? (a/at)s)
Pr=a5"1(3/3x)S,
Py=—aS71(8/3X4)S.

The quantum equations are obtained, as explained
above, by means of the wave function operand ¥ and

are:
H(x3,p,0)¥ = —aS71(3/3t) ST, (7a)
¥ =aS"1(3/0%:)SY¥, (7b)
Pl =—aS"1(3/0X,)S¥. (7c)

The Hamiltonian operator H of these equations is
obtained from the classical total mechanical energy

ADEL DA SILVEIRA

with the help of (7b). The operator p defined in (7b)
is obtained from the usual linear momentum by means
of a similarity transformation and obeys the usual
commutation relations

[ﬁk,xz]\I’ = — ih5k1‘l’.

If S is a constant, Egs. (7a) and (7b) are those of
ordinary quantum mechanics. If, besides, the Pi are
constants, the relation (7c) is associated with a phys-
ically meaningless phase factor of the wave function.
To show this, consider Eq. (7c) which is satisfied by

V=g PeXip(x.1).

Equations (7a) and (7b) reduce, after cancellation of
the constant exponential factor, to the equations of the
Schrodinger theory

H®=— (#/i)0®/d¢
D= —ihdD/dxx.

If S is a constant but P is not a constant, Eq. (7c)
is a condition imposed on the wave function which is
the origin of a solution different from the traditional
one.

In the relativistic theory, Eq. (7a) must take the
form of the Dirac equation?

(E+ca: p+Bmuc)¥ =0, (8)

where the operators £ and p are defined in the manner of
the relation (7b). If we substitute for £ and p the
corresponding expressions in terms of derivatives and
use the hypothesis that .S commutes with the Dirac
matrices, we obtain

(#%9/0t—ihca- grad+-Pmoc®)SY=0; 9)

the new wave function being, therefore, S¥. The form
of the P, of the relation (7c) is not altered and is, in
the special case analyzed in the next section, given by
the relations (13) and (20).

IV. SPECTRUM OF THE DIRAC EQUATION

In order to apply the equations to a concrete case,
let us consider the motion of a Dirac particle of charge
e and rest mass mo bound by central Coulombic forces
to an infinitely massive center. The Dirac particle is
assumed to be in a stationary state and the point center
is in the origin of coordinates in the laboratory system.
We can use a two-component radial-wave function and
can write the two equations for the radial part?

l 1 Ze?
(sw>2'+-<sw>z+—(—mocz+———E)(sw>1=o, (10a)
r hc r

(SO (SOt 1( 2+Zez—E)<sw> ~0. (10b)
1 , 1 e moC , 2=V,

2 L. 1. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc., New York, 1949), Chap. XII, p. 311.

3 Reference 2, p. 323. Schiff uses F and G instead of (S¥)
and (S¥);.
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Now, let us consider the relation (7c). Since we are
considering the stationary state, S and ¥ can be
assumed to be independent of time. Then we can write

— PpSV= (/1)0SYV /X, (11)
for (7c). The use of polar coordinates R, 8, and ¢
X1=R sinf coso,
X,=Rsinfsing,
X3=R cosb,

and the hypothesis that S and ¥ do not depend on 8
and ¢ affords the following relation

9/0X,=£0/0R, (12)

where £, are direction cosines. We now consider an

arbitrarily fixed direction specified by 6 and ¢ so that
Pi=P#, (13)

where P can be a function of 7. In this case Eq. (11)
is reduced with the help of (12) and (13) to the form

P(r)S¥=—(1/7)0S¥/dR. (14)

As in the paper of Phipps, in order to interpret the
action of the operator 3/dR on S¥ we must assume
temporarily that S¥ depends on R. If we admit that
the dependence on r and R occurs only in the combina-
tion |[r—R], we shall have

P(r)S¥=(%/1)aS¥/r, (15)
with the initial condition
R=(0,0,0).

We shall not analyze the meaning of this condition in
the present paper as it was sufficiently discussed in
reference 1. The separated equations for the two
components of S¥ are implied by (15) so we have

(S¥)2=K(S¥)y,

where K is a constant. If we introduce this value of
(S¥); in (10a) and (10b), we obtain the two equations

Kl 1 Ze
K (S‘I’)1'+[—+;c(—moc’+——E):|(S\Il)l= 0, .
r .

r
I K Zé
- <sw>1'+[-+—(moc2+——E)](sw>1=o,
r fc r
which are compatible if
mec*+E
K2=
mo*—E

) (16)
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and
2l=—y(K+K™) a7

where
y=2Ze/he.

In order to obtain the energy eigenvalues E, we
substitute in (17) the value of K2 given by (16). We
obtain

Y moc®

—— 18
! (E—moc?) 19

Now, if we introduce this value of K back in (16), we
obtain
E=4m(1—v%/P)}, (19)

which is different from the energy spectrum found by
Phipps. These values of E depend on the quantum
number / and correspond to the region between —moc?
and +moc? If we develop E in series, retaining only
terms up to the first power in ¥2//2, we obtain

E~4me®FchR/P,

where R is the Rydberg constant. The second term is
the energy which appears in the theory of Bohr. We
can obtain the form of P(r) if we substitute in (10b)
the derivative of S¥ given by (15) and use (18) and
(19). We obtain

hfs  Zmye?
Po=(2- ),

(20)
i\r h2l

where
s=(P—y)h

The two terms of P are comparable for distances of
the order of 1078 cm if mo is the electronic rest mass
while the last is predominant for values of » much
greater than 1078 cm. If m, is the protonic rest mass,
the two terms are comparable for distances, of the
order of 10~ cm. The solutions (S¥); and (S¥), of
the wave equation are obtained with the use of Eq. (15).
We obtain

K(S%)1= (S¥).= Ar® exp(— Zmoetr/H2l)

where 4 is the constant of integration. It is curious
that the expression

Zmoe/h3l

is the coefficient (a) of the formula (44.16) of reference
2 if (E) is given by relation (19).
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A general method is presented for the calculation of static transport coefficients based on Kubo's formulas.
Techniques of perturbation expansion, diagram representation, and linked-cluster expansion are used.
As an example, the electrical conductivity of an electron-phonon system is calculated with the natural
introduction of irreversibility, following the ideas of Van Hove, and Prigogine and his collaborators. Under
certain conditions the present method is shown to'be equivalent to the conventional method by means of
the Boltzmann equation. These conditions are examined and the improvement of the approximation is

discussed.

I. INTRODUCTION

N the past few years remarkable progress has been
made in several branches of statistical mechanical
theory of irreversible processes. Van Hove,! Prigogine
and his collaborators,?-® and Bogoliubov* were successful
in deriving the master equation from the Liouville
equation for a certain type of many-particle system,
by using some special property of its asymptotic time
behavior. In every case their derivations are based on
the assumption that the system under consideration
is infinitely large. In mathematical terms this assump-
tion is expressed by the following limit:

N> w, Vo o, (N/V=fnite),

(1.1)

where X is the number of particles and V the volume of
the container. Physically this ensures the infinite
recurrence time of Poincaré’s cycle. In addition to this
basic assumption on the size of system, some particular
limiting processes are introduced, relating the quantities
such as coupling constant g, the number density or the
concentration ¢, and the relaxation time of the system

¢. In the case of weakly coupled systems, e.g., electron- -

phonon system, this is stated as

g—0, t— o, (g=finite). (1.2)

For dilute gases consisting of particles interacting with
strong short-range forces such as those usually treated
by kinetic theory of gases, the behavior of the systems
is considered in the limit:

¢c=N/V—0, t— =, (ct=finite). (1.3)

* Work supported by the Office of Naval Research and by the
Air Research and Development Command, U. S. Air Force,
through its European office.

t Present Address: Université Libre de Bruxelles, Bruxelles,
Belgique. .

{ On leave of absence from Tokyo Institute of Technology,
Tokyo, Japan.

1 L. Van Hove, Physica 21, 517 (1955); 23, 441 (1957).

2 1. Prigogine, Non-Equilibrium Stalistical Mechanics (Inter-
science Publishers, Inc., New Vork, 1961). The book contains
major contributions on this subject.

3 R. Brout and I. Prigogine, Physica 22, 621 (1956); 1. Prigogine
a(.nd 1% Balescu, ibid. 25, 281 (1959); 25, 302 (1939); 26, 145

1960).

+N. N. Bogoliubov, J. Phys. (U.S.S.R.) 10, 265 (1946).

These conditions (1.2) and (1.3) are closely related to
the existence of well-separated relaxation time and
collision time of the systems. In fact they are effectively
equivalent to the assumption of instantaneous collisions.
The recent  theory of irreversible processes due to
Prigogine and his collaborators® does not depend on
these restrictive conditions.

On the other hand, Kubo and others® have established
the rigorous statistical mechanical expressions for
transport coefficients. Solving the equation of motion
for the density matrix of the system in the first order of
the external perturbing field, they obtained transport
coefficients in a form of integrals of time relaxed current
correlation functions. For example, the u—» component
of static electrical conductivity tensor (w=0, w being
the frequency of the external field) is expressed as

TI
O = lim BV~ Re{ / au(J T (w)) }, (14)
. 0

where Re means that the real part of the bracketed
quantity is to be taken, 8= (kT)~!, k being the Boltz-
mann constant, T the absolute temperature, and the
symbol { ) means that the thermal average is taken
over the canonical or grand canonical ensemble.
Furthermore, J(%) is the Heisenberg operator of the
total current J given by

J(u)=¢vH])ginH, (1.5)
where H is the total Hamiltonian of the system. The
formula (1.4) makes it possible to calculate the trans-
port coefficients without the help of the approximate
Boltzmann equation.

Several attempts havebeen made to explicitly calculate
transport coefficients starting from Kubo’s formula
(1.4). Nakano’ evaluated the electrical conductivity in
this way. However, his argument about the irreversibil-

5 See reference 2.

¢ R. Kubo, J. Phys. Soc. Japan 12, 570 (1957); H. Mori, Phys.
Rev. 112, 1829 (1958); R. Kubo, M. Yokota, and S. Nakajima,
J. Phys. Soc. Japan 12,1203 (1957); W. Kohn and J. M. Luttinger,
Phys. Rev. 108, 590 (1957); 109, 1829 (1958).

7 H. Nakano, Progr. Theoret. Phys. (Kyoto) 15, 77 (1956); 17,
145 (1957).
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ity and the approximate procedure of calculation are
not very convincing. Montroll and Ward® developed
a linked-cluster expansion method for these coefficients
employing toron diagrams. Although their method is
applicable to all kinds of classical and quantum statist-
ical transport coefficients, their prescription for the
calculation seems to be incomplete for practical
purposes, because of the following reason. If one uses
the perturbation method for J(#), the zeroth order term
in g of the integrand in (1.4) becomes independent of #,
because the unperturbed Hamiltonian H, usually
commutes with J. Therefore, the % integral of this term
diverges as 7/ — . The above-mentioned method of
Montroll and Ward contains the same kind of diver-
gence. Without resolving such divergence difficulty
the calculation of nontrivial transport coefficients is
impossible. Chester and Thellung® overcame this
difficulty by reordering the perturbation series in a
certain way and summing up partial series and then
performing the # integration. Their techniques rely
heavily on the conditions (1.1) and (1.2). However,
their theory is restricted to the case in which the
Hamiltonian consists of single-particle energies. Fur-

thermore, it is not clear how the thermodynamical -

averages of the phonon occupation numbers are brought
into their Eq. (6.10).

In this paper we shall present a general perturbation
method for the calculation of quantum statistical
transport coefficients starting from Kubo’s formulas.
The theory is formulated by taking a simple example
of the electrical conductivity of an electron-phonon
system.

The perturbation expansion and the diagrammatic
representation for the current correlation function are
given in Sec. II, using the theorem due to Bloch and
de Dominicis.’® The linked-cluster expansion is estab-
lished in Sec. III by the use of Feynman diagrams.
In Sec. IV various linked diagrams are examined for
their dependency on coupling constant, time, and
volume. Then a special class of diagrams are picked
out under the conditions (1.1) and (1.2), and it is
shown that if the electrons obey Boltzmann statistics
the % integral of the sum of these selected diagrams
leads to an integral equation which is closely related to
the linearized form of the usual Boltzmann equation.
In the present stage of approximation and in the present
example, our method yields the identical conductivity
as the one we would obtain from the Boltzmann
equation approach. This result is obtained under only
assumptions (1.1) and (1.2). The physical meaning of
these assumptions is discussed in Sec. V. Throughout
in the text the following units are chosen: 2M =#%=1,
where M is the mass of a particle.

8E. W. Montroll and J. C. Ward, Physica 25, 423 (1959).

? G. R. Chester and A. Thellung, Proc. Phys. Soc. (London)
73, 745 (1959).

1 C, Bloch and C. de Dominicis, Nuclear Phys. 7, 459 (1958).
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II. PERTURBATION THEORY (DIAGRAM
REPRESENTATION)

In this section we shall develop a perturbation
expansion method for the time relaxed-current correla-
tion function and represent each term of the expansion
by a set of Feynman diagrams.

Let us consider a system characterized by a Hamil-
tonian H, which consists of two parts:

H=H,+gHi, (2.1)

where H, is the unperturbed Hamiltonian and Hy is
the Hamiltonian describing the interactions between
the unperturbed fields.

Define an operator S(¢) by

e iH = gmitHoS (1), (2.2)
It is formally solved in an infinite series:
© t B tn—1
SO=1+ 3 (—ig)"/ dtlf dty- / it
n=1 0 0 0
XH1<l1)H1(t2) .. 'Hr(tn), (23)

where H;(¢) is the interaction energy operator in the
interaction representation defined by

Hi(t')=eit"Hof e~ Ho, (2.4)

Taking the Hermitian conjugates to (2.2) and (2.3),
we have

et = S1(f)gitHo (2.2a)
and
I t 13 tn—1
St =1+ > (ig)”/ dtlf dt:_.---/ dt,
n=1 0 0 0
XHy(tn) - -Hr(to)Hy(t). (2.3a)

It is to be noted that products of time dependent
operators are ordered in mutually opposite directions
with respect to time in the integrands on the right-hand
sides of (2.3) and (2.3a).

Substituting (2.2) and (2.2a) into the expression
(1.4), we obtain

g,=pV"1 Rel /wduX () }, (2.5)

where X (u) is the current correlation function given by
X () = (T, St(u)e*H0] e HoS (u)). (2.6)

In order to proceed further we shall use the explicit
form of the current- operator J as well as the Hamil-
tonian H. We shall develop the theory by taking a
simple example of the electrical conductivity of a
weakly coupled electron-phonon system (neglecting
Coulomb interaction and spin coordinates). We assume
the Hamiltonian H of this system has the form:

H=ZP PQGPTap-}_Zq wqbquq—f‘g Zp'q V_ifyqi

X (@prqtaphetapiapidet). (2.7)



352

Here p and q are momenta of an electron and a phonon,
respectively; w, is the energy of a phonon with momen-
tum q; @' or a is the creation or annihilation operator
for electron satisfying anticommutation relations char-
acteristic of Fermi statistics, and 4! or b is the corre-
sponding operator for phonon. In the case of electron
conduction in metals, v, is given by y,=¢?/uw,, but the
following procedure is independent of a particular
choice of v,. (We assume that v, is a function of |q].)
The electric current J is given by

J=2e¢3; payta,,

where ¢ is the electronic charge. Substituting this into
(2.6), one has

X(w)=4¢* 2 pup/
PP

(2.8)

X(ap' (0)a,(0)S" (w)ap (w)ap (4)S (w)),

ap (t) — eitHoape—itHo’

(2.9)
where

(2.10)

a,t (1) =eitHog TeitHo,

In our example the unperturbed Hamiltonian H,
commutes with the electric current operator as well as
the number operator n,=a,la,, i.e.,

[Ho,J]"‘—'O, I:Ho,nl,:|=0, (211)

whence
apt(w)a,(u)=ayta,. (2.12)

If the infinite series (2.3) and (2.3a) are substituted
in (2.9), the very first term of X (%) is independent of
%, so that the subsequent integration on # from zero
to infinity leads to an apparent divergence as mentioned
in the introduction. Also, there will be many other
terms which become divergent upon the « integration.
However, we hope that we can remove this difficulty by
appropriately reordering the infinite series (2.9) and
performing partial summation before the integration.
In this rearrangement of terms, the diagrammatic
representation will be found very useful. In the re-
mainder of this section we shall give a short account
of this diagrammatic method.

In calculating the statistical mechanical averages
such as the one in (2.9), it is usually much simpler to
deal with the grand canonical average rather than with
the canonical average, although both types of averaging
should yield the same result as the number of particles
involved tends to infinity. The grand canonical average
{4) of a quantity A4 is defined by

{A)=Tr(e*¥N-PHA)/Tr(exN-b¥), (2.13)
Here &= is fugacity and N is given by
N=3,ayla,. (2.14)

The symbol Tr stands for a trace taken over a
complete set of states with all integral numbers of
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Fic. 1. Diagrams of the zeroth-order terms [Eq. (2.27)].
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particles. The fugacity ¢* is to be determined from the

relation:
(N)/V=c. (2.15)

Under the approximation we shall adopt in the later
sections, the grand canonical average referring to the
true Hamiltonian H can be replaced by the one referring
to H, 0, i.e.,

(Ay=({A)o="Tr(e2N-PHo4)/Tr(e*V—FHo). (2.16)

This point will be discussed in full detail when the
approximation scheme is actually introduced. Equation
(2.16) leads to

X(w)=~X"(u)=4¢e L pups'(a5(0)S' (w)ay ' ()
p.p’

Xay (#)S(4)a,' (0))o exp(a—Bp?)  (2.17)

in place of (2.9).
The explicit form of the operator H;(f) defined in
(2.4) is written as

Hi(t)= 3 ViyMapd (Dap(0)bq(?)
+a,t () apra (DT (D ],

where bq(f) and b,1(¢) are defined by equation similar
to (2.10) It is easily proved that

ap(t)=a, exp(—ip%), apt()=a,' exp(ip*), (2.19)
by(f)=bq exp(—iwgt), bet(f)=bqy! exp(iwgt). (2.20)

When we substitute infinite series S(%) and St'(#)
from (2.3), (2.3a), and (2.18) into the grand canonical
average in (2.17), we have to calculate the average
of the type (UVWX-.-YZ), where the product
UVWX.---YZ consists of various factors g, at, b, and
b'. According to Bloch and de Dominicis,” this can be
decomposed into a set of complete contractions of the
product. Namely, it is proved that

(UVW-+-Z)o=3 (1)U V)WZ)o- -+, (2.21)

where + corresponds to Bose operators, — to Fermi
operators, 3(P) is the number of pair exchanges which
transpose the product of factors on the left-hand side
into the one on the right-hand side. In (2.21) every
factor in the product must be paired by another and
the summation extends over all possible ways of
pairings.

1 See, for the proof, e.g., S. S. Schweber, H. A. Bethe, and

A. de Hoffmann, Mesons and Fields (Row, Peterson & Company,
Evanston, Illinois, 1955), Vol. 1, p. 170.

(2.18)
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If the product consists of an odd number of factors,
its average vanishes indentically. A contracted pair
such as (UV), vanishes except for the following four
cases,

(ap(Dapt(t))e=5(p,0 ) (1—15)

Xexp[—i(t—t)pt], L (2.22)
(@t ()ap(D)o=3(p,0") fp exp[—i(t—1)9%],
(ba(D)bq 1(¢))o=08(q,q") (1+n,)

Xexp[~i(i—)wg], L (2.23)

(bat ()0q(1))o=5(q,a"Imq exp[ —i(t1— 1w ],

where 8(p,p’) is Kronecker’s delta symbol,? f, and #,
are the Fermi and the Planck distribution functions,
respectively :

fo=expla—Bp?)/[1+expla—Bp)], (2.24)
ng=exp(—PBuw,)/[1—exp(—Buw,)]. (2.25)

Equations (2.22) and (2.23) are easily proved by
direct calculation using expressions (2.19) and (2.20).

Following the standard procedures we can represent
each of the complete contractions by a Feynman
diagram.

Consider the average

U(y',p; )
=(ap(0)St(u)ayt(#)ay (4)S (w)a,t (0))o, (2.26)

which appeared in (2.17). Its zeroth order term is
given by

{a(0)ap t(w)ay (w)ayt(0))o
=(a,(0)ayt(4))olap* (4)a,(0))o «
+(a5(0)a,1(0))o(ap t () ap (). (2.27)

These two nontrivial contractions may be represented
by two diagrams shown in Fig. 1, where the time is
measured from the right to the left and the contracted
pair is represented by a solid line directed from the
point of at to that of a. The first-order term in g of
(2.26) vanishes, because it contains either one 4t or b.
The second-order term can arise from the expansion of
S(u) or from the expansion of St(x) or from both. A
most general term of the nth order contains the kth
iterates of H;(f) from S(%) and the (n—k)th iterates
of H(t) from St(x). The contraction procedure for
each term may be performed by making complete
contractions in all possible ways. However, all nontrivial
contractions can be obtained most simply by drawing
diagrams.

We shall give the prescription for drawing diagrams
without further discussions, for the correspondence
between contractions and diagrams could easily be
traced.

2 In order to avoid a possible confusion, we shall write Kron-
ecker’s delta symbol as 8(p,p’) and Dirac’s delta function as
5(p—~p’). We have therefore an equation &(p,p’) — (2xpV—1
X8(p—p') in the limit V — .
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(i) Mark two points at =0 and ¢{=u on a horizontal
boundary (dashed) line.

(ii) Mark % points above the boundary line at #, 1,
coos by (>8> -+« >4), also mark n—k points below
the boundary at &/, &', - -+, ta’, ('>'> - >ta’).

(iii) Draw 7/2 (n : even) directed wavy lines
between the points marked in the process (ii); every
point should be connected with another by only one
wavy line. Draw directed particle (solid) lines, one
entering and one leaving each point marked in (i)
and (ii); these lines may run between points or from a
point to itself. The different diagrams are obtained by
drawing the phonon (wavy) and the particle (solid)
lines in all possible ways.

It is seen from (2.22) and (2.23) that the contracted
pair {(ap(t)ay1(t))s, which is denoted by a particle line
running from a creation point at ¢ to an annihilation
point at ¢, can be associated with a single momentum
vector p, not with two momenta p and p/, and similarly
the contracted pair (bq(Dbg1(t))o is denoted by a
directed phonon line with a single momentum gq. If we
call each of the points marked in (ii) a corner, each
corner has by construction two particle lines, one
entering and one leaving, and one phonon line, either
entering or leaving. It is noted that the momentum
flows associated with directed lines are conserved at
each corner in view of a particular choice of the interac-
tion Hamiltonian (2.18).

Now it is convenient to introduce the following
functions which are closely related to the contractions
given by (2.22) and (2.23):

iD= U= el 0L | g
G_(+'75 )=y e —i(r'~ 7],
Po(x',r; @)= (1+ng) expl—i(r'~r)ag], } (2.29)
P_(r';r; @) =n, exp[ —i(r'— 1), ].

Then the contribution to (2.26) corresponding to a
given Feynman diagram can be written down from the
following prescriptions: '

(i) For every particle line with momentum p or
phonon line with momentum ¢ running from a point
at 7 to another point at 7/, introduce a factor which is
seen from Table I. For example, if a particle line with

TasLE I. Correspondence between parricle or phonon line
(from 7 to 7’) and introduced factor.»

Below

G_or P_(v'=1)

7 Above

Above Gyor P (r'>7)
G_or P_(7'<7)

Gy or Py(+'=7)

G_or P.(+'>71)
G,or P, (+'<7)

Below

s If a particle line runs from a point at 7 =0 to a point at +' below the
boundary introduce a factor G+(7’,0; p). Similarly, if a particle line enters
into a point 7 =0 from +' above the boundary introduce G.(0,7'; p).
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F16. 2. Example of a diagram
which corresponds to the expres-
sion (2.30).

momentum p runs from a point above the boundary
at 7 to another point above the boundary at 7’ introduce
a factor G.(7',r;p) if 7>, and G_(+",7r; p) if ' <7.
Similarly, if a phonon line with momentum q runs
crossing the boundary upwards introduce a factor
P_(7',7; q), and so on.

(il For every particle line with momentum p
running from a point to itself introduce f,, except for
the point at {=0 where 1— f, should be introduced.

(iii) Make a product of all factors given by (i) and
(ii), integrate with respect to &y, £y, - - -, b (W2 412145, - - -
Zh20)and &, by, -« back @20 282t ' 20).

(iv) Multiply the integral by (—1)H*-1(3g)ny—=/2
Xa&(p',po) IT v,; and perform the summations with
respect to all momentum variables of particles and
phonons in the intermediate states. Here / is the number
of closed particle loops, po is the momentum associated
with a particle line entering the end point at f=wu.
As an example of the above prescriptions we give the
contribution corresponding to the diagram shown in
Fig. 2.

u 17} te u
- (’Lg)4V_2/ dtI/ dtz/ dtg/ dtll Z, YoYq'
0 0 0 0 €9

X&(p', p+a)Gi(u,t1; PG (1,825 D)
XGy (2035 p— 9G4 (85,05 p)G (0,41 ; p)

XG(t'su; pHQ)Po(tets; QP-(1h'; @), (2.30)

III. LINKED-CLUSTER EXPANSION

The linked-cluster expansion for the ground-state
energy or the thermodynamic functions has been
discussed by many authors.'® Also its generalization to
the current correlation function was established by
Montroll and Ward® in terms of toron diagrams.
However, our diagrams being different from theirs, it is
not immediately clear how their proof is applied to the
present case. In this section we shall briefly discuss the
linked-cluster expansion using our diagrams.

A diagram constructed from prescriptions in Sec. II
may or may not consist of two or more connected parts.

13 T, Matsubara, Progr. Theoret. Phys. (Kyoto) 14, 351 (1955);
K. A. Brueckner, Phys. Rev. 100, 36 (1955); J. Goldstone, Proc.
Roy. Soc. (London) A239, 267 (1957); N. Hugenholtz, Physica
23, 481 (1957); J. Hubbard, Proc. Roy. Soc. (London) A240,
539 (1957); D. J. Thouless, Phys. Rev. 107, 1162 (1957); C.
Bloch, Nuclear Phys. 7, 451 (1958); E. Montroll and J. Ward,
Phys. Fluids 1, 55 (1958); T. D. Lee and C. N. Yang, Phys. Rev.
113, 1165 (1959); A. E. Glassgold, W. Heckrotte, and K. M.
Watson, ibid. 115, 1374 (1959).
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In the former case it is called unlinked and in the latter
case linked. For example the diagram of Fig. 1(a) is
linked and the one of Fig. 1(b) is unlinked. We shall
show through the linked-cluster expansion that
U(p',p; ») given by (2.26) is expressed as a sum of
terms corresponding to diagrams which have parts,
linked or unlinked, comprising the fixed points at {=0
and ¢=u. In other words, it is not necessary to take into
account vacuum diagrams which have no fixed points
in themselves. In the following, we shall discuss the
problem along the line conjectured by Bloch.1?
Let us first consider a trivial case; the calculation of
the quantity
(S1(u)S (u))o=1

in terms of our diagrams. It is clear that the diagrams
contributing to (ST(#)S (%)), are all vacuum diagrams.
A given diagram of this type is in general composed of
a certain number of linked vacuum diagrams. We shall
now say that two linked diagrams have the same
structure if they have the same arrangement of corners,
phonon and particle lines and the same location of
corners relative to the boundary line and differ only
in the labeling of summation variables. It is noted that
in our definition two structures are to be distinguished
from each other when their corners are located dif-
ferently. For example two diagrams (a) and (b) in
Fig. 3 have the same structure but (a) and (c) are
different in structure. If the structure T of a general
diagram for (3.1) is made up of k; linked structures
Ty, k; linked structures I'y, and so on, we shall write it as

F=k1P1+k2P2+ trt. (3.2)

Now let us denote the contribution of the structure
I to (St(u)S(w)) by U(I'). If the integrations with
respect to time variables extend independently from
0 to », U(I") may be expressed as a product of individual
U(T,), but this is not the case, since the integration is
restricted by the prescription (iii) in Sec. II. However,
one may remedy the situation in the following way.

Suppose for simplicity that a given diagram of
structure T' is composed of two connected parts of
structures I'; and T'y. Let the diagram of T'; be fixed
and let that of I'; move from right to left along the
boundary line, keeping the relative locations of corners
on T'; unchanged. In doing so, the relative positions of
corners on I'y with respect to those on I'; will change,
thus the labeling of time variables on I'; (and I's) will
change. Therefore, by this movement one may have
many Feynman diagrams which have the same structure

-

(3.1)

Fic. 3. @ and b are
identical in structure
but @ and ¢ are different.
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but differ only in the labeling of time variables. If one
sums up the contributions of these diagrams, introduc-
ing an appropriate change of variables, it may be
easily seen that

U@=U(@)U(T>). 3.3)

Similarly, if the structure T' has the form given by
(3.2), it is proved that

The factors k;!, k!, etc., come from the fact that the
permutations of k; connected diagrams among them-
selves do not lead to a new diagram. (The detail will
be seen in Bloch’s paper.)

From (3.4) it follows that

»  [U@)PLU@T)Te -
(S1056n=, X P73

(3.4)

k1.kg, .. -=0

=exp[ ; U(r;)], (3.5)

where the summation on T'; is to be taken over all
linked structures. It is noted here that the contribution
1 from the expansion of S'(%)S(x) is automatically
included in (3.4) as a term with all k;=0. Equation (3.1)
requires that all the contributions summed over linked
structures should cancel out among themselves in
every order of coupling constant g. This can be checked
by direct calculations for the lowest order terms.

Let us now consider the average U(p/,p; %). If the
contributions are represented by diagrams, a general
diagram is found to be a sum of subdiagrams, linked
or unlinked, comprising fixed points at t=0 and t=u
and a certain number of vacuum diagrams. Summing up
all the contributions in the same way as we did for
(ST(%)S(u))o, we obtain the following expression

UG, p; ) =explY. UT)] 2 a(p'u; p0; T)

= 2 a(p'u; p0; T). (3.6)
Ty

Here the quantity a(p's; p0;T;) is the contribution
associated with a structure T';, free from vacuum
structure, which has parts, linked or unlinked, contain-
ing the fixed points at {=0 and ¢=u. Equation (3.6) is
the required linked-cluster expansion in our case.

In closing this section, we would like to mention some
remarks on the calculation of ¢,,. From (2.5), (2.17), and
(2.26), it follows that

4¢%3 *
Tuyp——""— Re{f du Z P#P",U(plvp; u)
V 0 p.p

Xexp(a—pBp?) . (3.7)
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If one substitutes (3.6) into this equation, the
contributions can be classified into two types according
to whether their representative diagrams are linked or
unlinked. It will be easily seen that the latter type will
not contribute to o,,. In fact, a term of this type should
have the form: a(p'#;p0; I';))=c1(p)c2(p’), where one
factor depends on the momentum p and the other on p’,
corresponding to its unlinked structure. There is no
preferred direction in the system under consideration,
so that each factor should depend on the magnitude of
momentum vector, i.e.,

ar(plea(p)=cr(| pDea(| p']). (3.8)

One sees then by the symmetry argument that the
property (3.8) makes the sums over p and p’ in (3.7)
vanishing, which proves the above statement.

IV. ELECTRICAL CONDUCTIVITY OF
ELECTRON-PHONON SYSTEM

We have discussed in the last two sections how the
current correlation function is expanded in terms of
linked-cluster structures. In this section these diagrams
are analyzed for their dependencies on coupling constant
and time. The analysis will be subsequently used to
select, for the lowest order calculation of electrical
conductivity, a special class of diagrams according to
the rule identical to that used in statistical mechanical
theory of Van Hove, and Prigogine and his collaborators
on irreversible processes. It is then shown that if the
electron states are not degenerate, the sum of the
selected diagrams satisfies an integral equation, which
is closely related to the solution of the Boltzmann
equation.

We have shown in Sec. III that only the linked
diagrams having fixed points at =0 and /=% contribute
to the electrical conductivity. In order to facilitate the
analysis of these diagrams, let us assume that the
electrons obey the Boltzmann statistics. This situation
is physically realized in a semiconductor where the
number density of conduction electron is so low that the
electronic states are no longer degenerate. This assump-
tion reduces the number of diagrams significantly. It is
equivalent to dropping all diagrams whose correspond-
ing expressions contain the factor f and replacing the
factor (1—f) by unity in the integrand obtained from
the prescriptions in Sec. II. Symbolically

f—0, 1—f—>1 (4.1)

One may easily see that under this assumption the
particle lines always run from right to left above the
boundary and from left to right below the boundary.

We enumerate various contributions in the following.

(1) The zeroth order. There is only one diagram in
the zeroth order. It was given in Fig. 1(a). Its contribu-
tion is

8(p,p"). 4.2)
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a ) ©

Fi6. 4. The second-order diagrams.

(2) The second order. Three types of nonvanishing
diagram are found and drawn in Fig. 4, where undirected
phonon line is purposely drawn with the understanding
that an undirected phonon line corresponds to two
lines directed in the mutually opposite senses.

Let us calculate the contribution corresponding to
Fig. 4(a). It is easily shown to be

% i
—5(0',p)g? / an [ V1 vl (14,)
0 0 q

Xexp[ie(t1—t2) 1+ n, expliea(ti—~12) ]}, (4.3)

where .
a=pP—(p—qP—w, e=pP—(p—q)’+w, (44)

In evaluating the time integral, we shall employ the
frequently used asymptotic formulas:

exp[+ie(fi—13)]
s 1,71

u ty
[ an [ i,
] [

(p—1!
w?
= 0 F06, 43
8.()=8(e)=(i/m)P(1/¢). (4.6)

Here the symbol P means. to take Cauchy’s principal

value.
It is now convenient to introduce functions Ty in
the followlng way

Te(P) =7V Ty v (1+n)d:(e)) Fnds(e)] (4.7)
Then (4.3) is reduced to
—ud(p’,p)T+(p). (4.8)

Similarly, the contributions of Fig. 4(b) and (c) are
given by, respectively,

—ud(p/,p)T-(p), 49
2g2un V-1 oy (0, p— QL (1+n5)8 (1) +ngd(e2) ] (4.10)

It is noted that these three expressions (4.8), (4.9),
and (4.10) are all proportional to gu.

Y R
- SRS

G} b «)

Fic. 5. Examples of diagram, e is proportional to g and b to
g4, The contribution of ¢ vanishes in the limit (4.12).
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(3) Higher orders. In the similar manner we can
evaluate various integrals of higher orders. For example,
two diagrams (a) and (b) in Fig. 5 are shown to have
contributions proportional to g4« and g%, respectively.
In general it is shown that every diagram in the present
case has a contribution proportional to

me(gzu)n’ m, n=0a 13 2’ Tt

We shall now state the rule for selecting diagrams for
the purpose of calculating the conductivity systemat-
ically. We shall adopt the same selection rule which
Van Hove, Prigogine, and others have used to derive
the master equation for the weakly coupled systems.
It is given by [cf. (1.1) and (1.2)]

1. N— o, V— o such that N/V=fiite,

(4.11)

(4.12)

2. g—0, ¢— o suchthat gh=finite. (4.13)
In the present case we may expect that the current
correlation function X (%) would decay exponentially as
exp(—w/t) for large u. The limit is then equivalent
to retain all the terms of order of (g%)", n=0,1,2, ---

in the series. Symbolically,

gm(gu)"—0, m>0,
n=01,2, -

gu="finite,
(4.14)

We immediately see that in the limit (4.14) the approxi-
mation (2.17) is justified because the correction terms
are of the orders of gh(k>1), and therefore can be
neglected in the limit (4.14). Such corrections would be
important in higher order calculations, for example in
the calculation in which one keeps all contributions of
the order g (g)" (m>0, n=0,1, - . -).

In the limit (4.12) the diagram shown in Fig. 5(c)
does not contribute to the current correlation function.
It is seen to have extra restrictions on the summation
over momenta in the intermediate states. This property
is characteristic of those diagrams which vanish in the
limit (4.12).

In the same limit the momentum eigenvalues become
continuous so that summations over momenta will be
replaced by the ¢orresponding integrals

V-13y — (Zw)‘squ {4.15)

We now wish to sum up all terms of the form (g2u)",
n=0, 1, 2, - --. Examples of this type of diagrams are
shown in Fxg l(a), 4(a), 4(b), 4(c), and 5(b). In order
to sum these diagrams we shall introduce modified
propagators Sy defined symbolically by a series of
diagrams

L2 AZM

= -------*-_-_--., -------- L

S,=57 (4.16a)

= —— B e cccms e e e g e mman oy ma s (4.16b)
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where two ends of each diagram have the same time
coordinates #; and f (#>:,2:20). By repeatedly
using (4.5), the corresponding mathematical expressions
for S are shown to be

Si:(tl’ Iz H p)

t— 1)1 k
— exp[Fi (tl—tz)p2]Z[ (h—1)T+(p) ]

k!
= exp[Fi(Li—12)p*—Tx(p) (1—t2) ]
If we approximate U (p',p; u) by YV (p’,p; %), i.e.,
(4.18)

U(p',p; W)=Y (0',p; %),
which is defined by a series:

e, (4.19)

where every part of the particle lines represents a
modified propagator (4.16a) or (4.16b). Evidently this
series contains all contributions proportional to (g%)*,
n=0, 1,2, ---. Simple calculation yields for ¥ (p’,p; #):

« 2n
Y(p',p; w)=6(p',p)e T+ 3 (g)

na=]

tn—1
fdh/ dty- f dt,.qux -dq,

X3(p',pr)e T®in H {W(pis1,90)
=1

Xexp[—T'(p) (t1— )]}, (4.20)
where
=p— Z q;, Pr1=p to:u:
i (4.21)
W (p,0) =74 (1+n,)8(e1)+n,0(e2) ],
and

g2
I(p)=Ty(p)+T_(p)=
P P ) 20"

/dqW(p,q)> 0. (4.22)

Let us define a function ¥(p’,p) by

¥(p',p)= f duY (p',p; u). (4.23)
0

Then it follows from (4.20) that
(p\p) = g\ [3(P,m)
+20) [
T(p) n=1\2r I'(p)
n ( W(pit1,9:
{—(I’Lq)dq;}. (4.24)
=t T(p)

v(p',p)=

(4.17) .
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One may easily see that ¢ (p’,p) satisfies the following
integral equation:

i) | & /W(p,q)

'//( ’9 )= ¥
Y e enr) T

¥ (p', p—@)dq. (4.25)

If we further define a function ¢,(p) by

<p.(p)— " / (', p)ap, (4.26)
then from (4.25) and the footnote 12, we have
b g (W)
-t [ (p—a)da, (427)
e eor) e *

or from (4.22) it follows that

P * [Woatem=-rp-oke @)

Since the system under consideration is isotropic,
the conductivity tensor will be diagonal and

Crz=0yy=0,=0. (4.29)

From (3.7), (4.23), and (4.26), we have

48¢*

(2m)?

/ dpp.o-(p) exp(a—pBp?).  (4.30)

Unfortunately the integral equation (4.28) is not
easy to solve. Instead of solving this we shall be
content with the fact that it is exactly the same type
of integral equation which we would encounter when
we calculate the conductivity starting from the Boltz-
mann equation. We shall briefly discuss this point in
what follows.

The Boltzmann equation for the present case is
written as't

oF 2
e§—= 8
(2m)?

0p.
+[(1+”q)F(p_ Q) —n,F(p)Jo(e2)}.

f datya{Cne (0—a)— (141 F(p) (e

(4.31)

Here F(p) is the distribution function for the electron
and n, that for the phonon, which is assumed to have
the same form in the equilibrium state, i.e., Planck

¥ A, H. Wilson, The Theory of Metals (Cambridge University
Press, New York, 1954), 2nd ed., p. 259.
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distribution function, and & is the magnitude of th
stationary electric field which is applied to the system
along the x axis.

If we assume that 8 is small, we may put F(p) into
the form:

F(p)=f(D)+ 86-(p)af(p)/3 (%),

where f(p)=exp(e—pp?), (2x)*f(p)dp being the
number of electrons per unit volume in the range
p~ p-+dp. Substituting (4.32) into (4.31) and neglecting
higher order terms of &, we get

(4.32)

2

g
2ep,=
Py

/ daW (0,0 [6:(p— )~ 4:(p)].  (4.33)

On the other hand ¢ is given by from Ohm’s law:

(jz)Av Zeﬂ
T ey ] W el (439
Comparison of (4.28) and (4.33) shows that
¢z(p) = —Zeipz(p), (435)

which yields the identical conductivity for both methods
in view of (4.30) and (4.34). .

In conclusion, our result is stated as follows. After
summing up the sawtooth diagrams and introducing
the modified particle propagator, if one considers all
the diagrams of ladder type, one is led to the electrical
conductivity calculated by means of Boltzmann
equation. We would like to emphasize that our deriva-

tion of this result is based only on the assumptions
(4.12) and (4.13).

V. DISCUSSIONS

We would like to discuss in this section the physical
meaning of the assumptions (4.12) and (4.13) on which
our selection of diagrams is based. One may not raise
any objection to the first assumption, stating that the
system under consideration is infinitely large, for if
this were not satisfied, the starting formula (Kubo’s
formula) itself would not be justified. The second
assumption (4.13) is, as mentioned in the introduction,
closely related to the existence of two well separated
time scales. We shall examine this point in some detail.

In our theory we can find two distinct time scales.
These may be represented for example by 77 in (1.4)
and 1.=[p*— (p—q)*—w, '~ (2p-q)~! in the expo-
nential that appeared in (4.3). Let us estimate the
order of magnitude of (2pg)~'. In the conventional
units it is (2pg/2M )= (vg)~!, where v is the velocity
of an electron. The range of values of g is limited from
0 to ¢p (gp: Debye’s characteristic wave number).
Therefore the average value of ¢! will be of the order
go'=d (lattice spacing) above Debye’s characteristic
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temperature. The time ¢{,= (d/v), which may be called
duration of collision or collision time, will be very
small compared with the relaxation time. Below the
Debye temperature, scattering of electrons due to
phonons of low momenta will become predominant, for
the preferred presence of these phonons is expected from
the form of s, Therefore, the average time (vg)~!
becomes larger and larger as the temperature is lowered.
However, the same preferred presence of low momentum
phonons also makes the relaxation time ¢, large in a
proportional manner. In fact it may be shown from
elementary physical analysis that any average contribu-
tion to ¢, due to phonons of momentum q is proportional
to ng!. [This is in fact borne out in the expression
(4.28).] Therefore it is highly unlikely that ¢, exceeds
t,, Le.,

1>t (5.1)
In many cases we would expect that
>, (5.2)

which is certainly true at high temperatures. This
strong inequality is considered to be essential for the
discussion of the scattering as well as for that of trans-
port phenomena. If the coupling constant g is small,
we may assume that f, is roughly proportional to g%
Therefore one of the surest ways of insuring (5.2) is
to take the weak coupling limit in the form of (4.13).
Another way is to assume the instantaneous collision
time. It is very interesting to note that both of these
limits lead effectively to the same selection rule (4.14).
The time T” is assumed to be considerably larger than ¢,.

It is noted that in our discussion the assumption of
repeated random phase and the restrictive assumption
about relaxation time, both of which assumptions are
inherent in the Boltzmann equation, are completely
avoided. This advantage was also demonstrated by
Chester and Thellung.?

In order to improve the present calculation, we
must take account of the finiteness of collision time ¢..
This may be done by replacing the rule (4.13) by a new
condition.!® Then we shall have to consider the following
corrections, perhaps simultaneously :

(1) Selection of a larger class of diagrams than those
given by (4.14).

(2) Appropriate calculation of the grand canonical
average. The approximation (2.16) was justified by
assuming the condition (4.14).

(3) Appropriate evaluation of the time integrals.

In the present example the calculation of electrical
conductivity is performed with the assumption that
the electrons obey the Boltzmann statistics. In many
cases of physical interest, for example in the case of a
metal, the electrons obey the Fermi-Dirac statistics.

16 Note added in proof. A calculation in this direction has been
published by E. Verboven, Physica 26, 1091 (1960).
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Our general formalism can be applied to this case,
though some complication arises from the statistics
effect on the intermediate states of electrons. The
analysis of this case will be reported in a separate paper.
The viscosity coefficient of a classical dilute gas can
be treated essentially by replacing the assumption (1.2)
by (1.3). This will be reported in a subsequent paper.

359

ACKNOWLEDGMENTS

The authors wish to thank Professor A. J. F. Siegert,
Dr. K. Aizu, and Dr. R. Hirota of Northwestern Univer-
sity, for valuable discussions. One of the authors (S.F.)
wishes to acknowledge the illuminating discussions
with Professor 1. Prigogine and Dr. R. Balescu of
Universitié Libre de Bruxelles.

JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 3, NUMBER 2

MARCH-APRIL, 1962

Theory of Transport Coefficients. II Viscosity Coefficients of Quantum Gases
Obeying the Boltzmann Statistics*

S. Fonta
Université Libre de Bruxelles, Brussels, Belgium

(Received May 11, 1961)

The viscosity coefficients of a weakly coupled and a dilute quantum gas, both obeying the classical
statistics, are calculated using the method developed by Abe and the present author. In this method trans-
port coefficients are calculated from exact formulas due to Kubo with the natural introduction of the
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collisions.

I. INTRODUCTION

HE general idea and method developed in the
previous paper! is applied to the treatment of
the viscosity coefficients of classical statistical gases.
The object of the present paper is not to present a
new method for the explicit evaluation of the viscosity
coefficients but to show how these coefficients are
calculated from the exact formulas without the aid of
the Boltzmann equation and by doing so to clarify the
nature of the approximations inherent in the calculation.
It is hoped that the present treatment will form a
prototype of the future calculation of viscosity coeffi-
cients in the case where the traditional treatment via
the Boltzmann equation is no longer justified.
Let us consider a gas characterized by the Hamil-
tonian H

N N
=2 pitig 2l 2 V(n—

=1 =1

(1.1)

rj)’

where the vectors p; and r; are the momentum and the
position of the ith particle and U is a pair-force potential
with a short range, N the number of particles, and g the
coupling constant.

The static viscosity coefficient n of the gas is, in

* This work was supported by the Air Research and Develop-
ment Command, . Air Force, through its European office.

18. Fujita and R. Abe J. Math. Phys. 3, 350 (1962). This
paper is referred to as I.

analogy with the formula (1.1.4), given by?

T du Tr{e P8T ., J ., [ u
n=BV-1 Re[ lim / u T o)l j}], (1.2)
T'—o 0 TT{G—BH}
where the current operator J, is defined by®
a‘U(r, r;)
Tum2 8 putu=tg T E | G
a(yi—y;)
3V (ri—r;)
Fom———"| 1)
(i~ ;)

with r=(x,y,2). The operator-J,,[u] is the current in
the Heisenberg picture defined by

Joy[u]=et T, e, (1.4)

The volume of container is denoted by V.

We wish to calculate the viscosity coefficient from
(1.2) in the two limiting cases— a weakly-coupled gas
and a dilute gas, both having short-range pair interac-
tions and obeying the classical statistics. There is no
real gas in nature which can be treated in the category
of a weakly coupled gas. However, it turns out that the

2 H. Mori, Phys. Rev. 112, 1829 (1958). More detailed references
may be found in reference 1

3'The units are chosen in the present paper such that #=2M =1,
M being the mass of a particle, unless otherwise specified.
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Our general formalism can be applied to this case,
though some complication arises from the statistics
effect on the intermediate states of electrons. The
analysis of this case will be reported in a separate paper.
The viscosity coefficient of a classical dilute gas can
be treated essentially by replacing the assumption (1.2)
by (1.3). This will be reported in a subsequent paper.
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dilute gas, which interests us, can be treated in a manner
very much similar to the weakly-coupled gas. Since the
mathematical treatment of the latter is considerably
simpler than that of the former, it will serve as a useful
mathematical exercise for problems of the former. Using
the techniques of linked-cluster expansion and assuming
the weak coupling, the viscosity of a classical statistical
gas is formally calculated in Sec. II. In Sec. III the
viscosity coefficient of a dilute gas is treated. Effectively,
the result for this case can be obtained from the
formulas derived in Sec. II through a redefinition of
differential cross section. It is then shown that the
formal result thus obtained is completely equivalent
to that which one would expect {rom the calculation
via the Boltzmann equation. In the derivation of these
results we have assumed only the following conditions:

1. The particles obey the Boltzmann statistics,
2. The system is infinitely large: N— o, V—
such that c=N/V =finite;

3. The particles are weakly coupled (for the treat-’

ment in Sec. II): g— 0, {— « such that g%=finite, or
3’. The density of the gas is low (for the treatment
in Sec. ITI): ¢— 0, {— o such that ¢t=finite, where
¢ is a time of the order of the relaxation time.

The conditions 2 and 3 or 2 and 3’ are those under
which the Markoffian master equations were derived
by Van Hove, Prigogine, and their collaborators.* The
condition 3 or 3’ is closely related to the well-separated
time scales—average duration of collision and average
time between successive collisions. This point is briefly
discussed in Sec. IV where a few comments on the
present calculation are given.

II. VISCOSITY COEFFICIENT OF A WEAKLY
COUPLED QUANTUM GAS OBEYING THE
BOLTZMANN STATISTICS

We would like to treat the problem in a similar
manner to the one in which we calculated the electrical
conductivity in the preceding paper I. For this reason
we shall formulate the problem in second quantization
although we are primarily interested in the classical
statistical case.

The second term of the expression in (1.3) for the
cuirent is proportional to the coupling constant g.
This term will become negligible in the limit of weak
coupling, the precise definition of the limit being given
later in (2.14). For simplicity we shall drop it from
the beginning®:

Joy = T2y =225 pispiy-
In second quantization one has for (1.1) and (2.1)
H=3, p%a"(p)a(D)+3€V " pipea V(@) (p2+a)
Xd' (pi—q)a(pa(p), (2.2)
Jay=23, papa’ (D)a(p), (2.3)

¢ The references for the derivation of the master equations and
the related topics may be found in reference 1.
5 The prime is suppressed hereafter.

(approximation.) (2.1)

FUJITA

where the scalar U(g) is the Fourier transform of U(r)
defined by

V(g)= f d¥V(r)eiar; (2.4)

the creation and annihilation operator {a!,a} satisfy the
following commutation or anticommutation relations:

[a(p), d'(p) J==a(p)a' (p')Fa'(p')a(p)
=6®(p,p’)
La(p), a(p")J=="[a'(p), a'(p) J==0

where the upper signs correspond to the case of bosons
and the lower signs to that of fermions.

Techniques of perturbation expansion, diagrammatic
representation, and linked-cluster expansion can be
introduced closely following the procedure taken in I.
Without duplicating the old procedure we shall note
the main points, emphasizing the differences:

The current correlation function X (), which is the
integrand in the expansion (1.2) has the following
form:

X(u)=4 pZ'P:o Papubospoy
XTr{e"”‘”Ha*( P)a(p)ST(u)at (po)a(po)S (w)}
Tr{ex¥N—FH}
—4 g,;o papupozpoy expla—pp*]
X(a(p,0)S" (w)a' (po,u)a(po,u)S (4)a' (p,0))o,

(approximation).

2.5)

(2.6)

Here e~ is the fugacity of the system and the operator
S(u) and its Hermitian conjugate ST(#%) are defined by

S(,u) = eiuHoe—:'uH

®© u 3} tn—1
=3 (—-ig)"f dt,/ dtz"'/ dt,
n=0 0 0 0

XHI(tx)HIGz)' < Hi(tn), (2.7a)
ST(M) = eiuHe——iuHo

© u o tn—1
=3 (zg)"f dh/ dtz- / dia
n=0 0 0 0

XHI(tn)' ° 'Hl(tu)HI(t1)1

where Hi(f) is the perturbation in the intermediate

picture:

Hi()=V Z51.5..40(9)a (P2 +4, Yo' (P —q, )
Xa(p,t)a(p2t).

The time dependent operators {a(p,t), a'(p,)} are
defined by

(2.7b)

(2.8)

a(p,t)se“ﬂ"a(p)e—“m } (2.9)

a'(p,f)=e*Hoal (p)e0
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The average symbol (- - - ) means the average with the
grand canonical ensemble of free particles. The approxi-
mation is the replacement of the average with respect
to the ensemble of interacting particles with the
average with respect to the free particle ensemble. This
approximation is justified in the weak coupling limit
(2.14).
The average

(a(p,0)S* (w)a! (po,u)a(po,u)S (w)a' (p,0)))o  (2.10)
can be represented by Feynman diagrams as before.!
We must, however, modify the prescription for drawing
diagrams because we have now the different form (2.8)

of the perturbation. A general diagram of order » will
be drawn in the following way (cf. I, Sec. II):

(i) Mark two points at =0 and /=« on a horizontal
boundary (dashed) line (the same as before).

(ii) Mark % pairs of points above the boundary line
at t=tf, by, -, b, uSU> > - - >6>0, exactly one
pair being on the same time; also mark n—% pairs of
points below the boundary at ¢=¢’', &', ---
US4 >t'> >t >0.

(ili)) Draw n undirected (wavy) lines between the
pairs of points on the same times.

) bk,

Draw directed particle (solid) lines, one entering
and one leaving each point marked in (i) and (ii) ; these
lines may run between points or from a point to itself.

A momentum variable can be attached to each
particle and to each quantum line as before. The
momentum value will be conserved at each corner
drawn in the process (ii) because of our form (2.8) of
the perturbation.

The contribution to the average (2.10) corresponding
to a given diagram can be written down from the
prescription similar to that given in I, Sec. II. The
complete prescription for the present case will not be
given here. It reproduces all the old rules except the
rule (i), where the new rule replaces the regulation
about the phonon lines with:

(") For every quantum line with a momentum q,
introduce a factor

V-10(g). (2.11)

The linked-cluster expansion (I.3.6) can be estab-
lished in the same manner. All those unlinked diagrams
which can be decomposed into two parts, one part
depending on p and the other on py, do not contribute
to the current correlation function X ().

Now we can go on to analyze the various linked
diagrams and to select an important set of diagrams.

First we assume that the particles obey the Boltz-
mann statistics. This is equivalent (i) to pick out the
terms of lowest order in f, (ii) to replace the factor
14-f by 1 and (i) to drop “exchange” diagrams.
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F1G. 1. The zeroth order diagram of C.

Symbolically
f«1

1+ -1 (2.12)

exchange diagram — 0

Secondly we introduce the condition that the system
under consideration is infinitely large

N— o, V— o suchthat ¢=N/V=finite. (2.13)

Finally we assume that the gas is very weakly
coupled:

g—0, {— o such that g¥%="finite

or equivalently

gu=finite, g"(gu)*—0 m=1, »=0,1,2---. (2.14)

These three conditions restrict the type of the
important diagrams to a special class, say, class C.
In the zeroth order there is only one diagram in C which
is drawn in Fig. 1. The contribution is, of course,

8@ (p—po).

There exists no first-order diagram which remains
finite. In the second order we have six diagrams belong-
ing to the class C. They are shown in Figs. 2(a)~(f).
The corresponding contributions can be written down

(2.15)

L
& "
iy D4
(a) (b)
S 29
}\\i =S
hra S S
{c) )
1,
(e) )

FiG. 2. The second-order diagrams of C.
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2

(b) ©
Fi16. 3. Exchange diagrams.

from the new prescnptlon Using the asymptotic

formulas
u eticla—ta)f,p~1 o

/ dh[ dtz-—(———l)j————-[rai(e)]-’-O(u”“‘), (2.16)
0 -

o(e)=08(e)k(G/m)P(1/e),  (2.17)
/ it f A<= = 12 () +0 (1), (2.18)
1] 9
we obtain the following expressions:
a: —®(p—po)(2r)~¢f(p1)
XWi(p—q, pit+q; p,p) (2.19a)
b: —8@(p~po)(2x)~5f(p1)
XW_(p—aq, p1+4q;p,p1) (2.19b)
c: +69(p—q—po)2(2m)~t1(p1)
XW(p—q, p+4q, p,p1) (2.19)
d: =3 (p,—po) 2m)~*f(p1)
XWi(p—q, pitq; p,p1) (2.19d)
e: —8®(pr—~po)(2m)~*f(p1)
XW_(p—aq, p1+4q; p,p1) (2.1%)
f: 46®(p4-9—po)2(27) " f(p1)
XW(p—aq, pr+9q; p,p1) (2.19)

all integrated with respect to p; and q, and multiplied
by a factor mg%, where the functions Wy and W are
defined as

Wi(p—q, ;1+q; p,py)
=V(9)%. [+ p2— (p—a)*~ (pr+9)2].

W=3(Wi+W_)

(2.20)
(2.21)

All these contributions ¢, &, - - -, f are proportional to
guf. Also in the second order there exist eighteen
diagrams whose contributions are proportional to
guf. The three typical diagrams are shown in Fig. 3.
They are diagrams of exchange-scattering type and are
ruled out from C by the assumption (2.12). It can be
easily verified that if the contributions corresponding
to these three are added to the expression (2.19a), it
would amount simply to replacing the function W,

S, FUJITA

defined in (2.20) with

Wi (p—4q, prta; p,p)=[V(g)£0(| p1—p+4q))|?
Xo [+ p2— (p— @) (m+9)2].  (2.20a)

We shall postpone the discussion of these exchange
scattering terms to Sec. IV.

The higher order diagrams can be analyzed in a
similar manner using the asymptotic formulas (2.16)
and (2.18). It is found that a general diagram of the
class C has a very simple structure. The totality of these
diagrams can be written down in a series:

S @ . +.., @)

where each part cut by a vertical wavy line means the
sum of six parts shown in Fig. 4. The first and the
second term of (2.22) correspond to the diagram in
Fig. 1 and the diagrams in Fig. 2, respectively.

For the purpose of calculation it is more convenient
to reorder the series (2.22) in the following way.

Let us call “collision” a process in which two particle
lines exchange one or more quanta between them. We
notice that in the first two processes shown in Fig. 4 the
particle line running from the right to the left as well
as the one running in the opposite direction carries the
same momentum before and after “collision” while in
the next four the particle lines have different momenta
before and after collision. For the latter case we shall
denote the different momenta by p and p, and designate
the sum of these four processes by w(po,p). Mathemat-
ically this function w(po,p) is given by the algebraic
sum of four terms (2.19c), (2.19d), (2.19¢), and (2.19f)
integrated with respect to p; and q.

Let us then introduce modified propagators defined
by a series

Shm ‘,/\+/a\+£ j+ (2.23a)
o= = N . . (2.23b)

where the two ends of each diagram have the same time
coordinates #, and fp, (h>f). The corresponding
mathematical expressions for Sy, are given by

Sx(p; t1,t2)

-]
>
k=0

(—1)*
Bl [mg’Pi(p)(h—t2)

X exp[ Fi(th—t2) %]

=exp[Fi(hi—to)p*~7g'To(p) (1—12)], (2.24)
with
Ty (p)= (20 [ f Padpf ()
XW.i(p—q, p1+q;p,p1). (2.25)
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If we now form an infinite series

v.@+€>+\__/m

where every part of the particle lines represents a
modified propagator Sy or S_ and each vertical broken
line the sum of four collision processes w, this series
evidently contain all terms of the series in (2.22) and
vice versa. In mathematical terms, the sum ¥ (po,p; %)
is given by

(2.26)

Y (po,p; %)
=83 (p— po) exp{— 2xg’uI'(p)}

+2rg? / di f a1/ (p'— o)
0

Xexp[—2xg?T (p') (u—t:) Jw(p’; p)
Xexp[ —2wg®*T(p)t1 ]+ (2wg?)?

u 15}
X / dt f dts / / ddp'd*p"8® (p’ — po)
0 [}

Xexp[ —2xg?T (p') (u—t1) Jw(p’,p"")
Xexp[—2mg?T (p'") (t1i—t2) Jw(p”,p)
Xexp[—2mg® T (p)ta ]+ --. (2.27)

If we integrate the series term by term with respect
to % from O to infinity and denote the result by

Y(pop)= / du¥ (po,p; ), (2.28)

we can easily see that the ¢ satisfy the following integral
equation:

¥(po,p) =58 (p— po)[2mg*T (p) I
+ / 9 (pop )0 (p,p)T(B). (2.29)

Multiplying the both sides by po.po, and subsequently
integrating on po, one obtains

e(p)= / d*popopo¥ (Po; P)
= papy[ 27g°T (p)
+ / &t o(p)w(p’,p)T(p)~". (2.30)

From the definition of I'(p) and =(p’,p) and after
the appropriate change of integration variables, this

363

P B ﬁ\+/‘\
\,J;r/ SN \g

——vesmsncsencan

—asemmescamomssnasm

Fi6. 4. Diagram components important to the present calculation.

equation may be written as

popy=(2w)~5¢* / / d*pid’q|0(g) | f(p1)

X[ p*+p2— (p—q)*— (p1+a)*]
XL (p)+o(p)— e(p—a)— o(p1+a)].

If we introduce the coordinates describing the motion
of center of mass and the relative motion, we can
rewrite the equation in the following form:

(2.31)

puby=1(2m) g / 05:d9:] O (ps— ) |2 (p1)

X[e(p)+ ¢ (p)— o(p—ps+pi)

—e(p+p/—p)] (2.32)

Here the momenta (p;=%(pr—p), ps=p:+q) of the
relative motion before and after collision have the
same magnitude and the differential element of the angle
between p; and p; is denoted by dQ.

The viscosity coefficient 9 is now given from (1.2),
(2.6), (2.28), and (2.30) by

n=45(2n)> [ Porpf@el).  (2.33)

The integral equation (2.31) or (2.32) is closely
related to the so-called linearized Boltzmann equation.
This point will be discussed at the last part of Sec. I1I
as well as in Sec. IV.

ITI. VISCOSITY COEFFICIENT OF A DILUTE GAS
OBEYING THE BOLTZMANN STATISTICS

The low-density limit of the viscosity coefficient of a
classical gas can be calculated almost in the same
manner as the weak-coupling limit of the same.
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It is interesting to note that the two approximations
(2.1) and (2.6) are justified in the low-density limit
as well as in the weak-coupling limit. The second term
of the current J in (1.3) is of higher order in density
than the first term and therefore may be neglected in
the low-density limit8:

Joy— T/ =223 p p=pya’ (p)a(p)
(approximation).

(3.1)

The current correlation function X (%) may be written as

X(u)=43 5,50 PzPybosboy
X{(S(—iB)a’ (p)a(p)S' (#)a’ (Po)a(po)S (u)Ye/
X(S(—B))o—> 4 25,50 DzPubozpoy expla—pp*]
X(a(p,0)S" (w)a' (po,#)a(po,4)S (w)a' (p,0))o

(approximation). (3.2)

The justification of this will be discussed after the
introduction of the low-density limit. We then see
that we have to deal with exactly the same average

(a(p,0)S" (w)a" (po,u)a(po,u)S ()a' (p,0))o

as before. Therefore all earlier remarks about the
diagrammatic expansion are unchanged.
We now introduce the following three assumptions:

1. Boltzmann statistics
f«1,

Exchange term — 0.
2. Infinite system

1+ f—1 (3.3)

N — o such that ¢=N/V=finite. (3.4)

N— o,
3. Low-density limit

such that ct=finite. (3.5)

In the present case we may expect that the current
correlation function X(%) will decay exponentially
exp(—u/t) for large 4. Then the limit (3.5) is equivalent
to the limit

c—0, t—> x

c™(cu)»—0 N=0,1,2,--- (3.5a)
m=1
cu=finite.

The limit (3.5) or (3.5a) is to be taken after the limit
(3.4).

It is easy to see that the approximation (3.2) is
justified in the low-density limit (3.5a). Consider the
difference efHoePH—1, Every term of its expansion
contains at least one potential which depends on a
pair of particles. Therefore any correction which would
arise from more precise treatment of the grand canonical
average will contain an extra power of ¢ and hence will
not contribute in the present approximation.

Analysis of diagrams concerning their dependency on
density ¢, time #, and volume V can be carried out in
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@S>

Fi16. 5. Diagrams of C’.

a usual manner. The analysis shows that the contribu-
tion corresponding to an arbitrary linked diagram is
proportional to V-#(1— f)}f™(fu)™ with &, I, m, and
being certain non-negative integers 0, 1, 2, - --. In the
limit of classical statistics the (Boltzmann) distribution
function f is proportional to the density c.

fe=c. (3.6)

It is found then that the above mentioned three
assumptions (3.3), (3.4), and (3.5a) select a special
class of diagrams whose contributions are proportional
to (1—f)™(fu)* or (cu)* with m and » being non-
negative integers. We shall denote this class of diagrams
by C'.

Some of simple diagrams in C’ are drawn in Fig. 5.
Their dominant contributions are all proportional to
cu. In the diagram (e) a special symbol is introduced :

- + o o

3.7)

It turns out to correspond to a sum of successive Born
binary collisions. Figure 5(e) represents a double
series, i.e., the sum of g, b, ¢, --+. We shall use this
abbreviation wherever passible. Now it is a remarkable
fact that if we replace every complete binary collision
series in a given diagram of C’ with the lowest Born
approximation, i.e., the first term of the series (3.7),
we would see that the resulting diagram is an element
of C defined in the Sec. II. Conversely if we replace
every lowest Born approximation in an arbitrary dia-
gram of C with a complete series (3.7), we find an
element of C’. Furthermore, if the pair potential V(r)
is of short range such that

(3.8)

then the theory of scattering® shows that the above
mentioned replacement of a lowest Born approximation
with a complete binary collision series in a diagram,
simply amounts to the replacement of transformed
potential U with the so-called T" matrix in the corre-
sponding mathematical expressions. This matrix " may
be defined as the solution of the following integral

r0(r) >0 as r— w0,

8 See e.g., B. A. Lipmann and J. Schwinger, Phys. Rev. 79, 469
(1950); 1. Pngogme and P. Resibois, Physica 24, 795 (1958)
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equation
T’i_ 1

Tkl='Ukz+( Y /dsmvkma+(El_Em)Tmb (3.9

T

where the subscripts %, /, and m denote momenta of
relative motion in the binary scattering; and Vs and
E, are defined by

V= / d*rU(r)eitxD -z (3.10)

E=20. (3.11)

Equation (3.9) can be derived from the definition (3.7)
of the binary collision series, using the asymptotic
time integration (2.16).

Now the resulting formula for the viscosity of a
dilute gas can be immediately written down from the
formula for the viscosity of a weakly coupled gas.
Replacing g0 in (2.32) with T

gu—T, (3.12)

one has

pry= (2m)% [ &, / 494 T(0s— ) |*/(2)

X[ e(@)+ o (p1)— e(p—ps+p:)
—e(p+ps~p)] (3.13)
with pr=p..

If we use the well-known formula’ which connects
the matrix 7 with the differential cross section ¢
(quantum mechanical)

a(95,01)8(Epy— Eyp,)= | T (ps,p:) | 2(64x2)~
X8(Epy—E,,) (3.14)

with 6;; being the angle between p; and p;, we can
rewrite (3.13) as

popy=(2m)S / dpy / 49 (9. (1)

XLe(p)+e(p1)— e(p—ps+p2)

—e(m+p—p)] (3.15)

The viscosity coefficient 5 is given in terms of ¢ as
before [cf. (2.33)]

w=48(20)" f Poppf B ele).  (3.16)

We shall show in the following that the resuits (3.15)
and (3.16) can be obtained simply from the calculation
via the Boltzmann equation.

7 See, e.g., S. S. Schweber, H. A. Bethe, and F. de Hoffmann,
Mesons and leds (Row, Peterson & Company, Evanston, Illinois,
1955), Vol. I, p. 46.
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The Boltzmann equation for the distribution function
F(r,p,t) of a dilute gas subject to no external force is
written as

aF
—+2p: ———4 / / d*%dQ(F'F{' — FF )b (p:,0) (3.17)
a

with the abreviations

F=F(r,pt) F'=F(p)

FIEF(rypl,t) Fl’EF(r)pliyt)9 (318)
where the pairs (p,p1) and (p’,p)) are, respectively,
the momenta before and after collision.

For simplicity let us consider a stationary situation
in which a gas moves along the x axis with an average
velocity (vz)av=2(ps)av depending only on y and in
which the gas has the same temperature everywhere.
Here the average of a momentum dependent function
A (p) is defined by

(Ap=ct / FPF(ep)A(D).  (3.19)

When the velocity gradient d{v.).v/dy is assumed to be
sufficiently small, the viscosity coefficient 5 can be
defined as a proportionality factor in the following
equation:

Avz)av

CM—1<Pz?v>av= -_—= (3-20)
dy

26(papy)av

with M being mass of a particle. In the same condition
the drift term, i.e., the right-hand side of (3.17) will

become »
—2fBp:p,d(vz)av/ dy.

If the velocity gradient does not exist, the function F
agrees with the Boltzmann distribution function f.
Therefore the difference |F—f| will be small in
comparison with f as long as the gradient is small.
Hence we may put

(3.21)

(3.22)

F(pn)= f(p)[1+¢(1>) <‘>;”(”J.

Substituting this into the right-hand side of (3.17) and
neglecting the second order (d(vz)sv/dy)* in the result,
one has

4 f / dpdQf(p)f(p)[e(p )+ (p)—d(p)—o(p'1)]

X?.O'(P.,o)}—-)—.
dy

(3.23)

Equating this with (3.21) and dropping the common
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factor, one obtains

Bpip,=2 / / ap1dQf(p1)pio (p:,9)

X[e(p)+o(p)—o(p)—o(p)] (3.24)

This is sometimes referred to as the linearized Boltz-
mann equation. From (3.20) and (3.22) one sees that
the viscosity coefficient 4 is given by

=2 [dpp . (9
Comparing (3.24) and (3.15) one obtains
¢(p)= (4=*)"Be(p). (3.26)

With this relation we can immediately see that the
calculation via (3.24) and (3.25) gives the viscosity
identical to that given by (3.15) and (3.16).

In the Sec. II we made an attempt to calculate the
viscosity of a weakly coupled gas obeying the Boltz-
mann statistics. The result is given by the expressions
(2.32) and (2.33). It is quite clear that, following the
same procedure just taken above, we can discuss this
result in connection with the solution of the linearized
Boltzmann equation.

~ IV. COMMENTS AND DISCUSSIONS

We shall make several comments and discussions on
our calculation of the viscosity coefficients in the
preceding two sections.

1. We have assumed that the particles obey the
Boltzmann statistics. This does not simply mean that
we have treated a completely classical gas. In fact, the
differential cross section introduced in (3.14) is a
quantum-mechanical one. The viscosity coefficient given
by (2.32) and (2.33) is also quantum mechanical.

It is well known® that the quantum-mechanical
diffraction effect is not negligible in binary collision
theory if the de Broglie wavelength

Ag=2mp} 4.1)

associated with temperature (k8)~! is comparable to, or
greater than, the molecular dimension characterized,
for example, by the range of force R:

MR,

The de Broglie wavelength As can be considered as the
measure of uncertainty associated with the linear
position of each particle of the gas with temperature
(#8)1. In the temperature region specified by (4.2)
we must calculate the cross section quantum mechan-
ically. There arises another sort of modification neces-
sitated in the same region. If a pair of colliding particles
are identical as we have assumed in our calculation,

(4.2)

8 See, e.g., E. A, Uehling, Phys. Rev. 46, 917 (1934).
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they would not in general be distinguishable from each
other around the closest approach (~R), which is
comparable to or even smaller than the de Broglie
wavelength Ag. This modifies the collision theory. In
our theory the modification corresponds to the retention
of all the diagrams of exchange type such as shown
in Fig. 3. The result amounts simply to redefine the
differential cross section ¢ [cf. (2.20a)]

0'(?-’:0)= (64'"2)_11 T(?na)iT(?n T 9) l 2

for the case of a dilute gas where 8 is the angle between
p: and py [c.f. (3.14)]. For the case of a weakly-coupled
gas the T is to be replaced by a transformed potential ¥
in the above formula.

2. As mentioned before the viscosity given by (2.32)
and (2.33) is quantum mechanical. In the classical
mechanics an interaction potential can introduce only
an infinitesimal amount of momentum transfer® between
the colliding particles in the lowest order in g. Therefore
the Boltzmann collision term 9F/0t)en. for a weakly-
coupled gas has, instead of the usual difference form,
a differential form!*

oF
e Il Y LRI
ot coll.

3
Xq-—d[2q- (p—py)]
ap

(4.3)

a 4
XQ‘<——““)F(r,P,l)F(l’,Plyt)- (44)
op o

On the other hand, in quantum mechanics a finite
amount of momentum transfer is allowed between
the particles even in the lowest Born approximation.
The collision term then has a usual difference form

2) -t [on [

Xs[p*+pit— (p—a)*— (m+9)*]
X[F(l', P—4q, t)F(l', p1+q, i)
—F(r,p,t)F(r,pl,t)].

The Boltzmann drift term is conventionally assumed
to have the same form for both the classical and the
quantum-mechanical case. It is clear that the integral
equation (2.32) is essentially equivalent to the linearized
Boltzmann equation with the quantum-mechanical
collision term (4.5) separate from the classical collision
term (4.4). ‘

3. It is also well known that if the temperature is
further lowered from the temperature region discussed

(4.5)

? For interesting discussions on this point, see I. Prigogine and
S. Ono, Physica 25, 171 (1959).
1T, Prigogine and R. Balescu, Physica 26, 145 (1960).
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in 1 so that the de Broglie wavelength Ag is comparable
to, or greater than, the average molecular separation
characterized for example by ¢3:

A bR, (4.6)

the statistics effect (or exchange effect) becomes
important. In this temperature region, we must treat
the problem with the assumption that the particles obey
the Bose or the Fermi statistics. The usual Uehling-
Uhlenbeck equation is not fully justified, for the
statistics effect of the intermediate states is not dully
taken into account. The treatment for this quantum
statistical region will be reported in a subsequent paper.

4. The main result (3.15) and (3.16) in Sec. III was
obtained on the four assumptions (3.3), (3.4), (3.5),
and (3.8). The assumption (3.3) about the statistics
was just discussed in 1 and 3. We shall not discuss here
the assumptions (3.4) and (3.8) as they are clear and
clean physically. The assumption (3.5) concerns with
the presupposed form of the relaxation of the system.
The elementary dynamic theory of gases tells us that
if a gas of many particles is coupled with strong but
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short range forces and is very dilute, its relaxation time
is proportional to ¢!. This knowledge made us use the
assumption (3.5). From looking at the chosen diagrams
consistent with (3.5) we can see that the rule (3.5a)
[equivalent to (3.5)] is completely equivalent to the
assumption of instantaneous collision. In the actual
dilute gas we know that

l.kdt, 4.7

i being the average collision time. It is very interesting
that the assumption (3.5) as well as the assumption of
instantaneous collision are the limiting case of the above
strong inequality.
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The flow of current in a long, straight, isotropic, conducting rod of uniform, noncircular cross section, due
to a potential difference between its ends, is considered. The electric field in the material is assumed to
depend linearly on the current density and to be quadratic in the magnetic field, while the magnetic permea-
bility of the material is assumed constant. It is shown in the case of a rod of elliptical cross section that the
current has a circulatory component superposed on the rectilinear flow.

1. INTRODUCTION

T has been pointed out! that in isotropic materials

with general galvanomagnetic properties, recti-
linear flow of current is possible only in exceptional
circumstances. In this paper we will consider the
steady flow of electrical current in infinitely long
rods of uniform cross section, composed of materials
which obey certain particularly simple constitutive
equations. We will show that in rods of elliptical cross
section, in particular, the current has a circulatory
component superimposed on the expected rectilinear
flow.

If the electric field strength E and the magnetic
induction B in a holohedral isotropic material are
functions of the electric current density J and the
magnetic field strength H, then the functional relations
must have the forms

E=a,J4a:(J-H)H+a:JXH (1.1)
and B=c,H+J-H)(caJ+c: I XH), (1.2)
where the scalar coefficients a,, a9, - - -, ¢3 are functions
. J-J,H-H, and (J-H)2; (1.3)

In circular rods of such materials, the electric current
can flow along the rod in straight lines, no matter what
the coefficients a1, @, * - +, ¢smay be. In rods of arbitrary
cross section, however, rectilinear flow of current is
possible only if these coefficients satisfy the relation

0(] . 1012,., . Jaaz/cﬁ)
3(J-JH-H)

€1=0 (14)

whenever J-H=0 (see Appendix).

To illustrate these facts and to show the nature of the
flow when rectilinear flow is not possible, we will
consider materials for which the following simplified
forms of (1.1) and (1.2) are valid:

E=(arotanH -H)J+a.(J- H)H+a.JXH, (1.5)
B=rH. (1.6)
Here a0, a11, @2, as, and u are constants, These forms are

1 A. C. Pipkin and R. S. Rivlin, J. Math. Phys. 2, 636 (1961);
2, 865 (1961).

obtained from (1.1) and (1.2) by neglecting terms
nonlinear in J and terms of higher than the second
degree in H. A relation of the form (1.4) holds among
the coefficients in (1.5) and (1.6) only if either a1y, as,
or u is equal to zero.

2. STEADY CURRENTS IN LONG
CYLINDRICAL RODS

We consider an infinitely long cylindrical rod lying
with its axis in the z* direction of a system of rectangular
Cartesian coordinates x¥, ¥*, z*. The cross section of the
rod is bounded by a curve C which is not necessarily
circular. The rod is composed of a homogeneous
conducting material for which the constitutive equa-
tions (1.5) and (1.6) are valid, and the medium
surrounding the rod is an insulator of infinite extent, for
which the relevant constitutive equations are

J=0 and B=guH. (2.1)

For steady flow of current in the rod, Maxwell’s
equations take the form

v*xH=]J, (2.2)
v*.B=0, 2.3)

and
v*XE=0, (2.4)

where V* denotes the operator (3/3z*, 3/dy*, 3/95%).
The tangential component of H and the normal com-
ponent of B are continuous across the boundary of the
conductor. H is assumed to approach zero suitably fast
as distance from the conductor increases.

If rectilinear flow of current (J.=J,=0) is not
possible, the simplest alternative possibility is that the
current distribution is independent of position along
the rod, i.e., J/3z*=0. Equation (2.2) can then be
satisfied by a magnetic field which is also independent of
z*. With these conditions on J and H, it follows from
the constitutive equations that dB/dz*=0, and that
9E/3z*=0 in the conductor.

Let L be a characteristic linear dimension of the
conductor cross section, and let x, ¥, and z be dimension-
less coordinates:

x=2*/L, y=y*/L, z=3*/L, v=Lv* (2.5)
With dE/dz=0, it follows from (2.4) that E is of the

368
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“form

E=E[k—VV(x,y):],

where k is a unit vector in the z direction. The axial
component of the field is uniform, with a strength E
which is regarded as given.

From 8B/3z=0 and Eq. (2.3), it follows that

B=(uLE/a10)[kB(x,5)+kX V¥ (xy)]  (2.7)

The factor uLE/ayois introduced in order to make B and
¥ dimensionless; we assume that neither u nor aj is
zero. The curves = constant are the projections on the
xy plane of the lines of magnetic flux. The condition that
the normal component of B is continuous across C can
be satisfied with no loss of generality by requiring that
¥ be continuous.
From (1.6), (2.1), and (2.7) we obtain

H=(LE/a:0)[kB+kX ¥y ] inside C,
(/w0) (LE/a10)[kB+kX vy ] outside C.

Since J=0 outside C, it follows from (2.2) and (2.8)
that B=0 outside C, provided that B=0 at infinity.
Continuity of the tangential component of H across C
then requires that

(2.6)

(2.8)

B I insiie=0 on C; (29)
and
oy u oy
— = on C. (2.10)
Onlinside Mo Ol outside

Here 9/0n denotes the derivative in the direction
normal to C.

With (2.2) and (2.8), the condition that J=0 outside
C implies not only that B=0, but also that

V& =0 outside C. - (2.11)

Since H=0(1/r) for r large, where r denotes distance
from the conductor, it follows that ¢=0(Inr) for r
large.

Inside the conductor, it follows from (2.2), (2.5),
and (2.8) that

J=(E/a10) (vBXk+kV%).

The portion of the magnetic field accounted for by ¢ is
associated with the axial component of the current.
The axial field B is associated with the circulatory
component of J. The curves B=constant are the
Pprojections on the xy plane of the flow lines of the
electrical current. Since B=0 on the conductor bound-
ary, the current automatically satisfies the condition
that it be tangential to the boundary.

By using Egs. (2.6), (2.8), and (2.12) in Eq. (1.5),
we obtain

1= (14aéVy- Vy+aeB) Viy+ 8 (BVY — VB - V) B
—ck- (VBXWY) (2.13)

(2.12)

and

—vV=(14+aeVy vy+aeB)vBXk
+B8(BVY—VB-VHkX VY
—e(VWVY+BVB), (2.14)

where ¢, a, and B are dimensionless parameters defined
by

€= GsEL/a102, o= 0100«11/(132, B=_a1w2/a32. (2.15)

The potential V can be eliminated from (2.14) by
taking the curl of both sides.

Equations (2.13) and (2.14) are the governing
equations for ¢ and B inside the conductor. Qutside the
conductor, B=0 and V& =0. ¢ is continuous across
the boundary C, and (2.9) and (2.10) are satisfied on
C. At infinity, y=0(lnr). It appears that the problem
of finding ¢ and B is well-set.

3. SERIES EXPANSION

The parameters « and 8 defined in (2.15) depend only
on properties of the material. The parameter ¢, how-
ever, is proportional to £L, and can be made as small
as desired by using a weak electric field or a conductor
of small cross section. To solve Egs. (2.13) and (2.14),
we assume that [e|<<1, and expand ¢, B, and V in
powers of e. Some preliminary analysis indicates that
these expansions are of the forms

Y= &%, V=3 &V, B=éY &"B,. (3.1)
na=) na=) n=(

When the expansions (3.1) are used in Eq. (2.13),
we obtain

Viho=1, (32

V&) 1= —a (Vi Vibo) Vi, 3.3)

Vo= —a (291 Vi Vibo+ Vibe- Vo Vi)
+k-(VBoXV¢o), (3.4)

and so on. V¥, is given in terms of ¥;, i<n—1, and
B, i<n—2.
The equations obtained by using (3.1) in (2.14) are

V Vo= VAW, (3.5)
VVi=kXV Bo+ VoW V3 v, (3.6)

VVa=kXV B+ V3V,
+ VA Vi VAVt a (Ve Vo) kX W By
+B8(BoVo—V Bo- V¥0)kX Vo, (3.7)

and so forth. Taking the curl of Egs. (3.6) and (3.7),
and using (3.2) and the fact that 3B,/dz=0, we obtain

V2By=k-[V¢oX V (V&) ] (3.8)

V2Bi=k-[VoX V (V¥s) ]
+k- [V XV (V1) ]—aV - [(Vio- Vo) VB ]
—BV - [(BoVi0—V By Vo) Wi ].  (3.9)
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In general, V2B, is expressed in terms of ¥;, s<#n-+1 and
Bj, j<n—1. However, V2B, depends on y.;: only
through V% ,.1, which in turn can be expressed in terms
of ¢, i<n and Bj;, j<n—1. Hence V2B,, can be expressed
in terms of ¥;, i<n and Bj, j<n—1.

Outside the conductor, ¢, satisfies V¥/,=0. The
boundary conditions on ¢ and B, are the same as those
on ¥ and B, respectively.

The functions ¥, and B, can be found in the order
Yo, Bo, ¥1, By, etc. At each stage ¥, or B,, satisfies a
Poisson equation whose inhomogeneous part is given
in terms of functions already determined. V, can be
determined, if it is desired to do so, when ¢, and B,_1
are known.

We summarize, in particular, the conditions satisfied
by ¥, Vo, and By: o satisfies the equation

1 inside C,

= 3.1
0 outside C. (3.10)

Yo is continuous across C, and its normal derivative
satisfies the condition

o
an

u oo

Mo an

on C. (3.11)

outside

ingide

At infinity, Yo=0(lnr). V, is given directly by Eq.
(3.3), if (3.2) is used:

Vo=yo+ constant inside C.

By using (3.2) in (3.3), and the latter in turn in Eq.
(3.8), we obtain

V2Bo= —ak-[ VXV (V¢¥o- Vi) ]
On and outside C, Bs=0.

(3.13)

4. APPARENT AXIAL CONDUCTIVITY

According to Eq. (2.12), the total flow of current in
the axial direction is given by

J=(E/ax) f / Vigdatdy*
= (ELY/010) / f Vdsdy, (1)

where the integral extends over the cross section of the
conductor. The cross-sectional area is L?4, where

A=//M@.

The apparent axial conductivity, which would be
obtained by measuring the total current J as a function
of E,is J/EL?A.

Retaining only the first two terms of the expansion

(4.2)

A. C. PIPKIN AND R. S.

(3.12).

RIVLIN

of ¢ in powers of ¢, we obtain from (4.1) the following
expression for the apparent conductivity:

J/EL2A=(1/a3A) / / [V¥o-+ &V, Jdxdy
=(1/a104) / f [1—-awyo- v¥o Jdxdy

= (/a)[1~ (ae/A) f / Vo Vodsdy]. (43)

The second line of (4.3) is obtained by using (3.2) and
(3.3), and the third by using (4.2).

The apparent conductivity deviates from 1/a10 by a
term proportional to ae?, which, from (2.15), is equal
to (EL)%a;1/a1e®. Because of the factor E2, the apparent
conductivity varies as a function of field strength even
though E and J are linearly related in the constitutive
equation (1.5). The apparent conductivity also depends
on the area of the conductor cross section, through the
factor L? and on its shape.

5. EXAMPLE: ELLIPTICAL CROSS SECTION

Let the curve € bounding the conductor be an
ellipse:

(x/R)*+(y/S)*=1, R>S. (5.1)

The solution of Eq. (3.10) under the specified boundary
conditions is then given inside C by

Pl (f+f)+a<x2—yf>, (52
RH-SI\R? §?
and outside C by
b=t 14 RSt 80)
R+S*
La[R2— S+ (R2+S%)e 24 cos2n], (5.3)
where £ and 7 are elliptical coordinates such that
x= (R2— 5% cosh¢ cosy, (5.4)

y=(R?—5%%sinh¢ siny.
£=¢o=tanh™!(S/R) is the curve C. The constant a in
Egs. (5.2) and (5.3) has the value
R2—§?
a=3RS———2RS+ (u/po) (R*+S) . (5.5)
R?4-57
When the expression (5.2) is used in Eq. (3.13), the
equation for By is found to be

V2By=Day, (5.6)
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y/S

7

x/R

Fic. 1. Streamlines for circulatory current in elliptical
cylinder of semiaxes R and S.

R*— 5 R
D=2a(4a~— )(

52
Za)( +2a). (5.7
R+S52/\R*+52 R2+.5?

The solution of Eq. (5.6) with B¢=0 on the boundary

(5.1) is
RSt a2 4
Bo=3D xy(—+——1).
R4-52 "\Rz §?

(5.8)

If B is not identically zero, then from (2.12) it is seen
that a circulatory component of current is superimposed
on the axial flow. If ¢=0 in (3.1), B vanishes and
rectilinear flow is obtained. Assuming that EL70,
then from (2.15), ¢ vanishes only if a3=0. From (5.8),
B, vanishes if D=0. From (5.7) and (5.5) it is found
that D=0 only if a=0, u=0, R=3S, u/po=—S/R, or
#/mo=—R/S. Assuming 1070, then from (2.15), a=0
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implies that a,;=0. The case R=S is that of a circular
cross section. The cases R=S, a41,=0, ¢3=0, and u=0
are the cases mentioned in Sec. 1 for which rectilinear
flow is possible. The two remaining cases, in which
u/mo is negative, are of no physical interest.

As was mentioned earlier, the curves B=constant
are the streamlines for the circulatory component of
the electrical current. The curves By=constant ob-
tained from Eq. (5.8) are shown in Fig. 1, with arrows to
indicate the direction of flow when D is positive.
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APPENDIX

It has been shown! that rectilinear flow of current is
possible in rods of arbitrary cross section only if the
scalar coefficients in (1.1) and (1.2) satisfy the following
relation whenever J-H=0:

d (J 03) dc 1

1 =Ja; . (A.1)
A/ ()
Here J=(J-J)}, H2=H-H, and
d 2 12 2 12
_ 0 [a(fa )/8(Ja )7 9 o
am@) o) Lawm !/ aur Ja)

The condition (A.1) can be written in the more
convenient form (1.4) in the following way. First, if
¢1=0, then (A.1) is satisfied. If ¢,50, then (A.1) may

be written as
d J 2032
__[ ]=o.
d(H)L 2

By using (A.2) in (A.3), and multiplying by 8(J%a:2)/
d(J?), we obtain the condition that the Jacobian in
(1.4) vanishes.

(A.3)
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A traveling-wave technique of computing the radiation from accelerated electrons is described. In contrast
to the usual method which expands the field due to the moving electrons in spherical waves, an expansion in

traveling waves along a preferred direction is utilized.

This method is especially suitable in those cases where the radiation is confined by cylindrical conducting
boundaries or plasmas. The technique is illustrated by considering the problem of the radiation from an
electron in circular motion both in free space and within a coaxial conducting cylinder, and from an electron

in a variable-pitch helical orbit.

I. INTRODUCTION

HE usual method! of computing the radiation from
an accelerated electron leads to a spherical-wave
representation of the electromagnetic field of the moving
electron. This method is hardly applicable in the
presence of conducting surfaces, dielectrics, and
plasmas. An alternative method suggested here is a
traveling-wave representation in a preferred direction
(z direction) of the electromagnetic field. This enables
the use of the methods of the theory of cylindrical
waveguides. The method is especially suited to handle
the presence of cylindrical conducting boundaries,
dielectrics, and plasmas.

Basically the traveling-wave method is as follows.
We expand the current density due to the moving
electron in a Fourier integral in time and in the z
direction (traveling waves). The fields due to each
traveling wave is determined by solving Maxwell’s
equations, as in the theory of waveguides, with the
currents as forcing terms. Boundary conditions on
cylindrical boundaries are easily satisfied. Usually it
is a fairly simple matter to transfer from the ttaveling-
wave to the spherical-wave representation with the
use of the steepest descent method.

We illustrate the traveling-wave method in this paper
with three simple problems.

1. The radiation of an electron moving in a circle.

2. The radiation from an electron moving in a circle
which is coaxial with a circular conducting cylinder.

3. The radiation due to an electron moving in a
variable-pitch helical orbit.

II. RADIATION OF AN ELECTRON IN
A CIRCULAR ORBIT

We consider the radiation from an electron moving
in a circle and in free space with a uniform constant

11. D. Landau and E. Lifshitz, The Classical Theory of Fields
(Addison-Wesley Press, Inc., Reading, Massachusetts, 1951),

p. 189

magnetic field. Its velocity v is arbitrary and the cyclic
frequency of the motion w is expressed by

eB 2\ }
=—(1——) .
m c

The center of the circle is taken as the origin of the
cylindrical coordinate system with the axis Z in the
direction of the magnetic field B.

The current density of the electron J is a product of
delta functions, i.e.,

(I11)

3(p—a)

a

J=ev (I12)

3(2)8(o—wt),

where @ is the radius of the orbit. Fourier analyzing
the last two delta functions, Eq. (II2) is written as

J= / TS Lk (113)

g N0

where the traveling-wave component J,, is given by

J ew ( ) ) .h s
n= d(p—a)eneeihiginet,
(2m)?

(114)

From the above equations, it is obvious that the current
J, has only one component in the ¢ direction, i.e.,

ew
Ton= 5(p_a)gi(mt+hn—n¢)
" (2mp (115)
Jne=0, Jn,=0.

The electromagnetic fields are obtained from Max-
well’s equations due to a traveling-wave current of the
form of Eq. (II4) which in mks units are,
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10/ dE, n? J e n
e G o (G Y [ AR 2 (116)
pdp\ 9p s nweo p dp p
19/ 0H, n? 1ra
- _(F_‘)+(kn2_h2——)31= ——[——(pf,)-l*jﬂf,] (I17)
pdp\ dp P pLdp
. aE, jnwno . )
(knt~K)E,= jh P (= jn)H -+ jnwped, (118)
o P
jh 0H,
(knt—~H)Ep=—(—jn)E.+ jnw#o-g—+]mvud ° (119)
o o
jnweo(—jn) . 0H, .
(k2—W¥H,=—————F,+ ]hT+ JhJ, (1110)
p I3
Ok, (=jgm)
(k2—h)H,= —]nweq:"—-l-]h H,— jhJ,, (I111)
p p
where 1. o niwpe \
k2= n¥aPuoco. @12) Eon=—ihv:CH®' (ynp)~——DH.® (ynp) | (1120)
. Yn P
Since J,=0, J,=0, and J, is a delta function, the 1 (hn
solution of Maxwell’s equations are very simple for FE M:__{_.C H.® (y.p)
the regions p<a and p>a. vl p

1. Region p<a

For this region, the solution of Egs. (I1I6) to (II11)
is given by

E".=AJ,.('ynp), Hm:BJ('YnP) (1113)
1 . n”wuo
Epﬂ—_‘_ ]h'YnA]"’('YnP)— BJ'n('YﬂP) } (1114)
Yal 3
1 (hn )
E¢n*——2 —Ajn(7np)+]nw“07nBJﬂl (’an) } (1115)
v lp
1 n’weo . ’
Hyw=—{——AT a(yap)+ jhynBJ o (‘an)] (1116)
Yn p
1 . kn
Honm— |~ itoerdd ) +=-BI )| 111D
7n2 p
where J, is the Bessel function of order » and
Y n2= kn?— h2=n2u2u0e0— K. (1I118)

2. Region p>a

. Similarly, for the region p>a, the solution of Egs.
(1I6) to (1I11) gives

Ein=CHa®(vap), Hun=DH.®(ynp) (II19)

+jnwm,,DHn<2>'(~/np)} (121

1 (n%weo
Hpn = —_2 [ —CHn(z) ('Y'np) +jh7nDHn(2),(7ﬂp) ] (1122)

Yn p
1
H¢ﬂ=_2‘ — jnwedy "CHAP (Y np)
Yn

hn
+—DH.® (y.p) } (1123)
P

where H,® is the Hankel function of order #.

The constants 4, B, C, and D are computed from
the matching of the tangential fields £,, E,, H,, and
H, at the radius p= ¢ with the proper jump conditions,
which are obtained by integrating across the point
p=a with the properties of the delta functions.

ke Jewayn
A=——HO(ys0), B=——H,(7,0)
8rey T ‘
(I124)
he Jewayn
C=——J.(vsa), D= J o (vna).
T EQ us

3. Region p>>a

Substituting Egs. (I124) into Eqgs. (1121) and (1123),
we find that the nth Fourier component of the electric
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and magnetic field in the ¢ direction becomes

P. PARZEN AND G. NOMICOS

Since the integral of Eq. (II27) with respect to %
will give a finite contribution to the radiation field only

_ - , , from the first terms of Eqs. (II125) and (1126) for E,,
Bgn= smn{nw”y 0YaS w (Ya@) H®' (Y np) and H,,, respectively, we neglect the second test fro:n
nk? both equations. Making use of the asymptotic formula
+ J2(vn0)H,® (’ynp)} (I125) of the Hankel function for large argument and inter-
jrhea(1 €0y np changing summa.tion and integrati'on in Eq. (I127),
Hyn= - {_ T o (vs0)Ha® (yap) we get the following for the magnetic field H 7.
TYn 14

1
+-Ja ('Yna‘)Hnm ('YnP) } (1126)
p

The total electric and magnetic field in the ¢ direction
is expressed as:

2 *me 0
H¢T= — _ej1/4 Z ne—jn(p—ut)eimr/Z

n/ 8r =

©  h
- X / T u(yna)e~irmoeitzdh,  (1128)
> : —o Yn{ynp)}
Qr= Z Q "el(moH-hz-—nv)dh” (1127)
- Integrating the above equation with the method of
where @ stands for E, and H,. steepest descent, we have
® , ¢ (ko) (27)} , )
| ¢erman s TS expt T )+ sty (), (29)
e (1" (ko) )}
where
fW)=hz—vwp,  f'(h)=0
ko= —k, cosé, Ynop—hoz=kn{
(1130)
o , Ve .
$(ho)=————Tu(vmoa), |f"(ho)|}=——.
Yao(vnop)? (k,)} sind
Thus, the integral of Eq. (I1I28) becomes
(2#)} ~ (kn)tsing
=————————F, COSOJ 5y no@)e Rl tiT———— (1131)
Vno(¥not sing)? Ve
Substituting Eq. (II31) into Eq. (I128), we get
Jwe w _ . e~ fknt
Hyp=—— Y ne-inte—wieinti2 cos0] 4 (v no) . (1132)
ne—x g‘
Following the same procedure for the total electric outgoing waves we have
field in the ¢ direction and making use of Eqs. (I127), Hy=— (eo/ue) By, Ey=(uo/ o) H,. (113 5-)

(1129), and (1130), we find

ewzyoa © e iknt
Br==— = 2 ne=™e0em] /(o) ——. (I133)

The total radiated energy per one revolution of the
electron is found by

T T
/ f (ExH)-dS= / / (EoH,~ E Hy)dsdt, (I134)
0 3 0 8
where
T=2r/w.

From Maxwell’s equations in spherical coordinates, it
follows that for the radiation field at infinity from

From the Fourier analysis for the contribution to the
radiation intensity of the nth component per unit solid
angle, we have that

1 /7T
Sn='}f (EOann—EwnHOn)rzdt
0
=2§2[E0»Hpn*—' andn*]-
Making use of Eqgs. (I1I35), Eq. (1I36) becomes

(1136)

3\ no\?
Sn= 2;2{(——) E,,.E,,,*-;-(—) H,,,.H,,.*}. (1137)

Mo €

Substituting Egs. (1I32) and (II33) into Eq. (1137),
we get the following for the nth Fourier component of
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the intensity of the radiation energy per unmit solid
angle

e\ ! wlu®
Sa= (_) ———n2wa?] (Y n0@)
Bo
Ko ¥ 820)2
+(~—) —2 cot®8] 2(vno).
8x?

€0

(1138)

Making use of Egs. (II12), (II16), and (1130), the
above equation becomes

2wt Mo 3 no
Sp=~ (—) [cotQGJ n? (~ sinﬂ)
87 \ ¢ ¢

22 ny
+—J ,.’2(~—~ sina) }, (I139)

i ¢

which agrees with Landau and Lifschitz.!

III. RADIATION OF AN ELECTRON IN A CIRCULAR
ORBIT IN A WAVEGUIDE

We consider the radiation from an electron moving
in a circle bounded by a coaxial cylindrical conducting

wall with radius b and in a uniform constant magnetic
field.

375

In this case both the current density of the electron
and the electromagnetic fields. are given by the same
equations as those in Sec. II.

1. Region p<a

For this region, the solution of Egs. (II6) to (II11)
is given by

En=A1Ju(ywp), Hea=B1Ja(yp) (1)
1 n¥opo
E,n= - ey o (Y ap) — BiJ o(vnp) } amnz)
YTn L4
1 (kn .
Epn= — ~—A1J w(ynp)+ jrcopoey nBrJ o (Ynp) } (I113)
vl p
1 112(060 .
Hpn“—‘ ——2- —A 1Jn(7”p)+]h7nBljn, (’an) } (1114)
e £ »
1 hn
Hyp= 1" JrweeysdiJ o (Yup) +—B1S u(vap) } - (III5)
Yn P

2. Region a<p<d

Since the walls of the cylinder with r=§ are conduct-
ing, the solution of Eqs. (II6) to (II11) is given by

Eo=C [H SR Rl )] )
= B ¥ np) ===/ Yo (1116,
J n('an)
H > D IH 3(2) (’an) +E1] ,.('y,,p) (1117)
1 . H, D (y,.b) Wi
Epp=— Jk')" C 1[H WD (y mo) —— T (’ynp)]“ EDIH e (7,,p)+Elf ,;(’y,,p)] } (IIIS)
a2 T a(ysb) P
o | H, (y,b)
e o et 7 "(7"")]+j"“’"""’n[Dxﬂn‘”’(7»p)+EIJn"('w):|} (11m9)
va'lp J (v b) |
1 [{nPwey H, (yab)
Hon=— C I[H "D (ynp)————J u(%p)]-f-ihv{DlH 2@ (ynp)FErS w/ (vp)] } ©(11IM10)
Yn 4 J n(’an)
i , Ha® (b} n
quxF - anemcl[ﬂ,.<2> (w)—«—-—~f b T (7»0)]+-—[D1H,,<2> (va0)+ErT n(vn0)] } (11111)
" alYa P

The constants 4, By, Cy, Dy, and E; are computed from the matching of the tangential fields E,, E,, H,, and
H, at the radius p=a with the proper jump conditions and from the boundary conditions at p=4.

e Ho® (y20)T n(ynb)— Ha® (y25)J n(n0)

R 1112
8meo Jalynb) ( )
Jynae Ha®' (v20)T o' (vab) —H®' (v ub)J u' (¥na)
B=1"%. (IT113)
8’:7 J ﬂ'(Tﬂb) .
ke
Ci=— J a(740) (II14)
€0
-jewayn
D= J o' (va0) (II115)
w
Jewayn H D' (yad)J,/ (vn@) "
Ey=— . (11116)

8r J n,('an)
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Substituting Eqs. (II112) to (III16) into Egs. (II12) to (III5), we find the following for the nth Fourier component
of the electromagnetic field in the region p<a:

1 jehz’Yn H,® (‘Y,,ﬁ)],,(’)’ﬁb) —H,® (’Yﬂb)-,ﬂ('y“a) ,
Epp=—— . J o (Y np)
va2l 8xeo Ta ('an)
jen’wzyoa'y,. H n(z)'('y,.a)f g (‘Y»b) -H "(2)'(7"b)_] " (’Yna)
+ : I n(¥np) } (11117)
8mp J,,’('y,.b)
N 1 { neh? H @ (y40)J n(ynd)—H @ (y,0)J n(')'na)] (res)
= —— . 2 Y np
¢ ¥a2 8weop J w(vab)
6y n’poea H o' (v20)J o/ (v40) — Ha®' (v40)J ' (¥ a)
+ : —T. (Ywp) } (I1118)
8r Jn’('an)
1 (nPweh H o (yna)J n(ynd)— H o ® (vn0)J n(vaa)
H,.= ___2{ P~ X J a(n0)
Yn P n\Yn
N hyolaew H, @' (vn0)T o (¥nd) — H 2 (7a0)J o (vn0) ,
. ) Ja (yap)  (II119)
8= jn,('an)
1 jml”Y'nhe H"(Z) ('Yna)]n(')'nb) '-Hn(z) ("/nb)]n('yna)
Hpp=— . J ' (vn0)
° ‘Y,,,2’ 81r Jn(7ﬂb) ‘
Jhnyagew Ho®'(v10)J o (vad)— Ha®' (v:0)T o' (va0)
(s Tutre) | (11120
8‘n'p Jn’ ('an)

Similarly, substituting Eqs. (III12) to (11116) into Eqs. (III8) to (ITI12), we find the following for the nth
Fourier component of the electromagnetic field in the region p>a:

1 (jh’eyn H.,® (y,b)
== ) B o)~ )|
’ 'Yn2{ €0 J 2 (yb)
]'8(9271«2’7 nio@ H"(Z) ! ('Y nb)
" aa) [Hﬂm (‘y”p)————/———-—J,.(-y,.p)] } (1m121)
P J o/ (vab)
E 1 ‘ nh”eJ ( )[H ® (ynp) H,® (7,.6)] ( )]
n— " nYnC n YnP)——————J2Ynp
’ 77!-2 €0p Jn('an)
1wy nuoea H,®' ('Y nb)
+——J (“/na)[H 2B (ynp) =T ('y..p):l } (I1122)
8 Jn’ (’an)
" 1 {mcoehj ( )[H O ) H,® (%.b)J ( )]
n= T alYn@ Y np)———————S al¥np)
’ a2l 8mp J n('Y'nb)
by nlaew H, @' (v,b)
Jn, ('Yna) [Hn(z)’('an)__——'] n/ ('an)] } (IIIZS)
8 Jnl (’an)
1 (jnaryohe H.,?(yqb)
Hom [ ) a8 10) =0 1) |
Yal L3 Ja(Ya )
jhn'y,.aew Hn(z), ('an) .
———J 2/ (vn0) [H 2D (ynp) ————J ,.('y..p)] } (11124)
8xp T ('an)

The total electric and magnetic field in the p and ¢ direction is expressed by Eq. (I127).
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The intensity of radiation through the cross section of the circular cylinder averaged over one revolution of the

electron is given by -

1
T

—T/2

b p2w
f / (E,rH ,r— H ,rE,7)pdpd ¢,
0Jo

(11125)

where T = 2x/w. Substituting from Eq. (1127), interchanging the order of surnmation and integration, and making
use of the orthogonality of the Fourier series, the above equation becomes

b p2r 0 o %0 @
I= / / > { / Epnei*dh / H, el ~ / H,.edh / E,(_,,,efh'=dh'}pdpd<p.
0Jo m=® - s —o0 —a

For the evaluation of the integrals of the electro-
magnetic fields over the wave number %, we have

ll/.;=/ Qneh*dh

where @, stands for E,,, Eon, Hon, and H,,. Integrat-
ing in the complex % plane, it follows from Eqgs. (IT117)
to (I1124) that the contribution to the integral with
respect to 2 comes only from the single poles of the
Bessel functions, J,(y.b)=0, and J,/(v,0)=0, i.e.,

'an = bl-‘nm, 'an= bﬂnm’ (IIIZS)

with the subscript m=1,2,3, --- and m'=1,2,3, ---
arranged so that the zeros of the Bessel functions are
in increasing order of magnitude. Thus, the poles are
given by

Bam?=Rknl—pan?, Bam?=ku2—pam?.  (11129)

(11127)

When [pnm| <|kn| then hnm is real and when |ppm|
> |ka| then knm is imaginary. Similarly when |gpm|
<|ka| then Aam is real and when |wnm|> |ka| then
Ram is imaginary.

For 53— o, the expression exp(jhamz) becomes zero
when /., is a positive imaginary number. Consequently,
there is no contribution to the integral ¥, of Eq. (I1127)
from the positive imaginary poles of 4., Since for a
given finite value of » there is only a finite number of real
poles k.mon the real axis,i.e., &= | ham| (m=1,2,--- M,),
we have to sum the residues of the function @, over a
finite number of poles kum and Zum.

For 2>>0 we perform the integration in the upper-half
h plane (see Fig. 1) and we have that the integral on
the upper semicircle is equal to zero. Thus the integral

" b 2 Nn
=z [/ 2 ALEsnmHonn"+Epam* enm]—~[HpnmEonm*+Hpnm*Egnm ]} pdpd o,
oJo

ne==] me=1

(11126)
¥ becomes
Yu= f Qne'tdh
- Mo Mo
=Y Qume™ ™t 3 Qumeetsmz, (I1130)
mm==] m/ =]

From the Sommerfield condition for outgoing waves,
we have that for >0 and #>>0, only the negative poles
Bnm and k.. should be included in the integration path.
On the other hand, for 2>0 and # <0, only the positive

....:.l"nml...f,‘_"m |

/ ‘hm l—---'h nm [-—-——

Fi16. 1. Complex integration.

poles nm and Aam should be included in the integration
path.

Similarly, for 2<0 we perform the integration in the
lower & half-plane and we evaluate the integral ¢, by
summing over all the residues of the positive poles
ham and hnm for #>0. For #<0 we sum over all the
residues of the negative poles kym and Zam.

Substituting Eq. (III30) into Eq. (III26), inter-
changing summation and integration, and making use
of the orthogonality property of the modes 4., and
ham and of the conjugate relation G_pm= Qum* we
find,

(I1131)

where @,nm is the residue of @,, for the m pole 4,n, multiplied by 2xj, and N.= M,+M. . Consequently, the
nth Fourier component of the radiation intensity becomes ‘

b N2 Na
f= 2/ / E Re[EP"me»m*— Bﬁﬂﬂ*EPﬂm]ded e,
0J0

me=1

(11132)
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where Re stands for the real part of the expression within the square brackets and

E,,,.m=2w8k”"1n(ynma)wu(ump) (11133)
8reo bJ . (B nm)
Eypm=—2m j._l_‘"eh"’"fﬂ unma}H"m (b""'")fn(ump) (I1134)
bam Swerp bJ o (bnm)
Hypm=—12xj : 'e—njff n(ﬂnma)wf a(tnmp) (11135)
fnm STp bJ & (b nm)
Hepwm=— 2x-—fﬁ(nma)wl n (amp) (11136)
8T bJ . ()
Byamm2m 0 ey ) ) (IT137)
8wp bl d " (Bptnm?) ’
Epumtm =2 iy ) ) (11138)
T bR (Bptnm?)
’ 2y »
H,m,.'=—2njm':’" f’(mmva)%;(—;?f;—h’(pmw) (11139)
Hyppmo= —zwﬁeffﬂ'(nnm,a)wmuwp). ‘ (I1140)
_ 87p b (Bginme)
Substituting Eqgs. (I1133) to (ITI40) into Eq. (II132), we get
L= S L b 1T ) e o b[f,.'ﬂoz,.mp>+ il I unns) i
4egh? n=1 T bpam) Jo Plnm?
it N ol ol b[fnfemmf.pw 7 . unne) o (L)
= R J"*(bam)  Jo Poinms®

Performing the integration with respect to p in the above Eq. (II141), we find the following for the #nth Fourier

component of the radiation intensity:

7 - nrwe? ﬁﬁs[ 3 ]] 2( )] Z(b )[H”(z)(bﬂﬂm)]a
n= ~Apm WV "\ Qlhnm n’ Mmn
€3 m=1 ]n’(bﬂnm)
nrwela’uo M . Bunmi—n? H,® (bpnm)7?
]nlz(aﬂnm')-}ng(b#nm')[‘__—"] . (III42)
2b% ma=1’ E"hnm’] ) Jﬂ,’2(bﬂnm')

This expression is not valid for a practical wave guide
when k.. is very small. In this case the effects of
attenuation will alter the answer materially.

IV. RADIATION FROM AN ACCELERATED
ELECTRON

We consider the radiation from an electron in the
presence of electric and magnetic fields parallel to
each other. The motion consists of a circular motion
with angular velocity wo superimposed on a rectilinear
motion with initial velocity v, and acceleration a. We
assume that zo and a have the same sign and that the

accelerating orbit persists only for time T such that
weI>>1. The velocity of the electron is given by

v=awoiy+ (votad)is, avi)

where 1, and 1, are the unit vectors in the ¢ and 3
direction, respectively.

The current density of the electron J is a product of
delta functions, i.e.,

J=ev[3(p—a)/a6(z—voi—Laf)(p—wot). (IV2)

For ¢<0 and ¢>T we have J=0. Substituting Eq.
(IV1) into Eq. (IV2), we find the following for the
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we find the following for the current density J:

components of the current in the time interval 0<¢< T.
J,=0

J o= ewod{(p—a)d(z— vol— 3a?)8 ( o —wol)

J.=e[ (vot+at)/alo(p—a)d (z3—vei— 2ai2)s (0 —wot).

Fourier analyzing the delta functions in Eq. (IV3),
first with respect to time ¢ and then with respect to z,

(Iv3)

i Jodhdw,

0
J=
-0 J — P

where the components of the traveling wave J, are
given by

(IV4)

Tnp=0
7 woz( 1, T)8(p— a)eivn0/agilwtnwo) t=ne+hz)
= w’ y p_a e]b)’vo ﬂe] nwo) b n. ¥
MR =T (Ivs)
e 1 )
]1u= _Zo(w’h’T)a(p_a)elwvolaej[(wwo) t—mp-l-hz].
(2n)%a
The functions Z, and Z, are given by
2 exp[— j(w/a) (vo?+2az)?] 2\} 3 w? ket erto/h)
Zy(w,h,T)= ’ e ihdy (——) expl: j——(voz-l———)] / eWdy
o (vo®+2az)} ah 20 h? (% /2a)} (90 4 /B)
(IvVe)

z w ) j w w ®
Zo(w,h,T)= f exp[— j—(vo2+2az)*:|e“”"dz=—[exp(— jhZ) exp(— j—vT)—exp(— '—vo)]—-—Z 1
0 « Vi a a h

where
Z=vT+3aT?, vr=v¢+aT. av7

The electromagnetic fields are obtained from
Maxwell’s equations due to a traveling-wave current
of the form of Egs. (IV5) and are given by Egs. (II6)
to (II11) with the substitution of (w-nwe) for (rw).

Since J, and J, are delta functions, the solution of
Maxwell’s equations are very simple for the regions
p<aand p>a.

1. Region p<a

For this region the solution of Eqgs. (II6) to (II11) is
given by Eqs. (II13) to (II17) with the substitution of

(w+mwo) for (mw) and with the subscript (2) at the
coefficients 4, and B..

2. Region p>a

Similarly, for the region p>a, the solution of Egs.
(I16) to (II11) is given by Eqgs. (II19) to (II23) with
the substitution of (w—+mwo) for (mw) and with the
subscript (2) at the coefficients Cs and D;.

The constants A, Bs, C,, and D, are computed from
the matching of the tangential fields E,, E,, H, and H,
at the radius p=¢ with the proper jump conditions
which are obtained by integrating across the point
p=a with the aid of the delta functions.

9= (;:; N e—o(z—f;—u;)[wohnz 1,2, T+ 2 Z o (w0, 5, T) JH @ (7 20) (IV8)
— Jewo‘}’nae,-guo/azl (w,k, T)H ,®' (v na) (IV9)
(4m)?
—e eliwvola .
2= any m[wohnz 1(@,2,T)+va2Zo(w,,T) 1T u(v0) (Iv10)
=T ooz, T (120, (vi1)
(4m)?
where
(Iv12)

V2= knl—ht= (w+nwo)2uoeo— k2.
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3. Region ¢>>a

Substituting Egs. (IV8) to (IV10) into Eqs. (I121) and (II23), we find that the #th Fourier component of the
electric and magnetic field in the ¢ direction becomes

on= "

e kn(wohnZ1+vaZo
¢iomo a{ T 2 (¥ @) Ha® (v )+ (w0 n00)uoweaZ1] o (¥ n@) H ' (v1p) } (IV13)

(4m)? PYnteo(w+nw)
je . wdmaZl
H,.= (41'-)2 6‘"’"’"’"{ J o’ ('Yna)Hu(z) (’an)+ (whﬂZ1+'Yn?'ZO)Jn('Yna)Hn(z),('an) ]- (IV14)
n P

The total electric and magnetic field in the ¢ direction is expressed as

QT=/ Z @ e [(wtnwn) trhe—neldhd, (IVIS)

—op N0

Following the same procedure for the total electric and magnetic field in the ¢ direction as in Sec. II, we find

© o P g iknd
Egr= ) 5 e"'/ze""“’“e'““"*”"”“"Pl (wtnwo)wol v’ (Yao®)Z1 (e, ho,T)———dw (Ivie)
n—o ) o 8 $
ed * jE e iknt
Hoyr= 3 8—-97"'/28”"”°""e’[(”+”“°)"‘"’] *J (Y not)- —['Yno Zo(w,h0,T) —wonkn cos- Z1(w,ho,T) J——dw. (IV17)
n——00 a2 Y no ¢

The radiated energy per unit solid angle during the time T averaged over the angle ¢ is,

1 T A2 o Y € 3
[RE]=— / / [(—) H,T2+(—) E¢T2]§‘2d<pdt. (IV18)
2 Jo Jo € Mo

In order to express the radiation field per frequency dQ where @=w-nwo, we write Egs. (IV16) and (IV17) for
E,r and H,r, respectively, as follows.

© oWy @ T Vo A ) _ )
E”T=/ "ot o eXP(J"E) or [ j”(“’””“’)] exp (— jkat)J o' (Yaea) QeiaZy (@ nuo o, T)ei a0
w a

8w n=o
(Iv19)
L] Y0
Hyp= / — 2 eiml? exp[ j”(wo—+ &0)]6"’7’“‘7 »(7000)
. ) a
20\Y202Z0(Q— mwo, ko, T)— nwoka cosd-Z1(Q—nwo, ko, T)
Xexp( Ja— - €940, (IV20)
al kg sinb
Performing the integration with respect to time ¢ in Eq. (IV18), we have an integral of the form
T ' in(Q4Q)T/2 ’
/ ei(ﬂ+9')tdz=28i(n+ﬂ')’!'/£_l£(_j-_l_/___ (IV21)
0 Q4+
Using the fact that, for moderately high values of T, the expression
sin(Q+Q)T/2
@+ I72 essentially x3(@+2), v2z)

o+
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and making use of Eq. (IV21), Eq. (IV18) becomes

€ 2 0
[R.E]= 47(::;2—) [ 2= Ja(yaoa) | ka SinZo—mwo cotf-Z,|%dQ
g‘ ¢ n=——x

(“eﬂodlvo

2 a0 o
) / S T2 (yoe)| Z1] Q. (IV23)
81r2§' o n=—w0

Thus, the Q-frequency component of the radiated energy Sp per unit solid angle and unit frequency, averaged
over the azimuthal angle ¢ is

e fuo\! o awo\ ? as} aQ
Se= (—-) > {(——) QZJ,.'z(— sin0)|Z1[2+J ,.2(— sin0)| ko sing-Zo—mwo cotf-Z |2}, (IV24)

2(2r)3\ &/ n==l\ ¢ ¢ ¢
The radiated power for small values of T is small since Zo and Z, are small.

V. CONCLUSIONS

The spherical-wave technique is suitable for free space and inadequate for bounded cylindrical regions.

The traveling-wave technique is effective in handling radiation problems in free space and in bounded cylindrical
regions. This has been illustrated by radiation problems both in free space and bounded regions, and both steady
and pulsed orbits,
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Long-Time Behavior of a Random Lattice
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The time-dependent behavior of a linear isotopic random lattice is studied. The asymptotic average value
of the solution of the equation of motion for the amplitude 2; of a normal mode of the virtual regular lattice,
composed of atoms with mass equal to the harmonic average of those of the isotopes, is calculated in the
limit N — «, t— ©, v, — 0, and y,f=a finite constant (n=1,2, ---). Here N is the number of normal
modes, and v, the nth cumulant of the distribution of inverse mass. The initial conditions are z;(0) =4,
and (d2;/dt)4mo=0(j=—N/2+1, =N /242, ---, N/2—1, N/2). The result comes out to be

(z1)=exp(—iawr+ Z v2.0xg"/nl),
n=1
where awi=2f¥Cw; (f: force constant, JC2: average inverse mass) is the eigenfrequency of the kth normal

mode, Qr=8iwrf?/c?, and ¢=1¢/N, assumed to be a constant. If ¢ — 0, there remains only the first term, and
the result coincides with that for the case of a Gaussian distribution.

1. INTRODUCTION

HILE there have appeared a large number of
papers dealing with the frequency spectrum of a
disordered lattice, there are only few investigations on
its time-dependent behavior.!~® These are, moreover,
restricted to the case of a lattice containing few im-
purities at some given positions. No attempt seems to
have been made to study the motion of a lattice which
contains many impurities at random. In this paper we
treat the simplest case of a one-dimensional lattice
composed of several isotopes which occupy each site
independently of one another.

Our aim is to calculate the average propagator
matrix of the normal modes. Let z;(i=—N/2+1,
~N/2+42, ---,N/2—1, N/2) be the amplitudes of the
normal modes of the ‘‘virtual regular lattice”” composed
of atoms whose masses equal the harmonic average of
those of the isotopes. The elements of the propagator
matrix 2;;(¢) are defined to be the solutions of the equa-
tions of motion for z, corresponding to the initial condi-
tions 2;(0)=8;; and (dz:/df)emo=0 (4, k=—N/2+1,
—N/242,---,N/2—1,N/2). If the average propa-
gator matrix could be calculated accurately, we should
be able to obtain the exact frequency spectrum of a
random lattice by computing the Fourier transform of
its trace.! Such a calculation proves to be difficult
(Sec. 2). We can, however, compute the asymptotic
behavior of the average propagator matrix in the limit

N_) w’ ‘Yﬂ—ﬁo)

t— o0,

(1.1)

and

vni="fnite const, n=1,2, .-+,

where v, is the nth cumulant of the distribution function
of inverse mass of the isotopes. This limiting procedure
is analogous to that used by Prigogine and Henin® to

1 E. Teramoto and S. Takeno, Prog. Theoret. Phys. (Kyoto)
24, 1349 (1960).
E. Teramoto, Busseiron Kenkyu 8§, 385 459 (1960).
aR J. Rubin, J. Math. Phys. 1, 309(
R. J. Rubin, J. Math. Phys. 2 373 (1961).
5R E. Turner, Physica 26, 269 274 (1960).
¢ I. Prigogine and F. Hemn, J. Math. Phys. 1, 349 (1960).

derive the master or Boltzmann equation from the
Liouville equation, and the results are of theoretical
interest in themselves.

The average propagator matrix comes out to be a
diagonal one whose elements are

(zkr) = exp (— tawr+ i;l Y2 Qi"g™ /0,  (1.2)

where aw,=2f¥Cw; (f: force constant, assumed to be
independent of the kind of participating atoms, 3*:
average inverse mass) is the eigenfrequency of the kth
normal mode of the virtual regular lattice, and Q
=8iw, f?/a®. Further, g=1/N is assumed to be a finite
constant. Odd-order terms of the series give the shift
of the eigenfrequency, while even-order terms give the
damping of the normal mode. If ¢ — 0, i.e., if we let N
increase faster than ¢, there remains only the first term,
and the result becomes the same as that obtained when
the distribution of inverse mass is assumed to be
Gaussian. In this case there appear no damping terms.

The method of calculation is explained in Sec. 2.
In Sec. 3 some discussions about the results obtained
will be given.

2. METHOD OF CALCULATION

The equation of motion of a one-dimensional lattice
composed of N isotopes is

Um= —f(zum_ um—{-l—um—l)/Mm, (21)

where u., is the displacement of the mth atom from its
equilibrium position and M, is its mass. We adopt the
cyclic boundary condition, and introduce new co-

ordinates 5.(n=—N/2+1, —N/242, , N/2—1,
N/2) through
1\} v 2winm
Um= <‘_’) Z Nn exp( ). (2.2)
N n=} N+1 N

Substituting (2.2) into (2.1) and using the orthogonality
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relation
> mexp{2xm(n—k)/N} = Néux, 2.3)
we get
4 f 2ri(n—k)m
= — (E) PIE WARD DTN exp[———l, (2.4)

in which pn=1/M,, and w,?=sin*(rn/N). Now put
B.=(1/N) Lm ptm exp(2mism/N)(=B_.*). (2.5)

We assume that the un’s form a stationary stochastic
process, and are statistically independent of one another.
Then the B,’s are random variables with order of
magnitude 1/NV*, except that B is equal to 302= (up).
To investigate the cumulants of the distribution of
B,s (excluding B,), introduce the characteristic
function ¢(t) of the distribution of u.,’s where
t= (t1,05,- - -,tx)T is an N-dimensional vector. Since the
B,’s are linear transformations of the original variables
um With the transformation matrix

' CE (Cam) = [(I/N) CXP(Zrism/N)],

their characteristic function is given by ¢(CTu)=y (u),
u being the vector given by t=CTu. By virtue of the
independence of pn’s, we have

o(0= T 6(t) =

g==]

I 6( X i) =4(a),  (2:6)

where ¢(t») is the characteristic function of a single
variable um, and consequently

N N
Ing(t)= 3" Ing(t:)= T Iné( L cjom;)=Ing(u). (2.7)
=1 =1 7
This shows that all the terms which give the mth
cumulants of the B,’s as their coefficients are collected
in the expression
N

2 (cjm)™

2, 5=1

2 m=
i
For example, the terms giving the variances are found in

( 1 ) (Zm'i j) (Zm'ik)
— ] €Xx] €X
N2 P N P N

N N
2 tP= 3w}

t=] 7. k=1 t=1
1 1
= Z u,-uk(—>6k,_,~= (—) Z U_Uk. (28)
ik N N/ &
( 0 0
0 0

— ZlfB_l (wl2/a2)ei(a2—a1)t
2ifB_;(w1/ag)eilartan)t
—2ifB_o(wi?/az)eilasant
2i fB_s(w:2/ag)eastan)t

-_ Z'ifB_.l (wf/az)e"("‘”‘") ¢
Z'ifB_l (wﬁ/ag)e_" (ag—an)t -
- ZifB_g(wﬁ/as)e““-"""“)‘
2ifB_s(wi?/az)e—ilas—ant

" We denote in general the mth cumulants by (Bi1)Bi - - *Biem))c.
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This means that only variances of the form” (B_;B)¢
are nonzero. Moreover, they are all equal to vs/N, in
harmony with the result of the theory of stationary
stochastic processes. It is easily seen, in the same way,
that only the cumulants which are composed of pairs of
the type { B_,B:}, for example, {B_tB_nB_iB:BnB:)c,
(B_xBxB_iB_p,BiBnB_,B,)c, and so on, are nonzero,
and all the nonzero 2mth cumulants are equal to
72m/ L]V2m—1_

Putting o?=4f3% ai’=a’w? and considering that
Bo=13C%, (2.4) can be written as

= —an—4f 2 Nuwn Bt (2.9)
ok

The second term of the right-hand side vanishes for
the virtual regular lattice composed of atoms with mass
1/3¢2. Hence, the n’s and a;’s are the amplitudes and
eigenfrequencies, respectively, of its normal modes. In
the following we omit the restriction #7% in the sum-
mation, regarding By as zero.

Now put
dni/dt=aiis, (2.10)
and
ntiCe=2r, Mm—ie=2" (2.11)
then (2.9) becomes
de/dl= f;k+i§‘k= —iakz.k
_27: n Bn— ﬂ2 Z”+Z"* ny
fz wont( ) a 2.12)

dZ),*/dl= T]k_ ’l,g'k= iakzk*

+ Zif Zn Bn—k(-'-’n2 (zn+zn*)/an-

The z’s play the role of normal mode amplitudes
equally as do the n,’s.

Turning to the ‘interaction representation” by
putting

zi=yi(t) exp{ —iax ()}, (2.13)
we have
:l]k= —21f Z,. B”_k(w,.z/ak)[ex?{i(ak—a“)t}
Xyntexp{i(artan)t}ya*], 2.14)

§i*=2if 3 n Bu_i(wa?/cr)[exp{ —i(astaa)t}
Xyntexp{—i(ae—an)t}y.*].

If we introduce the matrix

—2ifBy(we/ay)ei@redt  — 2B, (wd/ay)eitertent ...)
2i fB1(we?/ar)e~i@rtent 24 B (we?/ay)e i eran)t
0 0
0 0

(2.15)
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(2.14) can be written in a vector-matrix form y=Hy,
where y= (y3,y1%,- - - ,yn*,y5*)7. (Here we momentarily
relabel, for simplicity of notation, the normal modes so
that the index runs from 1 to N.) The matrix solution
Y(#) of this equation with initial condition Y(0)=1 (I:
unit matrix) is, formally,

Y(t)—-:exp{ f 'H(z)dz}, (2.16)

which gives the required propagator matrix. According
to Kubo’s cumulant expansion theorem ® the average
value of its diagonal element is given by

(k!Y(t){k}=exp{ i /dt;/hdtz' . -/dmdt,g
n=1/0 0 0

X (k[ H(H() - -H(1)| k)c]. 2.17)

As an example, let us calculate the fourth-order term
in the exponent. The time integral in this term is of
the form

¢ 131 t2 t3
I(i)=/dt1f digf dtaf dtsexp{i{ai—oag)h}
o Jo 3 0

Xexp{i(ar—am)te}exp{ilom—an)ts}
(2.18)

which is obtained by putting B1=ar—ay, Be=ar—am,
Bs=0ar—as, and B4=0 in the integral

t ty t2 t3
f dh f dts f di; f dlexp{ifi(ti—1t2)}
0 g 9 ]

X exp{iﬁg (tz—' t3)}exp{i/33(t3-— 54)}6@{53434} , (2. 19)

. which was treated by Prigogine and Henin.® According
to their theorem, (2.18) becomes

exp{i(an—ats},

B | o-—~ie
I()y=— dz
271 J e
ci:l

X .
2(z—autar) (2—arton) (2—artan)

The factor (BiiBm-iBamBi_n)c accompanying this
integral is nonzero only if m=2% or n=1. In other words,
if we represent the above series of Bi’s by a diagram

(2.20)

8 R. Kubo (unpublished).

JUN-ICHI HORI

only those of the forms

and

(b)

contribute to the term considered. According to the
results obtained above, their contributions are both
equal to v4/N, independent of / and #. On the other
hand, the integral I (f) corresponding to the diagram (a)
gives a term quadratic in ¢

(2)2/2W(er— k) (an—aux), (2.2 1)

while that corresponding to (b) gives, at most, linear
terms in f. Contributions of terms of lower order in ¢
will become negligible, compared to that of (2.21),
in the limit (1.1). Only the diagrams of the type (a)
contribute, therefore, in this limit. Picking up only
{a)-type diagrams, and in these only the terms propor-
tional to £, we get, if kN /2, as the fourth-order term
of the exponent,

(i) (28 f Yoy awnd/ 210N = ul2Qi2/ 21N =74Qi2g/2!, (2.22)

which is finite so far as ¢ is finite. Here we used the
formula®

w? Nj2 sin?(xl/N)
(Vi1 sin? (wl/N)—sin?(zk/N)
=N-+1—1/[2 cost(xk/N)], k= N/2, (2.23)

k=N/2,

=

1 mz2_{."’:2

=N—1iN2
- 3Na

neglecting the terms other than N.

The argument for the other terms in the exponent
runs completely parallel. All the odd-order terms vanish,
and in the 2mth-order term, only the diagrams for the
type of an m-petal flower (see Fig. 1) give a contribution
in our limit, its value being

YemlQi™g™ Y/ m.
Thus, if k< N/2, we get finally

(2.24)

EIYO) )y =exp(t & 7eQug—/nD),  (2.25)

9 A. A. Maradudin, G. H. Weiss, and D. W. Jepsen, J. Math.
Phys. 2, 349 (1961).
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and, for the diagonal element of the propagator matrix
of zm’s,

(B| Z(£)| k)= (zrr)= exp(—iaxt)

Xexp(t T v2.Qu"g™Y/nl).  (2.26)
nms]

If we let ¢ — 0, the series in the exponent terminates
after the first term. The same result is obtained if we
leave ¢ finite but instead assume the distribution of
um's to be Gaussian. It will be easily seen, from the
properties of the cumulants of the B,’s and the time
integral 7(z), that the average nondiagonal elements of
the propagator matrix vanish or become negligible
compared with the diagonal ones.

When k=N/2, i.e., at the band edge of the virtual
lattice, the term — (1/3)N? in (2.23) can no longer be
neglected. Here all the terms diverge in the exponent
of (2.25).

If we wish to avoid any limiting procedure like
(1.1), we are obliged to calculate contributions from
general diagrams and the terms of lower order in .
In general, however, these involve improper integrals
which are more singular than the principal value
integral (2.23). It is not easy to assess the values of
such integrals and as a result to calculate the average
propagator matrix accurately for all times.

Odd-order terms of the series in the exponent give
the shifts of frequencies from the eigenfrequencies of
the virtual regular lattice, while the even-order terms
give damping of the amplitudes of normal modes. In
the second limit ¢— O, or in the Gaussian case, there
appear no damping terms.

3. DISCUSSIONS

In the above calculation we altogether neglected the
lower-order terms in f. Since such terms become rapidly
numerous as # increases, however, the sum of all such
terms may possibly give a finite contribution. This

Fi6. 1. m-petal flower.
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ambiguity probably cannot be avoided so far as ¢
remains finite. If, on the other hand, we let ¢— 0, or
let N become infinite faster than £, such ambiguity does
not arise, for this limiting procedure is equivalent to
making all the terms for #>>1 zero before carrying out
the summation. That the result becomes the same as
in the Gaussian case means that, when N grows fast
indefinitely, the distribution of B;’s becomes Gaussian
according to the central limit theorem.

If, however, the distribution of By’s is such that only
a finite number of cumulants are not zero or is nearly
Gaussian so that it becomes rapidly small as » increases,
(2.26) will be valid even if ¢ remains finite.

It should be remarked also that we neglected the
terms other than N in (2.23). It was already mentioned
that such a neglect cannot be allowed at the band edge,
and our theory breaks down here. Even if k#=N/2,
however, the neglected terms may become very large
near the band edge. Although in the limit ¥ — o,
especially if we let ¢— 0, this does not formally give
rise to any difficulty, and the above conclusions remain
the same, some ambiguities will be brought about if
we want to interpret the above results in more physical
terms, keeping NV large but finite. The width of the
region near the band edge within which such a question
arises will, however, in general, be very small.

At any rate, the above results mean physically that
if the fluctuation from the virtual regular lattice is
small, the motion of the random lattice will, at first, be
nearly the same as that of the virtual lattice, but there
will appear a shift of frequency and, occasionally, a
damping of the normal mode after a sufficiently long
time.

The result for ¢ — 0 can also be deduced by another
method : Putting in (2.9) first

o= {x(?) exp (iaxt), (3.1)
and then
Ce=£r,  Ee=7:(t) exp(—2iaut), (3.2)
we get
$r="x exp(—2iaut), (3.3)

’)"k= —'4f Z" w,.zB,‘,_k{,. exp{i(an+ak)t} .
This is another form of the equation of motion in the

interaction representation. Solving (3.3) by iteration
with the initial conditions

$2(0)=8ns, ¥a(0)=0 for all n, (3.4)

we have

)
g‘k= Z Ag‘k(n)’
n=)
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AP =(=4f)" T T o T @i - wj s

i(n—1) j(n—2) (1)

X Bj(n—1)-tBj(n-2)—j(n—1)Bj(n-3)=j(n—2) " *

t aten plgn— t2
x// / f dtdis- - - dtyn,
0Jo 0 1]

X [expia{ — 2witsnt (@jn1yFwi)l2n-1
~ 20 (n—1)ban—2F (@j(n-2)FWj(n1))f2n—3

= 2wl (wetwia)tl]. (3.5)

The time integral appearing here can again be reduced
to Prigogine and Henin’s integral. If a diagram is
associated with each series of By’s in the same manner
as in Sec. 2, it turns out that here again only diagrams
of the form of an m-petal flower (Fig. 1) contribute to
the value of A{,(™, in the limit y,¢=finite, v — 0, and
t— oo. Consequently, all odd-order terms vanish, and
there remains only the “diagonal response” (n,), which
corresponds to a diagonal element of the propagator
matrix. Statistical parameters other than +y. do not

JUN-ICHI

HORI

appear in the present calculation. The result is
()= exp i, fH (250 —2/3)},

which is coincident with (2.36) for ¢=0.

Also, in this calculation the lower-order terms in ¢
are neglected entirely, although they may possibly
give, when summed up, a finite contribution. The
result (3.6) indicates that this neglect amounts to
ignoring the deviation from the Gaussian distribution.

(3.6)
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EARLY all the results of the above paper were
proved in an article by Ono,! where the signif-
icance of almost periodicity was fully recognized. In
our proof of the H theorem slightly more general sets
of states were used to define the entropy, which led to

1§, Ono, Mem. Fac. Eng., Kyushu Univ. 11, 125 (1949).

the subsidiary conditions on the spectrum which Ono
was able to avoid.

Bocchieri and Loinger? have also proved some of
Ono’s results. I should like to thank these authors for
drawing attention to their article and for helping me
to find the article by Ono.

2 P, Bocchieri and A. Loinger, Phys. Rev. 107, 337 (1957).
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